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HAMILTONIAN OPERATORS AND /¢*-COVERINGS

P. KERSTEN, I. KRASIL/’SHCHIK, A. VERBOVETSKY

ABSTRACT. An efficient method to construct Hamiltonian structures for nonlinear evolution equations
is described. It is based on the notions of variational Schouten bracket and £*-covering. The latter
serves the role of the cotangent bundle in the category of nonlinear evolution PDEs. We first consider
two illustrative examples (the KdV equation and the Boussinesq system) and reconstruct for them
the known Hamiltonian structures by our methods. For the coupled KdV-mKdV system, a new
Hamiltonian structure is found and its uniqueness (in the class of polynomial (z,t)-independent
structures) is proved. We also construct a nonlocal Hamiltonian structure for this system and prove
its compatibility with the local one.

INTRODUCTION

We describe a method of constructing Hamiltonian structures for nonlinear evolution equations (or
systems of such equations). The method is based on two concepts: the variational Schouten bracket
and the £*-covering over a nonlinear PDE.

In Section 1, we expose some general facts concerning the geometry of super PDE. In Section 2, we
construct the variational Schouten bracket on a super version of Kupershmidt’s cotangent bundle to a
bundle and, following [2], obtain an explicit formula for this bracket. In Section 3, simple computational
formulas are deduced to check the Hamiltonianity of a bivector and compatibility of two Hamiltonian
structures. Using the Schouten bracket, we define Hamiltonian evolution equations (including the cases
when the Hamiltonian operator A may depend explicitly on time while the equation itself may not
possess a Hamiltonian functional). This definition is equivalent to the operator equality

leoA+ Aol =0,

where (¢ is the linearization of the equation and £} is the adjoint operator. To solve this equation, we
introduce the notion of £3-covering (which is a particular case of a more general construction introduced
in Section 4) and show that to any operator A satisfying the above equation there corresponds a function
s on the £%-covering such that le (s) = 0, where ¢ is the lifting of the linearization operator for &
to the £}-covering. In other words, the operators we are interested in are identified with shadows of
nonlocal symmetries (of a special type) in the £%-covering.

The reason to introduce the concept of £*-covering is two-fold. First, as it was just indicated, it allows
to reduce construction of Hamiltonian structures to computation of symmetries (with a subsequent
check of additional conditions) for which a number of efficient software packages exists. Second, to our
opinion, this point of view gives a new and fruitful insight into the theory of Hamiltonian structures
for partial differential equations.

In Sections 5 and 6, these methods are applied to the known examples of the KdV equation and the
Boussinesq system. In Section 7, we construct a Hamiltonian structure for the coupled KdV-mKdV
system [6]. We also prove that this structure is unique in the class of (x,t)-independent polynomial
structures. Nevertheless, extending the initial setting with certain nonlocal variables, we find another
Hamiltonian operator that serves a Hamiltonian structure for ‘higher’ coupled KdV-mKdV equations.

Key words and phrases. Nonlinear evolution equations, variational Schouten bracket, Hamiltonian structures, re-
cursion operators, conservation laws, coverings, the coupled KdV-mKdV system, the KdV equation, the Boussinesq
equation.
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This structure is compatible with the local one. It is to be noted that the theory of nonlocal Hamiltonian
structures is not sufficiently developed yet and needs additional research.

In the Appendix, we briefly recall the construction of the recursion operator for the coupled KdV-
mKdV system (obtained earlier in [6]) by which the above mentioned Hamiltonian structures are
related to each other.

1. GENERALITIES: JET BUNDLES AND DIFFERENTIAL EQUATIONS

Let us formulate the main definitions and results we will use. For more details we refer to [1, 8, 2].

1.1. Jet bundles. Let m: E — M be a vector bundle over an n-dimensional base manifold M and
Too: J°(m) — M be the infinite jet bundle of local sections of the bundle 7.

In coordinate language, if z1,...,Zn, u',...,u™ are coordinates on E such that z; are base coordi-
nates and u? are fiber ones, then 7, : J°(7) — M is an infinite-dimensional vector bundle with fiber
coordinates u?, where 7 =iy ... i|7| is a symmetric multi-index.

Now, we generalize the definition of the jet bundle to the case of superbundles.

Definition 1. Let E be a supermanifold of superdimension (n 4+ mg)|mi, and 7: E — M be a
vector bundle over an n-dimensional even manifold M. If 7 is split into the direct sum of two vector
subbundles 7 = 7° @ 7! such that the fibers of 7° are even and the fibers of 7! are odd, then we say
that 7 (along with the splitting) is a superbundle.

For a superbundle 7, we define the infinite jet superbundle moo: J° () — M by setting:
(70)° = (1),
(moo)" = (7)),

where the superscript ' denotes the reversion of parity.
Denote by .#(m) the superalgebra of smooth functions on J*° ().

Remark 1. By definition, we have
F(m) = F(1°) @cw () A (Fin (7)),
where ., () C % (-) is the subspace of functions linear along fibers.

In what follows we shall use the term ‘bundle’ to mean ‘superbundle’.

1.2. The Cartan distribution. Consider a bundle 7: E — M and define the C°°(M)-supermodule
I'(7) of its ‘sections’ as follows. If 7 is even, then I'(7) is the module of sections of 7. If 7 is a general
superbundle, then we put I'(7) = ['(7)? @ T'(7)!, with ['(7)° = ['(7°) and T'(7)! = (T'((=)1))™2.

Remark 2. Thus, in line with our definition of jets of superbundles, we define elements of I'(7) to be
pairs of sections of 70 and 7'.

Next, we note that every fiberwise linear function f on infinite jets J°°(7) can be naturally identified
with a linear differential operator Vs: I'(mr) — C°°(M) and vice versa. Indeed, for even bundle 7 the
correspondence is given by the relation

Vi(s)(a) = f(j(s)(a)),

where s € T'(7), joo(s) is the infinite jet of s, a € M. The general case reduces to the even one, since
ylin(ﬂ-) - <%\lin(ﬂ-o ©® (ﬂ.l)l—[).

Remark 3. The maps
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The infinite jet bundle 7o : J*°(7) — M admits a natural flat connection such that the lift X of a
vector field X on M is uniquely defined by the condition

VX(f):XOVf, feﬁﬁn(w).
In coordinates, the lift of 9/0x; is the ith total derivative
i) d ;0

T
0x; ; oul
T

Vector fields of the form X generate an n-dimensional distribution on J°°(r) called the Cartan dis-
tribution and denoted by %(w). Obviously, the Cartan distribution is Frobenious in the sense that
[€(m), € (m)] C €(m). In coordinate language, the Cartan distribution is spanned by the total deriva-
tives.

