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Contact classification of linear ordinary differential
equations. II.

V.A. YUMAGUZHIN

n .
ABSTRACT. The classification of ODEs (™) = 3" a,, _;(z)y"=9,
i=2
n > 3, in a neighborhood of a regular point up to a contact trans-

formation is given.

1. INTRODUCTION

This paper is devoted to the local classification of linear ODEs of
order n > 3 in neighborhoods of regular points up to a contact trans-
formation.

In 2], E.Cartan proved that for n < 2, any n-order linear ODE can
be transformed to the form y™ = 0 by a point transformation. For
n > 3, it is incorrect. In this case, there are infinite number of different
equivalence classes of n-order linear ODEs.

First the problem of local classification of linear ordinary differential
equation (ODE) up to a transformation of variables was set up by
classics of XIX century E. Laguerre, G.-H. Halphen and others. They
obtained first results concerning the classification of linear ODEs of 3-
rd and 4-th orders, see [, [H. Essentially, this problem was forgotten
after them.

It is well known that any linear ODE can be transformed by a point
transformation to the form

Y = a2 (2) YD + ans(2) Y™ + .+ ag(2) y. (1.1)

In this paper, we classify linear ODEs of this form. The case n = 3,
we considered in [£3], [4].

In his book [, E.J.Wilczynski proved that any linear ODE of order
n > 3 can be transformed by a point transformation to the form

Y = an3(2) gV + apa(2)y" Y+t ao(a) y (1.2)
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Key words and phrases. Linear ordinary differential equation, contact transfor-

mation, point transformation, projective transformation, Laguerre-Forsyth trans-

formation, scalar differential invariants, equivalence problem, classical symmetry,
point symmetry.
The author is grateful to Professor V.A.Konstantinov for his support and atten-
tion to this work.
1



2 V.A. YUMAGUZHIN

(see also, [E],[d]). In [i&], ], we obtained the local classification of
linear ODEs of form (IE=3).

Our approach to the problem is the following.

In their paper [§], F. M. Mahomed and P. G. L. Leach proved that
dimension of the algebra of point symmetries of a n-order linear ODE
is equal to either n +4 or n 4+ 2, or n 4 1.

We prove (theorem B=) that dimension of algebra of point symme-
tries of a linear ODE is an invariant of contact transformations that
take the set of linear ODEs to itself.

Further, we prove (theorem El) that any linear ODE with n + 4-di-
mensional algebra of point symmetries is reduced by a point transfor-
mation to the form y™ = 0. For linear ODEs with n + 2 and n + 1-
dimensional algebras of point symmetries, we prove (theorem E=Z3) that
a contact transformation that takes one of these equation to another
one is a point transformation. These results reduce the problem of lo-
cal classification of linear ODEs w.r.t. contact transformations to the
classification w.r.t. point transformations.

Further, we reduce (theorem ) the problem to the classification
w.r.t. point transformations of the form

X =fx), Y=|f()|" D (1.3)

In his thesis [€], F. M. Mahomed proved that any linear ODE with
n + 2-dimensional algebra of point symmetries can be transformed to a
linear ODE with constant coefficients by a point transformation of form
(). We find invariants of transformations of linear ODEs with con-
stant coefficients and n + 2-dimensional algebras of point symmetries.
These invariants solve the equivalence problem for these equations (the-
orem [E3). Finally, we classify linear ODEs with constant coefficients
up to equivalence (theorem EIH).

Further, we calculate (theorem EZI) the algebra of scalar differential
invariants of linear ODEs. We use these invariants to classify linear
ODEs with n 4+ 1-dimensional algebras of point symmetries. Let &
be an arbitrary linear ODE with n + 1-dimensional algebra of point
symmetries and let I(z) be its nonconstant scalar differential invariant.
The transformation of form (&) X = I(z), Y = | I'(z)|""Y/2y takes
€ to the equation &'. We say that &’ is a canonical form of €. We prove
(theorem E2Z3) that equivalent equations have the same canonical form.
It leads to the classification (theorem E2ZH) of linear ODEs with n + 1-
dimensional algebras of point symmetries in a neighborhood of regular
point up to equivalence.

Below, all manifolds and maps are supposed to be smooth. By R"
denote the n-dimensional arithmetical space.
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2. PRELIMINARIES

In this section, we recall necessary notations and results of the geom-
etry of differential equations (JH], []) and linear ODEs (], [&4]). We
prove some necessary results concerning symmetries and transforma-
tions of linear ODEs too.

2.1. Jet bundles.

2.1.1. Cartan distribution. Let E and M be a smooth manifolds of
dimensions n 4+ m and n respectively and let 7 : E — M be a smooth
bundle. By [S]* denote the k—jet of a section S of 7 at the point x € M.
By

e S = M, T S, k=0,1,2,..., 00,

denote the bundle of k—jets of all sections of .
The projection 7y, : J*r — J'm, k > r, is defined by . .([S]¥) =
ST
Every section S of 7 generates the section jp.S of the bundle 7 by
the formula ji.S : x — [S]k. By Lfgk) denote the image of the section
JS.
By T, (J*m) denote the tangent space to J*r at z, € J*r, by
k(Lfgk)) denote the tangent space to Lfgk) at xy, € Lgk).

Let z € J*r. Consider all submanifolds Lfgk) passing trough z, and

Ty

consider their tangent spaces ka(Lfgk)) at x,. The subspace C,, C
T,,(J*7) spanned on the union of these tangent spaces is called the
Cartan plane at xp. The distribution C' : x, — Cj, is called the
Cartan distribution on J*r.

2.1.2. Lie transformations. A (local) diffeomorphism of J*7 that takes
the Cartan distribution to itself is called a Lie transformation. A Lie
transformation of J%7r (that is an arbitrary diffeomorphism of J°r) is
called a point transformation. A Lie transformation of J'7 is called a
contact transformation if m = 1.

Every Lie transformation f : U — U’ of J*7 can be lifted canonically
to the Lie transformation f() W,;jr’k(U) — W];ir’k(U/) of JMrr, r=
1,2,..., such that, for » > [, the diagram

Tk+r,k+1 l lﬂ'k-ﬁ-r,k-&-l

7Tk+z,k(U) —’f(l) W}?jl,k(U/)

is commutative. Indeed, f( is defined in the following way. A point
Tey = [SIFY € JHr s identified with K,,,, = Ty, (LY)), where
T = Tr41k(Tes1). The differential f, maps K. onto the subspace
fei( Ky, ). It fui( Ky, ) is projected on M without a degeneration,

Tk+1
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then there is aj, € J*'r such that Ky = f(K

ensy ) and we
set fM(zp41) = x) . It is obvious that f() is a Lie transformation
of J¥'1 defined almost everywhere in m},  (U). Setting f0) =

(f™)®) we define the Lie transformation f) for all » = 1,2,....
Clearly, that f) is defined almost everywhere in 7}, . (U).

It is well known (see [H], [H]) that any Lie transformation is the
lifting of some point transformation if m > 1 and if m = 1, then any
Lie transformation is the lifting of some contact transformation.

2.1.3. Lie fields. A vector field € in J*7 is called a Lie field if its flow
is generated by Lie transformations. A vector field in J%7 is said to be
a point vector field. A Lie field in J'7 is called a contact vector field if
m = 1.

The canonical lifting of Lie transformations generates the lifting of
Lie fields. Indeed, let & be a Lie field in J*7 and let f, be its flow.
Then the flow ft(r) of the Lie transformations defines the Lie field £
in J* 1, r=1,2,...such that

(Thrir) 7 = €D 1 >0
2.2. Ordinary differential equations.

