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On one-parametric family of Backlund autotransformations for the
Liouville equation

Arthemy V. Kiselev

ABSTRACT. Scaling symmetry of the Liouville equation is proved to provide a one-
parametric family of one-dimensional non-abelian coverings determining a Bécklund
autotransformation. Deformation of the structural element is shown to be equal to
the Frolicher-Nijenhuis bracket of the symmetry lifting and the structural element of
the coverings. An intriguing by-formula in total derivatives is obtained.
Mathematics Subject Classification (2000): 35Q53, 58J72, 32G08, 13N15.

This paper illustrates new cohomological concepts [1, 2] in the theory of Bécklund
transformations between PDE. Notation and all definitions follow [1, 3]. First, let us
introduce the notion of Bécklund (auto)transformation in terms of coverings over PDE.
1. Let & C Jki(m), i = 1,2, be two differential equations and 7;: € — & be coverings
with the same total space €. Then the diagram

(1) Er L £ ¢

is called a Bdcklund transformation B (8~ , Ti, &) between the equations &;. Diagram (1)
is called a Bdcklund autotransformation if £° = £5° = €.

Remark 1. Let 7;: gj — &, = 1,2, be two coverings and f: & — & be a diffeomor-
phism that maps the Cartan distribution C;, D(&1) into C;,D(&;). Then the diagram
B(&;, 1,120 p, &) is also a Bécklund transformation between the equations &;.

Remark 2. Let 7: € — £ be a covering and g : € — & be a nontrivial diffeomorphism
of manifolds preserving Cartan distribution, e.g., a discrete symmetry that cannot be
restricted to £°. Then the diagram

(2) A
(C/’OO

is also Backlund autotransformation for £. In the sequel, this construction is used for
generating Backlund autotransformations for the Liouville equation.

2. The hyperbolic Liouville equation £ is
(3) E ={F = uyy —exp(2u) = 0}.

Consider the covering structure in 7;: c‘ft — &£ provided by the extended total deriva-
tives

(4) D,

D, +@,9/0a, D,=D,+a,0/0a,  [D,,D,]=0,
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if the partial derivatives of the nonlocal variable @ w.r.t. x and y are

(5) Uy = Uy + exp(—t) - exp(t + u), Uy = —uy + 2exp(t) - sinh(a — u).

Let the diffeomorphism 4 be the swapping u < @ of the fiber variable u and the nonlocal
variable @ combined with z +— —x and y — —y. Then diagram (2) determines Bécklund
autotransformation B(&, 1,1 0 1, E) for Eq. (3), and for the Liouville equation, the
equations & of Bicklund autotransformation [1] are

(6) (@ — u)y = exp(—1) - exp(t + u),
(7) (@ +u), = 2exp(t) - sinh(a — u).

Proposition 1. Let t; # ty. Then the coverings 7, and T, are non-equivalent.

Proof. Consider the Whitney sum 7, & 7, of the coverings 74, and 7, with nonlocal
variables @ and u’ respectively. These coverings are equivalent if their Whitney sum is
reducible. Following [1], we verify this condition in local coordinates and prove that
the system

_ 0 ~ 0
(8) (Dm + (ug + exp(t +u — t1)) a5 T (us + exp(u/ +u —t3)) 6&’) ¢=0,

(9)
_ 0
(Dy + (—uy + 2exp(ty) sinh(a — u)) == 57
has only constant solution ¢ = const for t; # to. Put uy = 8’%/83: and up = 8ku/8y

for any k € N. The characteristics of Eq. (8) are

+ (—uy + 2exp(ts) sinh(v/ — u)) ;/) »p=0

u

dii du’ _du du
Uy + exp(i + u — t1) Up +exp(u/ +u—ty) UL Ukgr q1,
dii du/ du  dug

- — — — = — = — = d s
—uy, +2exp(ty)sinh(i —u)  —wu, + 2exp(ty) sinh(v/ —u)  wr Uy e

k € N. We have ~
dii—uw)  d —u)

exp(d+u—t1) exp(u +u—ty)

dq1 =
whence -
d(a —u)
exp(@t — t1) — exp(u/ — t3)
Consequently, uw — @ =6 = const and & depends at most on ¢; and t,. Then we have

Uy = u'y and U, = u’ as equations for §. The first equation implies 6 = t; — t5 and the
second one gives

exp(8) sinh(u’ 4 6 — u) = sinh(u’ — u).
Using hyperbolic-trigonometry formulas, we obtain
exp(0) sinh(u’ — u) cosh(8) + exp(§) cosh(u/ — u) sinh(8) = sinh(uw/ — u).