1.3. Horizontal calculus and evolutionary fields. Let £: B — M be a vector bundle and 7% (§): Bxm
J°(w) — J°(7) its pullback along 7o,. The C°°(J%°(7))-supermodule I'(7% (£)) is defined as above:
T(r5,(€) = T(€) ®emqany C=(J™(m), if € is even, and T(n3,(€)) = T(wo(£))® & T(n (€)', with
L(r2, (€)° = T(r2,(€)%) and (72, (€)' = (D((7%, (€)H)M)M if € is a general superbundle.

Definition 2. A C*°(J*(r))-(super)module P of the form P = I'(7% (§)) is said to be a horizontal
module.

Example 1 (horizontal forms). Let £ be the gth exterior degree of the cotangent bundle to M. The
corresponding horizontal module I'(%,(£)) is called the module of horizontal forms and is denoted by
A4(r). In coordinates, horizontal forms are generated by the forms fdx; A---Adz; , f € F (7).

Definition 3. Let P and @ be C*°(J*°(n))-(super)modules. A map A: P — @ is called € -differential
operator (or horizontal operator) if it can be written as a sum of compositions of C'*°(J*°(r))-linear
maps and vector fields of the form X.

In coordinates, % -differential operators are total derivatives operators.

Example 2 (the horizontal de Rham complex). We define the first horizontal de Rham differential
d: Z(m) — A () = AN (M) @cw(ary Z () by the formula d(f)(X) = X(f). In coordinates, we have
d(f) = >2; Di(f) di. o -
The general horizontal differential d: A(7) — A9T!(7) is defined by the usual rules:
dod=0,
J(uq AN wg) = c?wl N wo + (—1)%}1 N Jwg, wy € /_\q(ﬂ').

The differential d is a %-differential operator.
The cohomology of the horizontal de Rham complex

0= Fm) LA L. LA =0

are called horizontal cohomology and denoted by H4(m). From Vinogradov’s ‘one line theorem’ [12,
, 14] it follows that H(w) = H4(M) for ¢ <n — 1.

All #-differential operators from P to @ form a C*°(J*°(7))-(super)module denoted by €Diff(P, Q).

Clearly, if P and @ are horizontal, then so is ¥Diff(P, Q).

Given a horizontal module P, let us define the horizontal infinite jet bundle wp: J®(P) — J>(x)
as follows. If P is even, then the fiber of J°(P) over § € J>°() consists of equivalence classes, denoted
by 7(p)(#), of elements p € P. Two elements p; and ps are equivalent if their total derivatives of all

orders coincide at . For a general horizontal supermodule P, we as always define 7% = 7po and

k= W?Pl)n. Correspondingly, I'(wp) = T'(mpo) & I'(m(prym)'.

Clearly, the horizontal jet bundle wp: J®(P) — J*(r), P = (7% (£)), is isomorphic to the

pullback 73, (€x0): J*°(§) Xar J*(7) — J°°(7) and, thus, I'(7p) is a horizontal module.
Similarly to Remark 3, we have the natural operator jo: P — J®(P).
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For every ¢-differential operator A: P — (@ there exists a unique homomorphism of C*°(J*())-
supermodules ha: J®(P) — J*°(Q) such that the diagram

Jd ]

T (P) 2 1 (Q)

is commutative.
Let us recall the definition of adjoint operator. Consider A € ¥Diff(Py, P2). The adjoint operator
A* € €Diff(Ps, Pr), P = Homg () (P, A"(r)), is uniquely defined by the equality’

<ﬁ7A(p>> = (_1)Aﬁ<A*(ﬁ)7p>> ﬁ € p27 pe Pla (1)

where (-,-) is the natural pairing P x P — H"(r).
In coordinates, we have
IS an| -

where a]; € F (), the superscript ‘st’ denotes the supertransposition, and D, = D;, 0 --- 0 D; ., for
T=i1...i‘7.|.

Equivalently, adjoint operator can be defined using the following fact. Consider a horizontal mod-
ule P and the natural complex

st

> (=)D e a],

T

)

0 — €Diff(P,.# (7)) — €Diff(P,A'(r)) — €Diff (P, A*(7)) — - -
— EDiff (P, A" (r)) — €Diff(P,A"(r)) — 0

with the differential A +— d o A. Denote its cohomology by H?(P). We have

{Hq(P)zOA for0<g<n @)

H"(P) = P.

Each %¢-differential operator A: P — () gives rise to a cochain map between two such complexes. The
corresponding map of the nth cohomology A*: @ — P is the adjoint operator. Note that the natural
projection p: €Diff(P, A" (7)) — P has the form A +— A*(1).

Recall the most important properties of adjoint operators:

(1) A and A* are of equal parity;
(2) (AroAg)* = (~1)2182A% 0 A;
(3) A** = A (here we identify P and P).

A vector field Z on J*(m) is called vertical if Z|ge () = 0. For a horizontal module P a vertical
field Z generates a natural action Z: P — P, which in coordinates is the component-wise action.

A vertical vector field Z is said to be evolutionary if [Z, X] = 0 for all vector fields X on M.

It is easy to see that evolutionary fields are uniquely determined by their restrictions to iy, (E),
where F is the space of the bundle 7: E — M. Moreover, the map Z — Z| Fiin (E) is a bijection between
the set of all evolutionary fields and Homcee (ar) (F1in (E), Z (7)). We identify Homgeo (ar)(Fiin (E), F (7))
with the horizontal module I'(7% (7)) and denote it by ().

In coordinate language, the evolutionary field that corresponds to a vector function ¢ = (!, ... ™)
has the form
9
Buj}.

9y = Z DT(‘Pj)
7,7

1Here and below, symbols used at the exponents of (—1) stand for the corresponding parity.



HAMILTONIAN OPERATORS AND ¢*-COVERINGS 5

Let P be a horizontal module. The linearization of an element F' € P is a % -differential operator
lp: x(m) — P defined by the formula

lr(p) = (=1)FP0,(F).
Denote by the square brackets the horizontal cohomology class of a horizontal form. Since evolu-

tionary fields commute with the horizontal differential, the cohomology class [9,(w)] for w € A™(rr) is
well defined by [w]; denote it by 9,([w]). By (1) we have

p([w]) = [9p(W)] = (=1)7[lu(#)] = (#, €5(1)) = (¢, E(w)),
where &: A"(7) — (7), E(w) = (1), is the Euler operator, which takes Lagrangians to the cor-
responding Euler-Lagrange equations. Of course, the value &(w) is completely determined by the
cohomology class [w].
In coordinates, (L dz'A---Ada™) = (§L/6ut,...,0L/6u™), where SL/du/ =Y _(=1)I"ID_(OL/0ul).