2.2.1. Contact classification. Let 7 : R! x R' — R' and let z, y, p1, ...
be the standard coordinates on J*r.
Any k-order ODE

F(z,y(x),dy/dz, ... dy/dz") =0
is identified with the submanifold
E={F(z,y,p1,....,px) =0} C Jkr.
An 7usual” solution S(z) of the initial ODE is identified with the

submanifold Lgk) C € generated by the section S : z — S(x) of 7.

Obviously, Lgk) is a 1-dimensional integral manifold of the Cartan dis-
tribution on J*7. A ”many-valued” solution of € is a 1-dimensional
integral manifold L of the Cartan distribution on J*7 such that L C €.
It is easy to prove that locally, almost everywhere, a "many-valued”
solution has the form Lgk).

It is natural to classify k-order ODEs up to a diffeomorphism of J*7
that takes the set of all solutions of ODEs to itself. Obviously, this
diffeomorphism is a Lie transformation. Hence, it is generated by a
contact transformation. So, we come to the problem of classification of
ODEs up to a contact transformation.

Let &, & C Jkr be k-order ODEs and f be a point (contact)
transformation. We say that f takes (locally) &; to & if f®) (f(=1)
takes (locally) the submanifold &; C J*7 to the submanifold &, C J*7.
We say that ODEs &; and &, are equivalent if there exists a point
(contact) transformation that takes (locally) &; to €.

» Pk
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2.2.2. Point and contact transformations. Any point transformation f
is defined in the standard coordinates by the formulae
X=X(y), Y=Y(y). (2.1)

Obviously, the lifting ) is defined in the standard coordinates by the
formulae

DY DP,_
X =X(zy),Y=Y(y), P= el

—, ..., P
DX’ y 1k DX 3

(2.2)

where

0 0 0 0
D= — — e — .. 2.
P +m ay + D2 o + o Dr i + (2.3)

is the operator of total derivation w.r.t. x.
It is easy to show that a contact transformation is defined in the

standard coordinates by the formulae

Yo+ pYy
Xa: + ple ’

where functions X (z,y,p1), Y (z,y,p1) are connected by the relation
}/;71 (Xl’ +p1Xy) - Xpl (Y;C +p1YZ-/) =0.

2.2.3. Point and contact vector fields. Let & be a contact vector field.
It is easy to prove that £ can be represented in the standard coordinates
as

X=X@yp), Y=Y@uympm), I (2.4)

) ) B
§=¢& %Wx+w m%%%+Wﬁmww%f (2.5)

where the function ¢ = p(z,y, p1) is called the generating function of

€.
Let ¢ be an arbitrary point vector field. It has the form

0 0
= — 4 — 2.6
¢=alz,y)z-+ (x,y)ay (2.6)
in the standard coordinates. The lifting () is a contact vector field.

It is easy to verify that the generating function of ¢V is

b(x,y) — a(z,y) - pr. (2.7)
Conversely, if the generating function of a contact vector field has form
(E3), then this vector field is the lifting of some point vector field. We
shall say that function (B=8) is the generating function of point vector
field (2.

Let us transform a contact vector field by an arbitrary contact trans-
formation (EZ¥). As a result, we obtain a new contact vector field. It
is easy to verify that the generating functions ® of the obtained vector
field and the generating function ¢ of the initial one are connected by
the formula

Xa: + ple

—9¢( XY, )= . 2.8
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2.2.4. Classical symmetries. A point vector field ¢ in JO is called a
point symmetry of a differential equation & C J"r if ¢ is tangent to
the submanifold €. By Pnt € we denote the set of all point symmetries
of €.

A contact vector field € in Jlz is called a contact symmetry of a
differential equation & C J"7 if £~V is tangent to the submanifold &
and there is no a point vector field ¢ with & = ¢,

The point and contact symmetries are called classical symmetries.
By Sym € we denote the set of all classical symmetries of €.

The space of generating functions of classical symmetries of an ODE

pn—F(Jf, y7p17~"7pn—1) =0

coincide with the space of solutions of the form ¢ = ¢(z,y,p1) of the
linear PDE (see [, [H])
oF - oF - oF -, OF

Dt — D o ——D'—— =0, (2.9
apn—l 6pn—2 8271 8y )(90) ( )

where D = 0/0z +p10/0y +p20/0p1 + . . . + pu_10/0pn_o+ FO/Op,_1.

(D" =

2.3. Linear ordinary differential equations.

2.3.1. Classical symmetries. Let € be an arbitrary n-order linear ODE.

In i, [i4], we proved for n = 3 the following results: dim Sym &
can be equal to either 10 or 5, or 4; if dim Sym € = 10, then Sym € is
generated by three contact and seven point symmetries; if dim Sym € =
5 or 4, then Sym & = Pnt €.

Proposition 2.1. Ifn > 3, then Sym & = Pnt €.

Proof. We can assume without loss of generality that € has form ().

Let ¢(z,y,p1) be the generating function of an arbitrary classical
symmetry of €. The generating function of a point symmetry has the
form a(z,y)p1 + B(z,y). Hence we should be check that ¢, a0 =0
to prove the theorem. To this end, let us consider equation (BX) for €:

(D" — Up_oD" % —a, D" 3 — ... —a D' —ay Jo =0. (2.10)
Obviously,
D"(p) = D" 2( pp,P3 + Opips (p2)° + low degree terms ) =
D(3¢pppaps +1. d. t.), ifn=4
B { D" 3( 0ppa+ 30ppmpeps + 1. d. t.), ifn>4
30mp (p3)? +1. d. t., ifn=4
N { (") +3("2) + 3)opppspn + 1 d. t., ifn>4
It now follows from (I that ¢,,,, = 0. O
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Obviously, dimension of an algebra of classical symmetries is an in-
variant of contact transformations of ODEs. From above mentioned
results of [IE], 4] and this proposition, we get

Theorem 2.2. Dimension of the algebra of point symmetries of a lin-
ear ODE s an invariant of contact transformations that take the set
of all linear ODEs to itself.

2.3.2. Point symmetries. Let € be an arbitrary ODE (). In their
paper [E|, F. M. Mahomed and P. G. L. Leach proved that a point
symmetry of € has the form

o n—1, 0 ) )
(s@(iv)%Jr 5 soyg—y)JrCy@—erv(:v)@—y,

where y(z) is a solution of €, C' € R, and ¢(z) is a solution of the
system of ODEs

\

k—3
Rﬁ“go(kﬂ) _ Z Rﬁ:;:ian_Q—SSO(k_l_s) (2.11)
s=0

—kan_kgo(l) —ale_)kgO:O, k=3,4...,n,

\

where R = (qf J(n—1)/2— (Z). Dimension of the space of solutions
of system (E=&H) can be equal to either 3 or 1, or 0. It follows that
dim Pnt € can be equal to either n +4 or n+ 2, or n + 1.

Thus the set of all linear ODEs € is divided into the three nonin-
tersecting families according to dim Pnt €. From theorem =3 we have
that these families are invariant w.r.t. contact transformations.

2.3.3. Contact transformations. Linear ODEs of order n > 3 with n+4-
dimensional algebras of point symmetries have contact symmetries if
n =3 ( ], 4] ). It follows that there exist contact transformations of
3-order linear ODEs with 7-dimensional algebras of point symmetries.
For n = 3, the following theorem is proved in [I4].