Note that exp(d) cosh(d) —1 = exp(d) sinh(d). Finally, we emphasize that the equation
sinh(u' — u) = cosh(u/ — u) has no roots in C. Therefore, system (8)-(9) has only
constant solution ¢ = const for t; # 5. O
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Proposition 1 means that the parameter ¢ cannot be eliminated by a coordinate
transformation if the later does not depend on t itself.
3. Consider the scaling symmetry of base coordinates

0 0
XY= - — 4y
oz 7 dy
It corresponds to the generating function ¢ = zu, — yu,. The scaling symmetry can be
extended to the entire £>°:

5 0 0 0 0
E>1 1

Remark 3. The diffeomorphisms A; = exp(tf( ) form an abelian group. Really, we
see that z(t) = exp(—t)x(0), y(t) = exp(t) y(0), u(t) = u(0), ur(t) = exp(kt) ui(0),
ug(t) = exp(—kt) uz(0), & > 1. Obviously, Ag = id and Ay, 0 Ay, = Ay, 0 Ay = Apy 1,

Proposition 2. The symmetry X cannot be extended to a symmetry of the covering
equation &.

Proof. Assume the converse. By 3, we denote the evolutionary vector field Dg(go) .
0/0u, on &, ¢ € C®(&), and lp(p) = 3,(F). Suppose there is a smooth function
a € C*(&) such that the system

(11) lp(p) =0, D,i(a) = 3,4(tyi) = (3, + a0/00) (i), vt=x, 2P=y,

holds. This means that the field 5,, is a local symmetry of the covering equation &

and X is constructively extended onto &. Nevertheless, system (11) is not compatible
since

D, o Dy(a) # D, o Dy(a).
Really, D, o D,(a) — D, o D,(a) does not depend on a at all and equals
wu? exp(t +u — @) + Uy, exp(t + G — u) — zu, exp(20) — uyyu, exp(t +u — i)
—2yu, exp(2t + U + u) + 22U, exp(2t + @ + u) — zu’ exp(t + @ — u) + x exp(2u)u,
—yexp(2u)u, + 2exp(t)zul + yu, exp(2i) — 2exp(t)yu,u, # 0.
This contradiction concludes the proof. U

Thus, the scaling symmetry X is a 7-shadow only and X provides a family of covering
equations & over £, & parametrized by t € R. )
4. In local coordinates, the structural element U; of the covering diffiety &; is

(12) U, = ch(ug) ® 8(2 + (dt — (uy + exp(t +u —t)) dzx +

+ (uy — 2exp(t) sinh(a — u)) dy) ® %5
U
where d¢ is the Cartan differential, dotue = dug — ), Ui, dx’.
By [-,-]"" we denote the Frolicher-Nijenhuis bracket [3, 2]: [Q, 0] ™ (f) = La(O(f))
—(=1)" - Le(Qf)), where Q,0 € D(A*(E)), f € C>(E), degrees u, v are u = deg(,
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v = deg©; Lo = [ig,d]: A¥(E) — AFFtdee2(£) is the Lie derivative, and ig: A*(€) —
AFFdesQ=1(£) ig the inner product.

Theorem ([2]). Let 7: € — £ be a covering and Ay E — & be a smooth family of
diffeomorphisms such that Ag = id and 7w = 70 Ay € — £ is a covering for anyt € R.
Then the structural element U, evolves by

du., - FN
(13) W = [[Xt7 UTt]] )

where X, is a T-shadow for any t € R.

If the covering 7; corresponds to Bécklund autotransformation (6)-(7) for the Liouville
equation (3), then we have

du,
d—tt = (exp(t +u — t)dx — 2exp(t) sinh(a — u) dy) ® %

Now we claim that the scaling symmetry X is the m-shadow such that Eq. (13)
holds, where Uy, is the structural element U; (12) of the covering 7 defined in (4) and
Uy evolves according to (14). We need Lemmas 1-4 to prove it.

We say that i is the degree of Q, if Q € D(AY(E)). If £ is a finite-dimensional

manifold, we have an isomorphism D(A*(£)) ~ A*(€) ® D(E) and thus any derivation

Q2 € D(A*(€)) is representable as a finite sum, the summands are @ = w ® X, where

we A*(€) and X € D(E). For such elements, the Frolicher-Nijenhuis bracket is
(15)
[ X, 00Y]N =wA0Q [X,Y]+wALx(0) @ (V) + (—1)dwA (X 20) Y —
— (D)9 ANLy(w) @ X — (=) gg A (Y L w) ® X,

where X, Y € D(€), w € AY(€) and 0 € AI(E).
1™ dd = (dU, /dt) _ da.