Remark 4. From Vinogradov’s ‘one-line theorem’ [12, 13, 14] it follows that

(1) ker &/d(A" (m)) = H"(M);

(2) ¢ € im & if and only if £, = £y
1.4. Differential equations. Again, consider an element F' of a horizontal module P. The locus

&% ={Jeo(F) =0} C J¥(m)

is called differential equation defined by F. We assume that the natural map &> — M is a subbundle

of the bundle 7: J*°(7) — M. The restriction of the Cartan distribution to £°° is denoted by €' (&).
Clearly, dim € (&) = dim € = n.

Example 3 (evolution equations). Consider the bundle 7: E x R — M x R. Denote the coordinate
along R by t. Then 9¢ = D; — 9/0t is a canonical evolutionary field on J*°(7). In coordinates,
® = (ug,...,u"). Let 9y be a family of evolutionary fields on J>°(m). The equation &> C J>(7)
given by the element F' = ® — ¢(t) € s(7) is called evolution equation. In coordinates, it has the form
ug = @(t). Note that &> = J*°(7) x R, with the Cartan distribution generated by that on J*°(7) and
the field Dy = 9/0t + 9¢(t).

The restriction of the linearization £ to the equation & is called the linearization of &°° and is
denoted by lg: s — P, where s = (7)| goo -

An evolutionary field tangent to & is said to be a symmetry of the equation. Obviously, 9, is a
symmetry if and only if £g(p) =0, ¢ € .

The horizontal de Rham complex on J°(7) can be restricted to &°°. Its cohomology are called
horizontal cohomology of equation &> and denoted by H?(&). Elements of H"~1(&)/H"~*(M) are
conservation laws of &°. If the equation at hand satisfies the conditions of Vinogradov’s ‘two-line
theorem’ [12, 13, 14] then there is an inclusion i: H"~1(&)/H" (M) — ker . The element i(n) €
ker 0%, C P that corresponds to conservation law 7 is called its generating function.

In particular, evolution equations satisfy the conditions of the two-line theorem. In this case,
i(n) = &(no), where n = ng +n1 Adt, no € A"~H&), n1 € A""2(&). Thus, to find conservation laws
of an evolution equation one has to solve the equation £% (1) = 0 and choose those solutions ¢ that
fulfill the condition £y, = £},

Let £°° and &> be two differential equations. A surjective map 7: & — &= is called covering if it
preserves the Cartan distribution.

Example 4. A horizontal jet bundle 7p: J®(P) — J>(x) is a covering. A generalization of this
example will be discussed in Section 4.

Example 5. Let £ be given by an element F'. Consider equation &
F =0,
87‘/8.’1)1 =41,

8T/8$TL = 09n,
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where g1,...,g, are functions of xy,...,x, and u’. If the compatibility condition
Di(g;) = Dj(g;) on &% <= dn|,.. =0 n=3,gdz; € A'(&) (4)

holds true, then the natural projection 7: E® — £ is epimorphic. Obviously, T preserves the Cartan
distribution, so that it is a covering. Thus, each closed horizontal 1-form gives rise to a covering of the
form (3). In particular, when n = 2, condition (4) means that 7 represents a conservation law of &°.
The new dependent variable r is called nonlocal variable.

In a similar way, we can define a covering over & corresponding to a closed one-form on this
equation, etc. In this manner we construct particular coverings in Sections 5-7.

Clearly, each ¢-differential operator A on &> can be lifted to a ¢-differential operator A on &.
In particular, we have the operator leon&®. A symmetry of &> is called a nonlocal symmetry of &>
in the covering under consideration. Solutions of the equation gg(cp) = 0 are called shadows of nonlocal
symmetries of &°° in this covering. In a similar way, since the horizontal de Rham differential is a
¢ -differential operator, we can lift the horizontal de Rham complex to &> and construct the theory
of nonlocal conservation laws in our covering. Solutions of the equation ff‘g; () = 0 are called nonlocal
generating functions.

2. VARIATIONAL SCHOUTEN BRACKET

We start with a super version of Kupershmidt’s cotangent bundle to a vector bundle [9].

For a vector bundle 7: E — M, dim M = n, we consider the bundle #: E = E*®y, A" (T*M) — M,
where E* — M is the dual bundle to E — M, and the superbundle .#: .#° = 7 (even subbundle),
1 =7 (odd subbundle).

The superbundle #5.: J>® (%) — M

J=(A)

w‘m)

o 7% ()

<

M
is called the cotangent bundle of the bundle 7. It is clear that

J(H) = T (O(7% (Foo)))-

Denote by p?, j = 1,...,m, the fiber coordinates in E dual to v/ with respect to a volume form
on M (they are sometimes called ‘antifields’). Then x;, u, pJ will be the coordinates in J>° (¢, with
x;, ul being even and p? being odd.

It is clear that 3(#)° = s and () = Y, where s = T'(*(m)).

Define the variational Schouten bracket (antibracket) on the space H" () by putting

[F, H] = (€(H),a(&(F))),  F, He H"(X), (5)

where € is the Euler operator and the operator a: 3(J¢) — (%) acts according to the formula
a(, p) = (p, =) for ¢ € s and ¢ € 3. In coordinates, we get

0H 6F OF 0H
F,H = |:—— — (-1 (F+1)(H+1)—.—.:|.
ﬂ ] ; dud opJ (=1) dud opJ
It is readily seen that the variational Schouten bracket defines a Lie superalgebra structure on H™(¢):

[[H7 F]] = _(_1)(F+1)(H+1)[[F7 Hﬂ,

(—)FHDEDIR G, H] + (-1) DUV, H], F]
+ (~)HEFVEDH F],G] = 0.
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Remark 5. A different concept of the Schouten bracket (acting on a different space) the reader can
find in [15, p. 226].