Theorem 2.3. Let &1, & be linear ODEs withn+2 or n+1 — dimen-
sional algebras of point symmetries and let f be a contact transformation
that takes €1 to Eo. Then f is the lifting of a point transformation.

Proof. We can assume without loss of generality that £, and €, have

form ().

Suppose dimPnt £, = n 4+ 2. The contact transformation f is de-
fined in the standard coordinates by (). Let I'1(X), I'y(X), I's(X)
be linear independent solutions of £;. We can consider these solutions
as generating functions of point symmetry of €; (see subsection EZZ).
Every that function is connected with the correspondence generating
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function of point symmetries of €5 by formula ([BE3). Taking into ac-
count the form of generating functions of the n+2 — dimensional algebra
Pnt &, (see subsection E22), we obtain:

AT (X (2,9, p1)) = Ko (p(@)p — "=ty ) + Cry + 1 (2)

2
n—1,

ABCW%yWﬁFZwaﬁwh——;—wy)+0w+vﬂ@
n—1,

ADMH%%@D:B%¢QMrﬂj;wy)+@y+%@)

where A = (X, +p1 X, )/(X.Y, — XY, ); K;,C; € R, j=1,2,3. If
one of the numbers Kj, Ky, K3 is not equal to zero, say K; # 0, then

Ky Ky Ky
AT — 221 ) = (06— 20 _
(T X, 1) =(Cy X, 1)y + % ol

Kg Kg K2
A(Ts— 81 )= (05— 20 _
(T3 X, 1)=(Cs X, 1)y + 3 ol

It follows that ( K11y — KoI'y ) /( K1I's — K3I'y ) is independent on py.
Therefore
i (K1F2 —Kgfl) _d (K1F2 —Kgfl) _0
Op1 \KiT3 — KsI'y ) dX \K 'y —KsTy )~ 7
Suppose that X, # 0, then
KiI'y — KoI'y = K( KiI's — K3y ),

where K € R. This means that the solutions I'y, T'y, I's of &; are
linear dependent. From this contradiction, we have X,, = 0. Hence f
is the lifting of some point transformation.

Obviously, the proofs for the case K1 = Ky = K3 = 0 and for the
case dim Pnt € = n + 1 are analogous. 0

2.3.4. Reduction to transformations [&J). It is well known that any
linear ODE can be reduced to the form (&) by a point transformation.
The following proposition holds ([i]).

Proposition 2.4. Let €& be an ODE of form (EW). Then a point trans-
formation takes € to an ODFE of the same form iff this transformation
has the form

X=X(), Y=C|X' ()" V2. y4+8x), CcrR. (212

It is follows from (=) that the lifting of point transformation (EZ&)
to the Lie transformation of J"7 is defined by

X =X(2), Y = C X"y + Ba),
P, = CVF(|X'|"D2y) +VF(3), k=1,2,...,n,
where V = D/DX and D is operator (E3).
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Let (0,1 = {Pn = An_Q(X) Pn_g + An_g(X) Pn_g + ...+ AQ(X) Y}
and €y = {pp = an—2(x) pp—2 + an—3(x) pp_3 + ... +ao(x)y }. Suppose
transformation (&) takes €; to €;. This means

V(XD ) T ()) =
—z[mn, )TN DRy )+ Ay (X @)V (B())].

It follows:
(1) the function B (x) is a solution of the homogeneous linear ODE

Vi (B(x)) = ZAn i(X(2)) V' (B()-
(2) Transformatlon (EE32) takes & to €, for an arbitrary nonzero
constant C' € R.
As a result, we obtain the following statement.
Theorem 2.5. Let & and €5 be ODEs of form (E). Then if there

exist a point transformation that takes €1 to o, then there exist a point
transformation of the form (E3) that takes €1 to Es.

From proposition (&), we have that transformations of form (=)
take the set of all ODEs of form (=) to itself.

2.3.5. Laguerre-Forsyth transformations. The following proposition holds
(=2, (i), [e).
Proposition 2.6. Let € = { P, = A,—2(X) P2 + An—3(X) Po—3 +
.+ A(X)Y } be an ODE of form (). A point transformation
X =f@), Y =|7 0y,
where f s a solution of the ODE

2f"f" = 3(f") = 24((n+ Dn(n — 1))~ () Ana(f) = 0,
takes € to an equation & of form ().

This transformation is called a Laguerre-Forsyth transformation of
the equation €. The equation & is called a Laguerre-Forsyth form of
the equation €.

It follows from this proposition that the problem of local classification
of linear ODE:s is reduced to classification of ODEs of form ().

2.3.6. Reduction to transformations (B=d). The following proposition
holds (see [i]).

Proposition 2.7. Let € be an ODE of form (EA). Then a point trans-
formation takes € to an ODFE of the same form iff this transformation

has the form
X:w, Y:C'|X/|(n_1)/2'y7 &75777570€R‘
y-x 40
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Taking into account proposition B2 we can prove the following state-
ment by the same way as theorem B

Theorem 2.8. Let & and €5 be ODEs of form (). Then if there
exist a point transformation that takes €1 to o, then there exist a point
transformation of the form

ox + r 1 1(n—
fla) = Sl fam) = |70y afieR, (213)

that takes €1 to €,.

From proposition (E), we have that transformations of form (EX)
take the set of all ODEs of form (E=3) to itself.

3. BUNDLES OF LINEAR ODES
3.1. Bundle of linear ODEs of form (E).

3.1.1. Here, we reduce the problem of local classification of linear
ODEs of form (E) to the classification of germs of section of the
bundle of these ODEs.

Let 7: E = R! x R" ! — R! be a product bundle. By x denote the
standard coordinate on the base R', by an_2,@n_a,...,ao denote the
standard coordinates on the fiber R 1.

We identify any section

Sz (T,an-2(x),an—3(x),...,a0(x))
of 7 with the linear ODE
Es =A{pn = an2(2)pn—2+ an3(x)prsz+... +ao(z)y}.

Clearly, this identification is a bijection from the set of all sections of
7 to the set of all linear ODEs of form (E=l). By Se we denote the
section of m corresponding to the equation € under this identification.

By I we denote the Lie pseudogroup of all local diffeomorphisms of
R!. By ® we denote the Lie pseudogroup of all point transformations
of form (E). Formula [E3) defines the isomorphism

~

=&, f=(ff), (3.1)

where f(z,y) = | f'(z)|(""D/2y.
Let

Eo={P, =4, oX)P, o+ A, 3(X)P,s+...+ A(X)Y }
be an arbitrary ODE of form (). Subjecting € to an arbitrary
transformation ( f, f) of form (), we obtain linear ODE
&1 ={pn = an2(2) pn2 + an3(x) pps + ... + () y }.

The coefficients of €; are expressed in terms of the coefficients of &,
and the transformation f by equations of the following form
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. d f i1 f
g
Obviously, the coefficients of €, are expressed in terms of the coeffi-
cients of €; and the transformation f~! by the same equations

d -1 dj+1 -1
/ e f ) (3.2)
dX dXit1
J=2,3,...,n.
Equations (B2) define the lifting of any f € I' to the diffeomorphism
f© of the bundle 7 such that the diagram

Ap—j = Fn—j( An_g, ey A

), j=2,3,...,n.

An—j = Fn—j( Ap—2,...,0An—j;

F
F — F

R T R
is commutative (in the domain of f(©).

For any f € I', we define the transformation of sections of 7 by the
formula

S f(S)=fPoSof1t (3.3)
Now equations (E=8) can be represented as
S€2 = f( S€1 ) :

Obviously, the following statement holds.