(14)

Lemma 1. [X, U,

]]FN ]]FN ]]FN

Lemma 2. [X,U] _de=[X,U] _dy=[X,U] _du=0.
Proof. The proof of Lemmas 1 and 2 is staightforward by multiple using of (15) and
thus omitted. ]

However, the calculation of coefficients of [ X, Ut]]FN at 0/0uy or 0/0uz, k > 1, is not

so transparent.

Remark 4. Let u(z) and f(u) be smooth functions, D, be the total derivative w.r.t. z;
take an integer n > 0 and a positive integer [ < n — 1. Then

(16) D, (i DZ‘l(f(U))) O pr(f(w) - 2 D (f(w)).

oy - o ® Ou—q

Corollary 1. Moreover,
(17)

0
(7 + Dtinyr 5 +1DZ+1(f(U)) = (n+ Dt

S D) = (1-+ Dt f'(0)
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Lemma 3. Let u(z) and f(u) be smooth functions, D, be the total derivative w.r.t. x.
Denote up, = D (u(x)), k >0, up = u. Then for any integer n > 0 the relation

(15 e DAFW) = Ym0 D)

holds.

Proof. We prove (18) by induction on n. For n = 0 relation (18) is valid. For n > 0
one has

(n+1) Dy (f(w)) = Da(n Dp(f(w)) + Dy (f(w))) =

by the inductive assumption,

- D, (me s D) + DZ(f(U))) -

by the Leibnitz rule,
= >ttt 5= DE(f()) + 3 ity D — DR(f(w) + D D (f (1)) =
m=1 m m=1 m

by (16) applied to the second sum,

n o ) n 0
= Z MUy, e Dy (f(u) + Z MU 41 e Dy (f(u)) —

aum—l

3 O DR () + DD () =

by the definition of D, and the subscript shift in the latter sum,

n 9 n 0
= Z My 55— DY (f(u)) + Z(m + 1) tmia E D (f(u) —
m=1 m m=0 "

—_

n—

=3+ Vs 5 D) =

3
|

since almost all summands in the latter two sums coincide,

0

_ mzlmum % D) + (0 + it 5= DE(F(w) =
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n P )
= D it o DI () + (1 D 5o DI (f(w) =

n+1

=) mu, % DY f(u)). Q.E.D.

HFN HFN

Lemma 4. [[X,Ut dug = [[X,Ut adup =0, k>1.

Proof. Let k be a positive integer. Taking (15) into account, consider the 1-form

k—1
~ FN — a e
[X,U] = du, = ((k — 1)Dyuy — §Hj luy a—wD’; 1(exp(2u))> - dy;

we also see that all coefficients of dz, du, dw;, duj vanish for all [ > 1. Finally, note
that Dyur = D¥1(exp(2u)). By Lemma 3, the coefficient of dy is trivial. Arguing as

above, we see that [X Ut]]FN _1 dug = 0. This completes the proof. O

Theorem 1. The 7i-shadow (10) satisfies the relation

HFN

[X,U] = (exp(@t+ u —t)dx — 2exp(t) sinh (i — u) dy)

= ou’

i.e., the group of diffeomorfisms Ay = exp(tf( ) provides smooth one-parametric fam-
ily (5) of non-equivalent one-dimensional non-abelian coverings over Liouville’s equa-
tion (3). These coverings correspond to Bdcklund autotransformations for the Liouville
equation. Bdacklund transformations are given by diagram (2). Infinitesimal part of the
structural element is given by (14).

Final remark. The reader will have no difficulty in showing that quite analogous
theorems are valid for Bécklund transformations between Liouville’s equation (3) and
the wave equation v, = 0:

(v —u), = exp(—t)exp(u+v), (v+u), =—exp(t)exp(u—v), teR,
and Bicklund transformations between the Liouville equation and the scal™-Liouville
equation Y,, = exp(—27):
(T —u), = 2exp(—t) cosh(Y +u), (YT +u), =—exp(t)exp(u—"T), t e R.

Scaling symmetry (10) is the required 7-shadow in both cases, and Lemma 3 is an
efficient tool to prove these theorems.

Problems of direct integration in nonlocal variables of these Backlund (auto)transfor-
mations and their permutability will be the object of another paper.
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