Denote by €Diff (b,f)eW(P @) the module of k-linear skew-symmetric ¢-differential operators P x - - - X

P — Q. The subset ¢Diff sk a”d( P) c €Diff SkeW(P7 P) consists of skew-adjoint in each argument
operators.
Let us define multiplication

EDIff 5" (P,.7 (7)) x CDiff [\ (P,.7 () — CDiff ) (P, Z ()

by setting
(A1A2) (P15 Prt1) = Z (1) 7 A1(Po(1,k)) A2(Por (41,541 )
UGS,’C“H
where A; € %lef(s,i‘fw( F(m)), Ay € %lefSkew(P,ﬁ(w)) Si C S, is the set of all (i,n — i)-
unshuffles ([10]), i.e., all permutations o € S,, such that o(1) < 0(2) < --- < ¢(i) and o(i + 1) <

oi+2)< - < U(n), (—1)7 is the sign of permutation o, and p, (i, k,) stands for pe g,y - - - Po(ks)-

Next, since by definition elements of % (7#) are identified with differential operators from T'(7) to
C>° (M), we have the natural inclusion €Diff(3(w), F (7)) — F ('), which uniquely prolongs to the
isomorphism of algebras

CDIE 5™ (5e(r), F (m)) — F (K ).
Using (2) we can show in a standard way that

H™(H) = €D (3e(m), () © H" (). (6)
Below, we use the shorthand notation s = ().
Now, following [2], we want to compute the variational Schouten bracket in terms of skew-adjoint

@ -differential operators.
To this end, note that from the definition of the Euler operator it follows that its restriction

8|<5Diffg;f;vv(ﬁ,/’xn(w)) : %Diff(qlf)ew( A () — %Diff(sli()ew(% ) ® %lef(sli(evi)(ﬁ, ),
has the form €|‘5Diffi;i‘;°w(’%7\"(ﬂ)) (A) = (n(A), (1) 1u(A)), where

ﬁ(A)(¢17 ce ) = E*A,u)l,...,wk(l)’
w(A) (W k1) = (A1, -5 k1)) (1),
%‘ S %7 EA,wh-uﬂ/f'k (QO) = SW(A)(¢17 R ¢k)
In coordinates, n = (§/6ut,...,5/6u™) and p = (—=1)*=1(5/opt, ..., 5/5p™).
We can rewrite 7 in the following form:

n(A) =i(u(d)), A€ EDIIGT™ (5, A" (7)),

il

where
O (W1, V) = e, (), O € CDIHEH) (32, 32).
Indeed, take the equality
[A(?/Jl,~~a7/1k)]:<D(1/11,~~a7/’k71)71/)k>7 D:ﬂ(A)v
and apply 9, to both sides. This yields
[9<P(A)(w17 cee 7¢k)] = <9@(D)(¢17 cee 7/¢k71)1 wk>7

and so
(s ln oo (D)) =@ 0 a1 (VR))-

Thus, for the variational Schouten bracket of two operators A € € Diff (S,f'_afl) (3¢, %) and B € €Diff (Slk_ "1“)1(;2,

we have

([A, B](¥1, - - s Yrgi—2), Yiyi—1)
= [((=1)*'i(B)A = (—=1)*=VHA)B) (Y, . .., Prgi—1)]

%)
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= (-D*! Z (D)7 B w00y, o) Ao r1,h+1-1)))

i
S

— (—1)Rt=D Z (D)7 s sy W) BWo (o1, k41-1)))-

k
aESkH_l

Here and below we assume that S = @ if i < 0 or i > n.
Let us split the sums obtained into two parts depending on whether o(k+1—1) = k+1— 1 or not:

<[[A7 B]] (wla ] 7¢k+l—2)7 ¢k+l—1>
= (-1)*! Z (=17 B, 1y W) Alo41,k41-2) Yrti—1))

oest

k+1—2
+ Z (=17 CB o, 1y Wkti=1)s Ao kt1-2)))
Uesi:—l 2
— (—DF=D Z (D)7 s 1) W) B0 (1, k+1-2) s Yhti-1))
UGS’;§+1_2
— (1= Z ()7 1y WPkti=1)s Bk, ht1-2)))-
U€S£+ll2

Thus, we have

[A, Bl hgi2) = D (=) Bay, 0y (Ao iri-2)

Uesfcjrl 2
— (1= Z (=1)7B(a .y, 1 oy Wot))s Yottt hri-2))
‘7651’:+zf2
— (—1t=hi=D Z (=D oy (B(Wo(kkri-2)))
”esk+z 2
+ Z D7AWB 0y Cow)s Yotr1hti-2))- (7)
€St

From the definition it immediately follows that

[[Aaw]](wla te 7wk—2) = A(S(W),Z/Jl, e 7wk—2)
for w € H™(7); in particular, [p,w] = (¢, E(W)) = Fp(w).

3. HAMILTONIAN EVOLUTION EQUATIONS

An operator A € €Diff(%, x) is called Hamiltonian if [A, A] = 0. As in the classical Hamiltonian
formalism, a Hamiltonian operator defines a Lie algebra structure on H™(7) via the Poisson bracket

{wr,wata = (A(€(w1)), E(w2)).
Remark 6. Hamiltonian operators are uniquely determined by the corresponding Poisson brackets.

Remark 7. A Hamiltonian operator A gives rise to a complex

0 — H™(m) 245 5 24, £Diff (, %)———)%lefék)ad( ) 24 8)

where 04 (A) = [A, A], called the Hamiltonian comple.

) =
Formula (7) yields a well-known criterion for checking a skew-adjoint operator to be Hamiltonian
(see, e.g., [1, 8]):

[A, Al (Y1, 92) = —La,yp, (A(Y2)) + €,y (A1) — Ay 4, (¥2)) =0
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Another practical way to check the Hamiltonian property of an operator is to use formula (5). In
coordinates, it gives:
OW4 Wy

F dul  SpI = 0 modulo total derivatives 9)

oW 4 W
or 8( 4 A) =0,
. oud  opI
where W4 € H"(¢) is the element that corresponds to the operator 24 under the isomorphism (6).
In coordinates, the element W4 for an operator Y. _a¥ D, has the form W4 = > _a¥pip’.
The condition for two Hamiltonian operators A and B to be a Hamiltonian pair, i.e., [4, B] =0, is

SWaoWp  0Wg W,
>g( sui op T ow op ) =0

Note that the skew-adjointness in terms of W4 amounts to the equality

Z 6;;[;’,4pj = —2W4. (10)

J

Let A be a Hamiltonian operator. Evolution equation u; = f is said to be Hamiltonian with respect
to A if

Ay — [[Av.ﬂ] =0, (11)
where A; = 0A/0t (both A and f can depend on the parameter t).

If A does not depend on ¢, then for each H € H"(7) the evolution equation u; = A(E(H)) is a
Hamiltonian evolution equation. The element H € H"(7) is called the Hamiltonian. Notice that in
this case condition (11) means that f is a 1-cocycle in the Hamiltonian complex (8). A Hamiltonian H
exists if and only if f is a coboundary.

If a Hamiltonian H exists and does not depend on ¢, then we have

Di(H) = 95(H) = Daem))(H) ={H,H}a = 0.

Thus, there exists a conservation law given by 1o + m1 A dt, no € A™(7), ;1 € A""Y(m), such that
[no] = H € H™(m), where [no] is the cohomology class of g in H"(w). In other words, the generating
function of this conservation law equals E(H). This conservation law is called the conservation law of
energy.