Proposition 3.1. Let &, &; be equations of form ([EM). Then a
transformation ( f, f) € ® takes &1 to o iff Se, = f(Se, ).

Let S be a section of m and let p be a point from the domain of S.
By {S}, we denote the germ of S at the point p. We say that germs
{S1}p, and {S2},, are equivalent if there exist f € I" with

FOS ) E A8 ) = {2} -

3.1.2. Symmetries of sections. Let S be a section of 7w and let & be a
vector field in the base R! of . By f; we denote the flow of £&. We say
that £ is a symmetry of S if one of the following equivalent conditions
is fulfilled:

(1) the vector field £ is tangent to the image Lg)) of S;

(2) Vt fi(S)=15;

(3) dfi(5)/di = 0.
By Sym S we denote the Lie algebra of all symmetries of the section S.

Proposition 3.2. Let S : x — (x,a,-2(x),...,a0(x)) be a section of
7 and let £ = p(x)0/0x. Then:

(1) & is a symmetry of S iff p(x) is a solution of system (EIM) ;



12 V.A. YUMAGUZHIN

(2) p(2)0/0x is a symmetry of S iff p(x)0/0x+((n—1)/2)¢’ y /0y
s a point symmetry of the equation Eg ;

(3) dimSym S is equal to either 3 or 1, or0;

(4) dimPnt€g = dim Sym Sg +n + 1.

Proof. All statements of the proposition follows immediately from propo-
sition Bl and the results of work [H] of F. M. Mahomed and P. G. L. Leach

mentioned in section . 0

The following statement is needed for sequel

Proposition 3.3. Let & be a symmetry of a section S of © and let
feTl. Then f.(§) is a symmetry of the section f(.5).

Proof. Let f; be the flow of £&. Then f o f; o f~! is the flow of f.£ and
(fofeo fTOf(S)) = (fo fi)(S) = f(S). [

3.2. Laguerre-Forsyth bundles. Let E™ 3 be the subspace of the
total space E of 7 defined by

E"S :{(l', an—27an—37~~~7a0) EE|an_2:0}.

Then 7 = 7|gn-s : E™3 — R is a subbundle of the bundle 7. Obvi-
ously, the set of sections of 7 is identified with the set of linear ODEs
of form (E=3).
By G denote the Lie group of all projective transformations of R!,
that is
ar+

G:{f(x):”y:c—i—é | a,8,7,0 € R and det(? 5)7&0}

It is easy to check that the set of nonconstant solutions of the equation

2f/// f/ -3 (f//)2 =0 (34)

coincides with G.
From proposition (E), theorem (), and proposition (BJl), we have
that, for any f € G, the diffeomorphism f(*) takes the bundle 7 to itself.
By @ we denote the Lie algebra of G. It can easily be checked that
g as a vector space over R is generated by the vector fields

B B L0
=9 51—37—xa 5273:_3:' (3.5)

It now is obvious that any symmetry of a section of 7 is an element
of g.

Let S be a section of 7 and let f € I'. We say that a transforma-
tion f is a Lagguere-Forsyth transformation for S if the transformation
(f, f) € ® is a Lagguere-Forsyth transformation for the ODE Eg.

€o
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4. CLASSIFICATION OF LINEAR ODES

4.1. Classification of linear ODEs with n + 4 — dimensional
algebra of point symmetries.

Theorem 4.1. Let S be a section of m with dim Sym S = 3 and let O
be the zero section of mw. Then for any p from the domain of S, the
germs {S}, and {0}¢ are equivalent.

Proof. Let S be a section of m with dim Sym S = 3 and let p be a point
from the domain of S.
Let us choose a Laguerre-Forsyth transformation f € I' for .S such
that f(p) = 0 ( proposition ). Let S" = f(S5) : x — (&, an—3(x), ..., ap(x)).
From dim Sym S = 3, we have dim Sym S’ = 3. From proposition EZ
we have that Sym S’ as a vector space over R is generated by linear
independent vector fields p;(z)0/0x, i = 1,2,3, where functions ¢;
are solutions of the system (BZ&l). In the considered case, this system
has the form

¢ 90/// —0
Ban_39 +a,_s0=0
1§ (k=1)(n— (k-1 (4.1)
(R UEICES D
\ k=4,5....n.
From the second equation of this system, we have a,_3 = 0; from the

third equation, we have a,,_4 = 0 and so on; from the last equation, we
obtain ag = 0. O

Corollary 4.2.

(1) Let Sy and Sy be sections of m with 3-dimensional algebras of
symmetries. Then any their germs {S1},, and {Ss2},, are equiv-
alent.

(2) The zero section of the bundle T is a unique section of T that
has 3-dimensional algebra of symmetries.

(3) The zero section of T is invariant w.r.t. the group G.

4.2. Reductions of the classification problem. From theorem B3
proposition Bl and theorem EZL we have that the problem of local
classification of linear ODEs w.r.t. contact transformations is reduced
to the problem of classification of section germs of the bundle 7 w.r.t.
the pseudogroup I'.

Taking into account that I' is a transitive pseudogroup, we obtain
that the last problem is reduced to the classification of germs at 0 € R*
of sections of 7 up to a diffeomorphism from the isotropy group I'y =
{f€T]f(0)=0}CT of the point 0 € R*.

From proposition B and theorem B2 we now have that the problem
of classification of section germs of the bundle 7 w.r.t. the pseudogroup
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I’ can be reduced to the problem of classification of section germs of
the bundle 7 w.r.t. the group G. A solution of the last problem is
given in [L5], [IH].

4.3. Classification of linear ODEs with n + 2 — dimensional
algebra of point symmetries.

4.3.1. Linear ODEs with constant coefficients. Let S be a section of
the bundle 7 with dimSym S = 1. The algebra Sym S as a vector
space over R is spanned on the vector field p(z)0/0z, where p(z) is a
unique solution of ().

Let p be a point from the domain of S. We say that p is a regular
point of S (Eg ) if ¢(p) # 0. We say that a germ of S at a regular
point is a regqular germ.

Theorem 4.3. Let S be a section of m with dimSym .S = 1 and let
{S}, be a regular germ. Then there exist a constant section S' of m
such that {S}, and {S"}o are equivalent.

Proof. In some neighborhood of p, there exist a diffeomorphism f of
R! straightening the vector field ¢(z)d/0x (that is the diffeomorphism
f:x— X takes p(z)0/0x to 0/0X) and f(p) = 0. It follows that
the section f(5) has the symmetry 0/0X. Hence, f(S) is a constant
section in a neighborhood of 0 € R!. By S’ we denote the constant
section of 7 coinciding with f(S) in some neighborhood of 0 € R*. [

Corollary 4.4. Let € be a linear ODE of form () with dim Pnt & =
n+2 and p is a reqular point for €. Then, in some neighborhood of p,
€ is equivalent to an ODE of form (E) with constant coefficients.

Note, that apparently first this statement was proved by F.M.Mahomed
in [4].

From theorem E&d, we have that the problem of classification of sec-
tions of m with 1-dimensional algebras of point symmetries in a neigh-
borhood of a regular points is reduced to the classification of constant
sections of 7 up to equivalence.

Note that any constant section S of 7 has the symmetry of the form

0
—. It follows that dim Sym S is equal to either 1 or 3.

x
The following proposition makes possible to separate all constant
sections with 3 — dimensional algebras of symmetries.