Theorem 1. Let &£ be an evolution equation u; = f which is Hamiltonian with respect to a Hamil-
tonian operator A. Then we have

lpoA+ Aol =0. (12)
Proof. By (7),
(Ae = [A, fDW) = Ac(¥) + La(f) = A(F(W)) — €5 (A1),
thus
A —[A fl= A+ 9p(A) — Aol — Ly o A
Hence, (0/0t + 95 — {y) 0o A — Ao (9/0t + 9y + {}) = 0. It remains to note that £g = Dy — £y =
0/ot+ 9f —Ly. O

Remark 8. For equations possessing a Hamiltonian, relation (12) can be found elsewhere (see, e.g. [11]).

We call solutions of (12) wariational bivectors on the equation under consideration; Hamiltonian
operators that make a given equation Hamiltonian are, thus, special variational bivectors on the
equation. Obviously, variational bivectors (and, in particular, Hamiltonian operators) take generating
functions of conservation laws of the equation at hand to symmetries of this equation.

Proposition 1. Let £ be an evolution equation uy = f. If two operators A, A" € €Diff (3, ») satisfy
the equation

loo At Aol =0, (13)
then A’ = A.
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Proof. Rewrite (13) in the form
(Dt —Ef)OA—AIO(Dt +£j¢) = 0.

Commute the right-hand side of this equality with the operator of multiplication by ¢. This gives
A= A. O

4. A-COVERINGS

In this section, we describe a construction, that reduces solution of equation (12) to finding shadows
of nonlocal symmetries in a special covering over & (the £%-covering).

Let &° be a differential equation, and A: P — @ be a %-differential operator between two horizon-
tal modules P and Q over £°°. Consider the homomorphism ha: J*(P) — J(Q) that corresponds
to A. If Kn = ker ha C J*°(P) is a subbundle of J>°(P), then ka = mp|, : Ka — &> is a covering.
We call it A-covering.

In terms of local coordinates, if A = H > a¥ DTH and w’ are fiber coordinates of a, where « is
such that P = T'(a), then A-covering is defined by the equations
Z adwl = 0. (14)
TJj

We can think of fibers of A-covering as even or odd. Here we prefer the latter viewpoint, so that
ka is a superbundle.
A-coverings are useful mainly due to the following obvious fact.

Proposition 2. Let R =T(y) be a horizontal module over £°. Then there is an isomorphism
Diin (kA (7)) = €Diff(P,R) /{V € ¢Diff(P,R) | V. =00 A,0 € ¢Diff(Q, R) },
where Iy, denotes space of fiberwise linear sections.

Proof. The isomorphism takes s € T'ji, (kA (7)) to the equivalence class of the operator Vi: P — R
given by the formula

Vi(p) = 50 ) (p),
where § is an extension of s to J*(P), p € P. O

In coordinate language, D, at the jth component of the operator goes to w?.

Now suppose that we are given a ¢-differential operator V: R — R’ over &>°. Let us lift it on Ka
and consider ker V. In view of Proposition 2, we can identify fiberwise linear elements of ker V with
solutions V € €Diff (P, R)/{0o A} of the equation

VoV =V'0A (15)

Thus, (15) amounts to the equation V(s) =0 on the A-covering.

In particular, equation (13) is equivalent to the equation £g(p) = 0 on the £j-covering, where ¢
is fiberwise linear vector function. Note that in this case the £}-covering can be identified with the
cotangent bundle J°(#) x R. Under this identification, the Cartan planes on K ¢+ are spans of the
Cartan planes on J>(#") and Dy = 0/9t+ 95, where f=(, 03 (w)), if the equation at hand is u; = f.
Moreover, the equivalence classes of operators from Proposition 2 are in one-to-one correspondence
with ¢-differential operators on J (7).

Remark 9. From the above said, we see that Hamiltonian operators are shadows of nonlocal symmetries
in the £%-covering.

Remark 10. Solutions V' € ¢Diff(P,R)/{0o A} of equation (15) can be found straightforwardly
and the computations will be essentially the same as when one solves the equation V(s) = 0 on the
A-covering. Nevertheless, in our computations we prefer the second approach, because in the case
V = {lg it reduces the problem to finding shadows of nonlocal symmetries (see above) for which
efficient software exists.
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5. THE KORTEWEG-DE VRIES EQUATION

Here we show how the above introduced techniques work with a simple and well-known example of
the KdV equation
Ut = Uggy + Ulyg. (16)
Local coordinates in &°° are
Ty by U=UQy .-, Uky---,
where u;, = 0%u/0x" (similar notation is used in the subsequent sections as well). In these coordinates,
the total derivatives are

0 0
Dp= 5+ 15—

ox k>0 8uk

0

0
§ k
= _t + DI(113 —+ UUl)

D —.
k>0 auk

The (% -covering. The linearization operator for (16) is
le =Dy — D3 —uD, — uy,
while the adjoint is expressed by the formula
% =—D;+ D3 +uD,.
Following the general scheme, we construct the £%-covering by introducing the odd variables p = po,
pr. = DE(p) that satisfy the equation
Pt = p3 + ups.

Solving the defining equation. Let us now extend the total derivatives up to the total derivatives on
the £%-covering

- 0
Da: - Dz + Zkarl_?
k>0 Opr.
- - 0
D; =D, + ZD$(p3 + upl)a—.
k>0 Pk
Then, solving the equation £g(F) = 0, that is,
Dy(F) = D3(F) +uD,(F) 4+ u, F, (17)
with respect to the function F' = )", F;p;, where F; = F(z,t,u,...,u;), we obtain two independent
solutions 5 1
FO=p, F1=P3+§Up1+§u1po
to which there correspond two %-differential operators

2 1
A =D,, Al = D3 + guDI + 3,
the classical Hamiltonian structures for the KdV equation.

The Hamiltonianity test. To demonstrate how the method works, we shall check the Hamiltonianity
of the operators A® and A' in a straightforward way. Obviously, both operators are skew-adjoint.
For AY, the corresponding bivector Wy = W 4o is

Wo = Fpy = p1po-
Since 6Wy/du = 0, we get
(% %) =0.
ou Op
For A, one has

2 1 2
Wi = Flpy = (ps + gupl + §U1P0)Po = p3po + gUP1P0~
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Consequently,
owy 2
Su = gplpo
and
oWy OWy oW 3 OWy 2 2 3
W = a_po — Dy a1 - Dwa—pg = _(p3 + gUpl) - Dz(gul?o) — D3 (po)
= —2p3 — éule - 2u1po~
3 3
Hence,
oWy oW, 4 4
Bu op 3Pop1ps = D, (gpoplpz)

that implies E(6Wy/du - W1 /dp) = 0.

Remark 11. In [5] we describe a class of equations which have the property that (12) automatically
implies the Hamiltonianity. In particular, KdV belongs to that class, thus the above verification might
be skipped.

Nonlocal Hamiltonian structure. Let us introduce a new (odd) nonlocal variable determined by the
equations

Ty = U1Po,
T¢ = u1pa — ugp1 + (uuy + uz)po

(see Example 5). Then an additional solution of equation (17) arises:

F? s 2 +(42+4 ) +(4 41 ) L
= -, U —U —U — UL -, — —uyr
Ds 3p3 1P2 9 32]91 91 33100 91,

to which there corresponds the operator

4 4 4 4 1 1
guDi + 2’L61Da2C + (5’&2 + gUg)Dz + (§U'LL1 + gUg) — §U1D;1 ouj.

Remark 12. Here and below we use the following correspondence between nonlocal variables and
operators (in the case of evolution equations with one-dimensional ). Let pj. be the variables in the
fibers of the £%-covering and nonlocal variable » be determined by the relations

_ JoJ
{rr = Zk,j APy

_ 7 0\J
Ty = Zk,j by

(cf. Example 5). Then the corresponding operator A, acts on ¢ = (¢!, ..., ™) by

Ar(p) = D7 (Yo alDk(#))-
k,j

A*=D5+

Simulating the techniques developed for the local case, it is a straightforward check that A? is a
Hamiltonian structure and all three structures are pair-wise compatible. Moreover, they are related to
each other by the classical recursion operator

2 1
R=D?+ Jut gungl,

ie., AL = Ro A and A2 = Ro A'. In a similar way, one can find a whole infinite series of nonlocal
Hamiltonian structures for the Korteweg-de Vries equation.

Remark 13. We stress here the word simulating above: at this moment, we do not have a consistent
theory of Hamiltonian structures in the nonlocal setting. We hope to develop it elsewhere.



HAMILTONIAN OPERATORS AND ¢*-COVERINGS 13

6. THE BOUSSINESQ EQUATION

In this section, we shall present, as another illustration of the above developed methods, computation
of local and nonlocal Hamiltonian structures for the classical Boussinesq equation. We consider this
equation as the system of the form

Ut = UV + UVy + OVgqq,

Vi = Uy + VU, (18)

where o € R is a constant.
All computations presented below were done by the software system described in [7, Ch. VIII] and
we expose here final results only.

The % -covering. The linearization operator restricted to & is

0o — vD, — D; UDg—i—ul
&= D, vD, + v — Dy

while the adjoint one is expressed by

o — —vD, —v1 + Dy -D,
& —oD3 +uy —vD, +D; )

Hence, the £%-covering with the odd nonlocal variables p;, ¢; is defined by

Pt =vp1 +vip + q1,
qt = op3 — u1p + vq1.

Local Hamiltonian operators. In a completely similar way as described for the KdV equation in the
previous section, we solved the symmetry equation in the £j-covering of the classical Boussinesq
equation. We found three local solutions of the form

F' =q,
G1=p1;

F? = 20p3 + 2upy + uipo + vqs,
G? = vp1 + vipo + 2q1;

F3 = 4ovps + 60v1ps + 2(30vg + 2uv)p1 + 2(ovs + uvy + urv)po
+4oqgs + (4u + v2)q1 + 2u1qo,
G? = 4ops + (du + 02)]91 + 2(u1 + vv1)po + 4vgr + 2v1qo.

In classical operator notation, they are represented as

Al — 0 D, 42— 20D3 +2uD, +u; vD,
“\D, 0)° o vD, + vy 2D, )’

while the third operator has the entries
A3} = 4ovD3 + 60v, D? + 2(30vy + 2uv) D, + 2(0vs 4+ uvy + uv),
A3, = 40D3 4 (4u + v*) D, + 2u,
A3 = 40D3 4 (4u +v*) D, + 2(uy + vvy),
A3, = 4vD, + 2v;.
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Hamiltonianity and compatibility. To test Hamiltonianity and compatibility conditions for the opera-
tors A, A%, A3, we construct the bivectors

War = q1po + p14o,
Wa2 = (20p3 + 2up1 + u1po + vq1)po + (vp1 + vipo + 2q1)qo,
Wys = (dovps + 60v1pa + 2(30vs + 2uv)p1 + 2(ovs + uvy + u1v)po
+40q3 + (4u + v?)q1 + 2u1q0)po
+ (dops + (du+v*)p1 + 2(uy + vo1)po + 4vgr + 201q0)q0
and straightforwardly check that
[Wai, Was] =0, 1<i<j<3,
i.e., the operators A', A2, A% meet both Hamiltonianity and compatibility conditions.

Nonlocal Hamiltonian operators. In order to describe nonlocal results we introduce three new nonlocal
variables 71, 72, 73 over the £J-covering by the following definitions

r1,2 = PoU1 + qov1,
1, = p20v1 — p1ov2 + po(ovs + uvt + u1v) + go(u1 + vv1);
72,2 = po(ovs +uvy + u1v) + go(ur +vvy),
rop = pao(ur + vv1) — pro(ug + vvg + U%)
+ po(ous + 20vv3 + 3ovive + uuy + 2uvvy + u1v2)
+ qo(ovs + uvy + 2urv + vy );

3.0 = po(dous + 6ovvs + 120v1v2 + 6uuy + 6uvvy + 3u102)
+ qo(4owvz + 6uvy + 6uiv + 3v?vy),
T3+ = p2o(4dovs + 6uvy + 6urv + 31}2111)
+ pro(—4ovy — 6uvy — 12u3v; — 6ugv — 3v?vy — 6vv?)
+ po(40%vs + 100uvs + 180U vy + 180usvy + 100usv + 9ov’vs
+ 30c0vviv9 + 601}% + 6u2v1 + 12uuqv + 9uv2111 + 3u1v3)
+ qo(4ous + 100vvs + 120v1v9 + 6uuy + 12uvvy + Quqv? + 3v3v1).