Proposition 4.5. Let S : © — (x,an-9,...,a0) be a constant sec-
tion of w. Then dim Sym .S = 3 iff the components a,_y. satisfy to the
following conditions:

(1) if k is odd, then a,— =0,
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(2) if k is even, then the coefficients a,—i are expressed in terms of
an—o by the recurrence formula

2m—4
_ 1 2m—11\2m 2m—1—2s 2m—2—2s
Un—2m = %( RN — ; RS 55 ang—2sA )
here R1 = (" )(n—1)/2 - (?) U = 2,4
wnere pi(q—l n (q’ —Rgan_g,m— R

In particular, if a,—o = 0, then all coefficients are equal to 0.

Proof. Let S : ¢ — (x,a,-2,...,a9) be a constant section of w. Then
dim Sym S = 3 iff system (EZHI) for S has three linear independent
solutions. This system has the following form in this case:

Rp® — 2a, 50 =0
k—3

REF QD N RE 00" — ko = 0,
s=0

k=3,4,....n.

From the first equation, we obtain that the system has three linear
independent solutions: 1,e*® e=** where A\? = (2/R3)a,_s. It now is
clear that the system has three linear independent solutions iff

k—3
1 —1-s —2—s
n-k = E( Rﬁ—’—l)\k N ; Rﬁ_é—san—Z—S)\k ? ) ’ k= 37 47 s

2

=g 9
RB n—
n

and these identities are fulfilled for +\. This completes the proof. [J

4.3.2. Classification of constant sections with 1-dimensional algebras of
symmetries.

Proposition 4.6. Let S be a constant section of m with 1-dimensional
algebra of symmetries and let f be a diffeomorphism of R'. Then f(S)
is a constant section iff f(x) = x+v, v € R, A #0.

Proof. The section S has the symmetry 9/0x . It follows that f. takes
this symmetry to the symmetry f/( f~1(X))9/0X of the section f(.9).
It now is obvious that f(S5) is a constant iff /' =X € R, A # 0. The
last is equivalent to f(z) = Ax +v, v € R. O

It now is clear that the problem of classification of sections of m
with 1-dimensional algebras of symmetries in a neighborhood of reg-
ular point is reduced to the classification of constant sections with
1-dimensional algebras of symmetries w.r.t. the group of all linear
transformations = — Az, A # 0, of R'.
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Proposition 4.7. Let S : z — (x,a5-2,0,-3,...,a0) and Sy : X —
(X,
Ap—2,An—s,...,Ao) be constant sections of m with 1-dimensional al-

gebras of symmetries. Then Sy and Sy are equivalent iff there exist
AER, ANF#0, such that

Ap—2 = )\2An—27 ap-3 = )\BAn—fﬂa ceey Qo = )\nAO (42)

Proof. Suppose S; and Sy are equivalent. This means that there exist
a linear transformation f(x) = Az that takes S; to S;. The point
transformation (f.f) of form (E=3) generated by f is defined by X =
Ar, Y = [N® /% From (E2), we have that the lifting ( f, f )™
deﬁned by

X — )\33', Y — |)\|(n—1)/2y’ Pl _ |)\|(n—1)/2)\—1p1’. N 7Pn _ |)\|(7’L—1)/2)\—npn

It follows that p, = AN2A,_opp—o + XA, _3pp_3 + ... + \"Agy is the
equation Eg, obtained from Eg, by point transformation ( f, f). The
statement of the proposition now is obvious. 0]

Let J C {2,3,...,n}, n >3, be anonempty subset. If J contains
odd numbers, then by m we denote the minimal odd number of J. If
J consists of even numbers, then by m we denote the minimal number
of J.

By S? we denote a constant section with 1-dimensional algebra of
symmetries S : x — (2,ap-2,an-3,...,a0) that satisfies a,—; # 0 if
1 € J and a,_; = 0 otherwise. Put by definition

(5%) = [ aﬁ/_% , k € J, whenever J contains odd numbers
At/ |an_m|k/ ™k e€J, whenever J consists of even numbers.

Theorem 4.8.

(1) If 3, # Iy, then any sections S°t | S°2 are not equivalent.
2) Sections ST, S5 are equivalent i
1) P2

Vked I(S]) = I(S)). (4.3)

Proof. 1) The first statement follows from relations ().

2) Suppose the sections Y, S are equivalent. Then, it follows from
relations (B) that A = al/ i /Al/ ", whenever J contains odd numbers
and \ = |an_m|1/m/|An_m|1/m whenever J consists of even numbers.
Substituting this expression for A ( respectively for A\? ) in ([E), we
obtain equalities (E=3).

Conversely, suppose equalities (E3) hold. Suppose J contains odd
numbers. Then we define A by formula A = a/™ /AY™ Tt follows that
(anm)™ = MA,_»)Y™. Substituting this expression for (a, ,)"/™
in (B23), we obtain relations (). If J consists of even numbers, then
setting A = |an_m|"™/|An_m|'™, we obtain (E=3) by analogue argu-
ments. 0J
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Corollary 4.9. The collection of numbers I,(S”), k € J, is a complete
collection of invariants to solve the equivalence problem for sections of
the form S°.

Below, by J; we denote nonempty subsets of { 2,3,...,n }, n > 3,
consisting odd numbers; by J, we denote nonempty subsets of { 2,3,...,n },
n > 3, consisting of even numbers.

By Sill we denote a section of the form S™ with a,_,, = 1, by 5121
we denote a section of the form S’ with a,_,, = 1, and at last by 5121
we denote a section of the form S”2 with a,_,, = —1.

By F we denote the family of all sections of the forms: Sill, Szfl, and
5% for all 9y, Js.

From stated above, we have the following two theorems.

Theorem 4.10. (Classification constant sections of ™ with 1-dimensional
algebras of symmetries up to equivalence.)

(1) Any two sections from F are not equivalent.
(2) Any constant section of m with 1-dimensional algebra of sym-
metries is equivalent to some section from F.

Theorem 4.11. (Classification of linear ODEs order n > 3 with n+2-
dimensional algebras of point symmetries in a neighborhood of a reqular
point up to equivalence.)

(1) Let S1,S2 € F and Sy # Sy. Then any their germs {S1}p, , {S2}ps
are not equivalent.

(2) Let S be a section of m with 1-dimensional algebra of symme-
tries and let p be a regular point of its domain. Then {S}, is
equivalent to a germ of some section from F.

Thus F is a complete family of nonequivalent sections with 1-dimensional
algebras of symmetries.

As examples, consider F for n = 3, 4.

Let n = 3. Then J; = {1,0}, {0} and J; = {1}. From (@), we have
dim Sym S”2 = 3. Thus the family F consists of the following sections:

p3:a1p1+y7 aleR\{O}a
pP3=1Y.

Letn =4. ThenJ; = {2,1,0},{2,1},{1,0},{1} and J5 = {2, 0}, {0}.
From (E), we have that the sections S : x — (z, £ps, 0, (1/20)y )
of the form S”2 have 3-dimensional algebras of symmetries. All others
sections of this form have 1-dimensional algebras of point symmetries.
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Thus the family F consists of the following sections:
pa = azpz +p1 +aoy, az,ao € R\{0},
pa=bap2 +p1, by € R\{0},
p1=Eps+coy, co € R\{0}, co # 1/20,
pa=p1+doy, do € R\{0},
Ps=D1,
pa=Ty.
4.4. Differential invariants of linear ODEs of form (EE3). In this
subsection, we calculate the algebra of scalar differential invariants of

linear ODEs of form (=) and we solve the euivalence problem for these
equations.