Using these nonlocal variables, we derived the following three nonlocal Hamiltonian structures given
by

F* = 80%ps + 20 (8u + 3v?)ps + 60 (4uy + 3vvy)po
+ 2(80ug + 9ovvs + 6007 + 4u? + 3uv?)py
+ (4dous + 6ovvs + 1200102 + S8uuy + 6uvvy + 3u1v2)p0 + 120vq3
+ 20001 g2 + (160w + 12uv + v*)qy + 2(203 + 2uvy + 3uiv)qo
= 2ur,
G* = 120vps + 160v1ps + (120v9 + 12uv + v3)p1
+ (4ovs + Suwvy + 6uqv + 3v?u; )po + 80qs
+ 2(4u + 3v%)q1 + 2(2u1 + 3vv1)qo — 2v171;

F® = 320%vps + 800201 py + 80 (14ovs + 8uv + v*)p3
+ 40(220v3 + 24uvy + 24uqv + 9v21)1)p2 + 4(100%4 + 200uvg
+ 260uiv1 + 160usv + 9ov?vy + 120’1}1}% + 8u’v + 2uv3)p1
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+ 4(202115 + 60uvs + 11louivge + 9ousvy + dousv + 301}2113

+ 120vv1v9 + 3011:13 + 4u2v1 + Suuqiv + 3uv2v1 + u1v3)p0 + 1602q5
+ 80 (4u + 3v?)qz + 160 (3uy + 5vv1)qa + (320ug + 640vvy + 44003
+ 16u? + 24uv? + v*)qy + 4(20us + dovvs + 6ovivy + duug

+ duvvy + 3u1v2)qo — duyre — 4(ovs + uvy + urv)ry,

= 160%ps + 80 (4u + 3v?)p3 + 160 (3u1 + 4vv; )ps

+ (320ug + 480vvg + 28007 + 16u? + 24uv? + v')p;

+ 4(20u3 + 4ovvs + 8ovivy + duuy + Suvvy + 3uv? + v3ur)pg

+ 320vqs3 + 480v1g2 + 8(4ove + duv + v3)q1

+ 4(20v3 + 4uvy + 4ugv + 3v2v1)qo — 4vire — 4(ug + vor)T;

= —320%p; — 1602(6u + 5v2)p5 - 8002(3u1 + 5vv1)py

— 20(1600us + 28000V, + 204007 + 48u? + 80uv? + 504)p3

— 40 (60cus + 1100vvs + 2160v1v9 + T2uuq + 120uvvy + 60u1v2
+ 150301 )p2 — 2(4802uy + 1000%vvy + 244020103 + 1680203

+ 960 uuy + 2000uvvy + 1360uvi + 680ui + 2600uivv; + 800 uzv?
+ 300v3vy + 600v?v? + 16u® + 40uv? + 5uv4)p1

— (1602u5 + 400205 + 120020104 + 20802 v9v3 + 480 uus

+ 1200uvvs + 2320uv1v9 4+ 88cuius + 2200uvve + 1560'u1vf

+ 1800 usvv; + 400usv? 4+ 2000305 + 1200020105 + 6001}1}?

+ 48u?u; 4 80uvv; + 80uuiv? + 20uvdvy + 5u1v4)p0 — 800211%
— 224021 q4 — 400 (80vy + duv + v*) gz — 80 (300v3 + 32uv;

+ 30uyv + 250%v1)qe — (960204 + 1920uvy + 2560u1v;

+ 1600uzv 4+ 1600v%vy + 2200007 4 80u?v + 40uv® + v°)qy

- 4(402115 + 120uvs + 220u1v9 + 180usvy + 100uszv + 1001}2113
+ 30cvviv9 + 601}‘;’ + 8u2v1 + 20uuqv + 10uv2v1 + 5ulu3)qo

+ 2uqrg + 8(ovs + uvy + urv)re

+ 2(4ous + 6ovvs + 120v1v9 + 6uug + 6uvvy + 3u1v2)r1,

= —8002vps — 1760%v1ps — 80 (280w + 20uv — 5v%)p3

— 160 (11ows + 1duvy + 15u10 + 100%01)py

— (8002114 + 160c0uvs + 2240uiv1 + 1600usv + 12001}2112

+ 1400v0? + 80u?v + 40uv® + v°)p; — (1602%v;5 + 48cuvs

+ 88cuyve + 88cusvy + 400uzv + 4001)2113 + 160c0vviv9 + 3601}?
+ 48u2v1 + 80uugv + 80uv?v; + 20u 0> + 51141)1)]90 — 320%¢5

— 160 (4u + 50%)q3 — 480 (2u1 + 5vv1) g2

— 2(320us + 800vvy + 52003 + 16u? + 40uv? + 5vt)q

— 4(4ous + 100vvs + 160v1v9 + uuy + 20uvvy + 10u; v

+ 5v3v1)q0 + 2u1rs + 8(uy + vv1)Te

+ 2(4ows + 6uvy + 6uyv + 3v3v1)ry.

15
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In the conventional notation the operators A%, A% and A% have the following entries:
A, =80°D5 + 20(8u + 3v?) D3 + 60 (4uy + 3vv,)D?
+ 2(8cug + 9ovvy + 60vi + 4u® + 3uv?) D}
+ (4dous + 6ovvs + 1200103 + 8uug + Guvvy + 3u1v2)
— 2u1D;1 ouy,
Aty = 1200D3 + 2000, D? + (160ve + 12uv + v*) D,
+ 2(20v3 + 2uvy + 3ugv) — 2u1D;1 oy,
A3, = 1200D3 + 160v, D? + (120w + 12uv + v*) D,
+ (4ovs + Suwvy + 6uqv + 3v?v;) — 21}1D;1 ouy,
A3y =80 D3 + 2(4u + 3v*) D, + 2(2uy + 3vvy) — 20D, o vy,
The matrix elements of A® are given as
A3 = 320%0D? + 800%v D} + 8o (140ws + Suv + v3)D?
+ 40(220v3 + 24uv; + 24uyv + ) D?
+ 4(10021)4 + 200uvy 4+ 260uqv1 + 160usv + 90112112 + 1201}1}%
+ 8uv + 2uv3)D:,3 + 4(20205 + 60uvs + 1louive + Yousvy
+ dousv + 300305 + 12000109 + 301}% + 4u?vy + Suuqv
+ 3uvvy + u1v3)
—4(ov3 4+ uvy +uv)Dyt ouy — duy Dt o (ovs + uvy + uqv),
A3y = 1602D2 + 8o (4u + 3v*) D3 + 160(3uy + 5vv,) D?
+ (320uy + 640vvy + 4400} + 16u? + 24uv? 4 v*) D,
+ 4(20us3 + 4dovvs + 6ovivs + duug + duvvy + 3u1v2)
— 4(ovs +uvy + uw)D;l ovy — 4u1D;1 o (ug + vvy),
A5 = +1602D2 + 80 (4u + 3v*) D2 + 160 (3uy + 4vv,)D?
+ (320ug + 480vvy + 2800vF + 16u® + 24uv? + v*)D,
+ 4(20us3 + 4dovvs + 8ovivgy + duu; + Suvvy + 3uqv? + v3v1)
—4(uy + vvﬁD;l ouy — 4U1D;1 o (ov3 + uvy + uqv),
A3y = 3200D3 + 480v, D2 + 8(4ovy + duv + v*) D,
+ 4(20v3 + 4uvy + duyv + 3v%v1)
—4(uy +vv1)D; ovy —4vi Dt o (uy + vvy).
The matrix elements of A% are given as
A8, = —3203D7 + 1602 (—6u — 5v*) D5 + 8002 (—3u; — 5vvy) D3
+ 20 (—1600us — 2800vv, — 20400? — 48u? — 80uv? — 5v*) D3
+ 40(—600us — 1100vv3 — 2160v1v2 — T2uu; — 120uvv,
— 60u1v? — 150301 ) D2 4 2(—4802uy — 1000%vvy — 244020103
— 1680%v3 — 960uuy — 2000uvvy — 1360uv} — 680uF
— 2600uvv; — 800usv? — 300v3vy — 6001}211% —16u®
— 40u?v? — 5uv*)D,,