4.4.1. Jet bundles. The standard coordinates x,a,_;, ¢ = 3,4,...,n,
on the bundle 7 define in the obvious way the standard coordinates

:c,aq(f_)j, j=3,4,...,n,r=0,1,2,....k, on the jet bundle 73, : J*7 —
R, k=0,1,2,...,00.
Any diffeomorphism (', f € G, can be lifted to the Lie transfor-

mations f*) of the jet bundles J*7, k = 1,2,...,00, by the formula

FOSIE) =[P 080 f - (4.4)
Obviously, for any [ > m, the diagram
F .

Jr —— Jir

Tl,ml l'rl,m

Jr —— JMr

Fom
is commutative (in the domains of f®).
Let
GH ={f® | feG}, k=0,1,2,...,00.
Let

Go={feG|['>0}, G.={[eG|f<0}.

Obviously, G is the connected component of the unit of G.
By p we denote the element of G_ defined by

w(z) = —xVr € R .
Obviously, we have
G=G UG-, G_=po Gy,
The lifting u® is defined by
WO a)) = (mo (-7 e, ), (4.5)
13=34,....n,r=0,1,... k.
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Let
G(k (k) G G(k (k) G
{1 feGyt, {1 reGc-}.
Obviously, Ggf) is the connected component of the unit of G* and
W =cPua®, a®=p®oaP.

The lifting of projective transformations of the base R' to diffeo-
morphisms of J*7 generates the lifting of any vector field £ € g to the
vector field €®) on J¥7. By definition, £® is the vector field defined
by the flow ft(k), where f; is the flow of £&. Obviously

(7o )« (ED) =€ 1> m

Let £ = ¢(x)0/0x be an arbitrary element of g. The vector field
€ is defined by the formula (sce [H])

f(oo) = QODJ; + 9¢' ) (46)

where D, = 0/0x + 3777 >0 fftl 8/8@&_)]» is the operator of total

derivation w.r.t. x; Dy = Y220 30 s Dy (U )8/8@7(2]» is the opera-
tor of evolution differentiation with generating function ¢» = (¢,—3, ..., %0 )".
This function is defined in the following way. Let z; = [S]L € Jl7, z =
71(21); then

1/%—3(1171) d )
pey={ | =SS @] @)
Yo(w1) =

Let S(z) = (z,an-3(x),...,a0(x)). Then, taking into account that
dfi/dt|i—o = ¢ and ¢ = 0, we can calculate that
—3an_5¢ — a(l)ggo 0

—A8 a4, 5" — dan sy’ —ay) s

_ . 4.8
v —w k19" — kan_pyp’ — aq(zl—)k@ )

—”T_l “1-a1p”" —nagyp’ — a(()l)go

[P

I Here we use the Cyrillic letter 9, which is pronounced like “e” in “ten”.
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It now follows from () and () that for any £ =0,1,2,..., 00,

m_ 0 4.9
k n
1 =25 = Z U +r)agl;— (4.10)
oz 1= j=3 8%(1—)]‘
8 k n
(k) 2 ()
g =T ox _Z : |:2$(]+T)GR_J (r)
r=0 j=3 n—j
FG == G- 1) —
n—(]—l) 6a7(17’_)j
,_ 0
(2 4+ = Dral ") |, (4.11)
da,,” ;

where aq(z) = 0.

4.4.2. Invariant subbundles. Let E*, i = n —3,n—4,...,0,—1, be
the subspaces of the total space E of 7 defined by

E'={(z,an 3,01 4,...,a0) EE|a; =0ifj >i}.
Consider the subbundle 7|g: : E* — R of the bundle 7.
Proposition 4.12. Every subbundle E* is invariant w.r.t. G,

Proof. From (ﬂ) (EXH), we have that the restrictions of the vector

fields f , (0) on E? are defined by
féo B = %, (4.12)
lpi = a:;—x —((n—1i)a —|—na0880 ), (4.13)
O = xQ% —2x( (n— 81 -+ nags - )

—(i(n—i)aii—i-- 4 (n—1)a;=— 0

4.14
8@1‘ 1 8@0 ) ( )

It now is clear that 5 |Ez,€1 Ez,€é0)|Ei are vector fields tangent to
E*. Therefore every subbundle E? is invariant w.r.t. GSS). From (E3),
we have p(”)( E*) = E°. This concludes the proof.

Thus, we have the following sequence of the subbundles invariant
w.r.t. GO,
E=E"3>FE"*> ... DE'DE".
Let E;, it=n—3,n—4,...,0,—1, be the subsets of the total space
E of 7 defined by

E;=E\E" if i>0 and E_, = E".
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Consider the subbundle
' =7lg, E; >R

of the bundle 7.
Corollary 4.13. Every subbundle E; is invariant w.r.t. G,

Thus, E is the union

E=FE, 3UF, 4,U...UEUFE 4 (4.15)

of nonintersecting subbundles invariant w.r.t. G,

The following proposition is needed for the sequel.

Proposition 4.14. The symmetric differential (n—i)-form w; = a;dx™"|g,
on E; is invariant w.r.t. GO,

Proof. Let us calculate the Lie derivatives of w; w.r.t. vector fields
(()0)|Ei7
§0)|Ei7 é0)|Ei. From (222 - (EX), we have

& g, (wi) =0,

g (wi)=ai(n—i)dz"" = (n —i) a;da™ =0,

§0)|Ei(wi) =a;(n—i)2xde"" —2x (n —i)adz™" = 0.

o (0)
Hence wj is invariant w.r.t. G.".

It follows from (E=3) that (u®)*(w;) = w;. Thus w; is invariant w.r.t.
GO 0]

Corollary 4.15. (The transformation law of the first nonzero compo-
nent. )

Let 0y = (2,0,...,0,a,,...,a0) € E;, let f € G, and let fO(6y) =
(f(x),0,...,0,A;,...,A0) € E;. Then

a; = (f'(z))"" A
4.4.3. Scalar differential invariants of linear ODFEs. In this subsection,
we calculate scalar differential invariants of linear ODEs. For a general
theory of scalar differential invariants refer to [i], [i].

It was proved in subsection [EZ that the bundle 7° = 7|p, : E; — R
is invariant w.r.t. G(©. It follows that the jet bundle J*7% are invariant
wrt. G®, k= 1,2...,00. Hence J¥r' are invariant w.r.t. the
subgroup Gif) CG®W k=0,1,2...,00.

A function I € C°°(J*7%) is called a scalar differential invariant of
G (Gy)if

(FO)YI=1 VYfeG(Gy).

Let I be a scalar differential invariant of G (G4 ) and let S be a

section of 7¢. By definition, put

1(S) = (jS)"1 (4.16)
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For any f € G, we have
I((8))o f = I(S). (4.17)

Indeed,
I(F(8)) = (Gef(8))'T = (r(f@ 0 S f) )T = (¥ 0 juS o f1)'1 =
(S o (esS) o (S ) T=(f") o (s)T=(f")IS)=
I(S)o ft.

Let S be a section of 7 admitting a 1-dimensional algebra of pro-
jective symmetries. Then [(S) is a constant for any scalar differential

invariant /. Indeed, let £ be a projective symmetry of S and let f; be
its flow. Then

I(S) = I(f(S)) = I( fi(S) ) o fr = 1(S) o fi.
It is not hard to prove that I € C*®(Jk7%) is a scalar differential
invariant of G iff I is a solution of the system of linear PDEs

57 (1) =0
< (1) =0 (4.18)
sk
2(1) =0,
Whereé_" , 51 , 2 are the restrictions off , 51 , ék to JFri.
From (E3) — (&), we have
£ _ () 0
= = — 4.19
0 O lpkri 02’ (4.19)
| | P k0 P
c(k) _ ¢k _ ; (r)
r=0 j=i 7
koo
k) _ | _ 20 [ : n_9
5 =& -*x__z 2x(n —j +r)a; .
Jhi Ox == J 3a§)
. n 0
+ =i =D+ Daf—
a;
1y O
+(2(n —j) +r—1)ralV = |- (4.21)
da;’

By Af we denote the algebra of scalar differential invariants of G
on JEr. We identify A¥ with its image (7/,)*(A¥), I > k. As a result
we have the following filtration

A=A > ... DA D DA DA

By D¥ we denote the distribution on J*7¢ generated by vector fields
c®) ¢k & From (EX9) — @EZW), we have that dim DF = 2 if i = 0
and k = 0, otherwise dim D} = 3.
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By NF we denote the number of functionally independent scalar
differential invariant in A¥. Clearly,

N} = dim J*7* — dim Df

It is easy to prove that

N =0, Ny=0, Ni=k—-1if k>2, (4.22)
NY=0, Nf=2kif k>1, (4.23)
N =i—1, Nf=k+1)0G—1)+2kif k>1. (4.24)

Consider the vector field on J>7*

Ci= |az‘|_1/(n_i)Da: ; (4.25)

_ co 0
where D, = Dy|joor: = 0/0x + > Zagrﬂ)@/@ay) is the operator of
=0 j=i
total derivation w.r.t. z restricted on J>°7*.

Proposition 4.16. The vector field (; is invariant w.r.t. GSLOO).

Proof. By &, 7 =0,1,2, we denote the restriction of & to Joori,
Let us check that [¢;, &1 =0 for all r.
Taking into account (), we have

o] —1/(n—1) N 8
(i, &) = [|ai| VI D,, 3.1 =0

Taking into account (), we consider the vector fields éoo) and 5200)
in the form (E):

51 — xDJ: + 9((n—i)ai+$a§1)) 5
— OO) . 9= —
52 =Dy + 9((i—l—l)(n—i—l—l)ai_;,q—|—2(n—i)a:ai—1—1’2(11(-1)) ’

where 9, is the restriction of D, on J®7°. Now taking into account
that [ D, , D, ] = 0 for any ¢, we easily obtain that [(;, (o) | =0 and

¢ &1 =0. 0
Obviously, for any I € A,;, its Lie derivative (;(I) € A;. Thus, (; and

I generate the sequence I, ¢;(I), ..., ¢F(I), ... of scalar differential
invariants from A;.

Theorem 4.17. The algebra A; is generated by the following free gen-
erators

(i), m=0,1,...,i, k=0,1,2,...,
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where
2(n —1 1 A A
I, = [2@1 (2) (n Z)"i‘ (agl))2:| . (ai)_Q(n_H—l)/(n_z) ; (4.26)
n—1
I = [ L } a0/ (127)

for 2<m <1,

H 7(71 — T)T (az‘)l_m (ai—1)™ +

r=n—i+1 (TL o Z)Z

Iim= [ai—m +
m!

n—i+m—1 n itm—l n—i+m—1

* Z n—z—l—m—l) H %(ai)i_n+l_m'

l=n—i+1 r=I[
(ai—l)n i+m—lI an—l} X |ai|_(n_i+m)/(n_i) ) (4.28)

Proof. It is not hard to check that I;,..., Iy are solutions of system
).

Let i = 0. We have that Iy € A%. For any k = 0,1,2, ..., the invari-
ants Iy, Co(1o), C3(1o), - - -, CE(Io) belong to Af? and they are function-
ally independent. The number of them is equal to (k + 2) — 1. Now
from (E=Z3), we obtain that (k +2) — 1 = N2, This concludes the
proof for ¢ = 0.

Suppose ¢ > 1. We have

Ci([i—l) - [—% |CL1| CLZ(?) + .. ] . (ai)_2(”_i+1)/(”—i)

The manifold J*°7¢ has two connected components defined by the in-
equalities a; > 0 and a; < 0 respectively. Comparing (;(/;—1) with I;,
we can define the scalar differential invariant J € A} by the formula

4
Ii+ - (i(Lim) if a; >0
i

4
[i__.Ci([i—l) if a; < 0.
1

J:

It is easy to calculate that

4 dn—1+1 1
J=|-a agl)l Maﬁ” aij—1+ .
i i(n—1) n—1i

(az(l))Q .(ai)—2(n—i+1)/(n—i) .

Let i = 1. Then I;,_;, J € A} and they are functionally independent.
The invariants

[i—la J7 Ci([i—l)a CZ(J)a cee Cf([i—l)a Cf(‘])

belong to Af“ , k=0,1,2,..., they are functionally independent, and
the number of them is equal to 2(k 4+ 1). Now from (E=ZJ), we obtain
2(k 4 1) = NF™. This concludes the proof for i = 1.
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Let ¢ > 1. Then the invariants I; o, ..., Iy are functionally inde-
pendent and they belong to AY. The invariants I; o, ..., Iy, I;_1, J are
functionally independent and they belong to A}. At last, the invariants

[i—27 ceey IOali—la J7 SRR Cf([i—2)7 SRR Cf([0)7 Cf([i—1)7 Cf(‘])

are functionally independent, they belong to A¥ | k =1,2,..., and the
number of them is equal to (k4 1)(i — 2) + 2k. Now from (IE=Z), we
obtain that (k + 1)(i — 1) + 2k = NF. This concludes the proof for
1> 1. O

From (E2), we obtain

Remark 4.18. The invariant
2(n—i)+1

: (az(l))z ) (ai)—Q(n—i—i—l)/(n—i)
n—1

I, = | 2a; az(?) —

1s an tnvariant of the group G.
4.4.4. The equivalence problem of linear ODFs. Let

Si(z)=(0,...,0, a;(x), ..., ap(x))
and
So(X)=(0,...,0, Ai(X), ..., Ao(X))
be sections of 7¢ in neighborhoods of points p € R and P € R respec-
tively.
Sections S; and Sy are locally equivalent at (p, P) w.r.t. Gy (G) if
there exist f € G4 (G) and neighborhoods V' of p and U of P that

f(p) =P and f(Sily) € f@oSi|yof = Sy
Theorem 4.19. Sections S; and So of 7% are locally equivalent at
(p, P) w.r.t. Gy iff the following conditions hold:

(2) the solution f of the Cauchy problem

= lai(@) [ A () V0L f(p) = P (4.29)
satisfies to the equations
I,(S2) o f=1,(5), m=ii—1,...,0 (4.30)

in some neighborhood of p.

Proof. Suppose S; and Sy are locally equivalent at (p, P) w.r.t. Gy.
Then there exist f € G and neighborhoods V' of p and U of P that
f(p) = P and f(Si]y) = S2|y. Consider the symmetric differential
(n — i)-form w; on E; (see proposition EEX). We have

f (53 (wi) ) = St(wi) - (4.31)
Indeed,

FOFS) (i) = fF(fPoS10f ) (wi)) = S((f) (wi)) = Si(wi) -
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Equality (=) means that

ai(x) = (f')""Ai(f (@)

It follows both that a;(p)- A;(P) > 0 and that f is a solution of Cauchy
problem ([EZJ). Further, from (), we have that equations (E=)
hold.

Conversely, let a;(p) - A;(P) > 0, let f be a solution of Cauchy
problem ([E22Z), and let f be a solution of equations (E30).

Let us show that f € G;. From @), we can obtain f” and f” in
terms of a;, A; and their 1-st and 2-nd derivatives:

1 —r _ e
" — —[|a,~|1r A7 sgn(as)al — |ai|7| A 77 sgn(A) AL |, (4.32)
"

11 1-— —or - —r -
"= ;[ il AT (@) + Jail TIAL T sen(ai)a
3 - -_r— 2+T 3 —2r—
= il AT A AT (4)?
—Jai "] A T sen(A)AY | (4.33)

where r = n — i. Substituting expressions ([EA),([[=23), and (E23) for
', f", and f” in the left side of equation (B&), we obtain

" pl " 1 n—i —2/(n—1
20" ' =3 (") = — |a AT (1(S1) — 1i(S) o f ) = 0.

Thus, f € G4.
Let Sg = f(Sl) Then [m(Sg) @) f = [m(f(Sl)) @) f = [m(Sl) =
I, (S2)of, m=i,i—1,...,0. Hence

[m(Sg) :[m(Sg), m:z’,i—l,...,O.

Let S3=(0,...,0, By, ..., By). Then obviously, B; = (f)~"a; =
A; in some neighborhood of P. It now follows from I;_1(S3) = 1;-1(.52)
that B;—; = A;_1 in this neighborhood. From I;_5(S3) = I;_2(S3), we
have B; o = A;_5 in this neighborhood and so on. Thus S3 = S5 in
some neighborhood of P. O

Corollary 4.20. Sections Si,Ss of 70 are locally equivalent at the
(p, P) w.r.t. G iff Sy local equivalent w.r.t. G, either to Sy at (p, P)
or to u(Sz) at (p,—P).

Corollary 4.21. Let the invariants 1,,(S1), Im(S2), m=1i,i—1,...,0
be constants. Then Sy, Sy are locally equivalent at (p, P) w.r.t. G4 iff
the following conditions hold:

(2) 1n(S1) = Ln(S2), m=1d,i—1,...,0.
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Proposition 4.22. Let S be a section of 7¢; then dimPrjS = 1 iff
L;(S), I;-1(9), ..., 1o(S) are constants.

Proof. The necessary is proved in the beginning of this subsection.
Prove the sufficiency. Let S(x) = (,0,...,0,a;(x),...,a0(z)) and
invariants 1;(S), I;_1(S), ..., Io(S) are constants.

From proposition B& we have that a vector field ¢(x)0/0x € ¢ is a
symmetry of section S iff ¢(z) is a solution of system (). In our
case, this system has the following form:

y 90///:()
(n —d)a;p’ + alp =0

S e i— 1)+ 1 . (4.34)
(n—J 5 U )aj+190”+ (n—j)ajp’ +ajp =0,
\ j=1—11—2,...,0.

It follows from the second equation of this system that ¢ = C/|a;| /=9,
CeR.

From the identities d I,,,(S)/dx = 0, m = i,i — 1,...,0, we can
obtain by direct calculations that |a;|~"/("~ is a solution of system
(E=3). Thus, the vector field |a;|~Y/"=)0/0x is a symmetry of the
section S. O

4.5. Classification of linear ODEs with n + 1 — dimensional
algebra of point symmetries. In this subsection, we use the scalar
differential invariants obtained in the previous subsection to classify
linear ODEs (M) with n+1 — dimensional algebra of point symmetries
in a neighborhood of a regular point up to a transformation (I=3).

4.5.1. Regular germs. Let S be a section of 7, let p be an arbitrary
point of the domain of .S, and let f be a Lagguere-Forsyth transforma-
tion of S defined in a neighborhood of p. We say that p is a point of
class i for S (for the ODE Eg ) if there exist a neighborhood U’ of f(p)
and subbundle E; of 7 (see section EI) with Im f(5)|,, C E;. It is
easy to prove that a point of class ¢ is well defined.

We say that S is a section of class v if every point of the domain of
S is a point of class i.

Clearly, if p is a point of class ¢ for S then, for some neighborhood
U of p, S|, is a section of class 1.

Let S be a section of class ¢ with dim Sym S = 0, let f be a Laguerre-
Forsyth transformation of S, let 8" = f(5), and let [;, I;_1, ..., Iy be the
generators of the algebra of scalar differential invariants A; defined in
theorem IEEA Consider the smooth functions ;(S"), I;—1(S"), ..., Io(S")
in R! (see formula (EH)). From dim Sym S = 0 we have dim Sym S’ =
0. It follows from proposition EEZAthat there exist integer j, ¢ < j <0,
such that 7;(S’) is not constant. We say that a point p of domain of S
is regular point of S (of the ODE Eg) it dI;(S")| ) # 0.
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Obviously, the set of all regular points of a section of class i is an
everywhere dense subset of the domain of this section.

We say that the germ {S}, with dim Sym S = 0 is a regular germ of
class i if p is both a point of class ¢ for S and a regular point for S.

By Fi ,i=n—3,n—4,...,0 we denote the set of all regular germs
{S}o of class i.

It is easy to prove that F; is invariant w.r.t. diffeomorphisms from
Iy.

4.5.2. Classification of reqular germs. Let {S}o € F;, let f be a Laguerre-
Forsyth transformation of S, let S" = f(5), and let py = f(0). By
definition put

m=max{j € {i,i—1,...,0} | dI;(S")|, #0}

From (EEX), we have that the number m is an invariant of the action

of I'.
It follows from dI,,(5")],, # O that there exists a neighborhood U of
po such that we can consader I,,(S")|; as an element of I'. Let

= In(S)y = Ln(S") (p0) -

Obviously, f € T. Below, it will be useful to represent the function f
in the form

f= Brp(s)0) © Im(S)y
where the function R, is defined by R, : x — = — a.
We say that the germ { f(S’) }o € JF; is the canonical form of the
germ {S}o . It follows from the next theorem that the canonical form
of {S}o is well defined.

Theorem 4.23. Let {Sl}o,{SQ}Q € fi Then {Sl}o and {SQ}Q are
equivalent iff their canonical forms are the same.

Proof. Let {S1}o and {S3}¢ are equivalent. It follows that there exist
g € Ty with {g(51)}o = {S2}0. Let fi and f, be Laguerre-Forsyth
transformations in neigborhood of 0 € R! for S; and S, respectively.
Let Si = fl(Sl), Sé = fg(Sg) and let P11 = fl(O), P2 = fg(O) Then in
some neighborhood of ps, we have
o = In(S3) — In(S5) (%)
= Ln((f2090 fi)(S1)) = In((f20 90 fi")(S1))(p2)
=In(S)) o (fiog™ o fo!) = Lu(S))(m)
= Rp,(s)(p) © Im(S1) 0o (frog ™t o f5h).

Hence in the correspondence neighborhood of 0 € R!, we have

F2(85) = Ry sy © Im(S) o (frog™ o f)((fa0. g0 f71)(S)))
= (Ru,(st)p) © (1m(S1) )(S1) = f1(S))
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The sufficiency is obvious. OJ

Let F; be the set of canonical forms of all germs containing in F; and

n—3
let F = |J F;. Obviously, we get the following theorem.
i=0

Theorem 4.24. (Classification of linear ODFEs with n+1-dimensional
algebras of point symmetries in neighborhoods of reqular points up to
equivalence. )

(1) Any two germs from F are not equivalent.

(2) Any regular germ of section of 7 is equivalent to some germ
from .
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