+ (—160’2u5 — 400%vvs — 120020104 — 208020905 — 480 uus
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— 1200uvvs — 2320uv1v9 — 88cuius — 2200u1vv9 — 1560ulvf

— 180cusvv — 400u3112 — 2001)3113 — 12001}21111)2 — 6001}1}%

— 48u2uy — 80u?vvy — 80uuqv? — 20uviv; — 5ulv4)

+ 2(4ousz + 6ovvs + 1200109 + 6uuy + 6uvvy + 3uv?) Dt ouy

+ 8(ows + uvy 4+ u1v) D, o (ows 4+ uvy + o)

+ 2u1D;1 o (4ougz + 60vvs + 120v 02 + 6uuy + 6uvvy + 3u1112),
A8y = —8002v D5 — 22402y, D2 + 400 (—8cvy — duv — v*) D3

+ 80 (—300v3 — 32uv; — 30u v — 2503w ) D?

+ (=960%vy — 1920uvy — 2560u1v1 — 1600usv — 160002,

— 220000} — 80u?v — 40uv® — v°) D, + 4(—4o%vs — 120uvs

— 220u1v2 — 180usv; — 100usgv — 1001}2113 — 300vviv9 — 601}?

— 8uv; — 20uu v — 10uv?v, — Suyv®)

+ 2(4ous + 6ovvs + 120v1v9 + 6uug + 6uvvy + 3u1v2)D;1 oy

+ 8(ows +uvy +uv)Dt o (ug + vvy)

+ 2u1D;1 o (4dovs + 6uvy + 6uiv + 31121)1),
AS, = —800%*v D> — 1760%v, D} + 80 (—280vy — 20uv — 50°) D3

+ 160 (—11lovz — 1duv; — 15u;0 — 10v%01) D2

+ (—80021)4 — 160c0uvy — 2240uq1v1 — 1600usv — 12001}2112

— 1400vv? — 80u?v — 40uv® — v°) D, + (—160%vs — 480 uvs

— 88cuive — 88cusv; — 400uzv — 4001}2113 — 1600vviv9 — 3601/%

— 48u?vy — 80uuyv — 80uv?vy — 20u 03 — 5v4v1)

+ 2(4ovz + 6uvy + 6ugv + 31}21)1)D;1 ouy

+ 8(uy 4+ vv1) Dyt o (0w 4+ uvy + uyv)

+ 2U1D;1 o (doug + 60vvs + 120v1v9 + 6uuy + 6uvvy + 3u1v2),
ASy = —3202 D} + 160 (—4u — 5v*) D2 + 480 (—2u; — 5vv,) D?

+ 2(—320uy — 800wy — 52007 — 16u? — 40uv? — 5v*) D,

+ 4(—4ous — 100vv3 — 160v1v9 — 8uuy — 20uvvy

— 10u1v* — 5v30)

+ 2(4ovs + 6uvy + 6ugv + 31}21)1)D;1 oy

+ 8(uy +vv1) Dyt o (ug 4 vuy)

+ 21}1D;1 o (4ovs + 6uvy + 6ugv + 31}21)1).

Similar to the previous cases, we checked the conditions for Hamiltonianity and compatibility of all
six Hamiltonian structures. It is also easy to check that all six structures are related by the recursion
operator constructed for symmetries of the Boussinesq equation, see, e.g., [7].

7. THE cOUPLED KDV-MKDV SYSTEM
We shall now describe a Hamiltonian structure for the coupled KdV-mKdV system of the form
Up = —Uggy + 6UUL — BVVzp0 — BVzUpe + Suzv? + 6uvy,,

Vt = —Vpar + 30205 + 3uvy + Sumv. (19)
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This system arises as the so-called bosonic limit of the N = 2, a = 1 supersymmetric extension of

the KdV equation [4]; integrability properties of this system (existence of a recursion operator) were
studied in [6]. In [3], by means of the prolongations structure techniques, a Lax pair for (19) was
constructed.

Denote the evolution equation corresponding to (19) by &°° and choose for coordinates in &> the
functions

T, t, U=1Uy, V="00,...,Uk, Vky---

Then the total derivative operators restricted to &°° are written in the form

0 0 0
D, = I +Z(Uk+1a—uk +Uk+1a—vk>7

k>0
0 o 0
D, = — D¥(f)=— + D¥(9)— 20
v= gt 2 (DED g + D)), (20)
k>0
where
f = —uz + 6uu; — 3vvy — 3vivs + 3uiv? + 6uvvy,

g = —vs+ 3v21)1 + 3uvy + 3uqv

are the functions at the right-hand side of (19).

The €% -covering. The linearization operator restricted to & is
b1 b2
le = , 21
s (421 lor (21)
where
01y = Dy + D3 — (6u + 3v*) D, — 6(u; +vvy),
19 = 311D33C + 3U1D92c — (6uv — 3v9) D, — 6ujv — 6uvy + 3us,
ggl = —3’UD$ — 3’()17
oo = Dy + D3 — 3(u+ v?)D, — (6vv; + 3u).

Consequently, the adjoint operator is
* E*
o= (G 31) , 22
b= 22
where
¢;, = —D; — D2 + (6u + 3v*)D,,
E;l - 31}D;C7
1y = —3uvD? — 6v D2 + 6(uv — v2) Dy,
by = =Dy — D3 4 3(u +v*)D,.
Following the general theory of Section 3, we now construct the £%-covering for the equation &

by introducing new odd variables p = po, ¢ = qo, - - -,Dk, @k, - - -, Pk = D¥(p), g = DE(q), that obey
the equations

pr = —p3 + (6u + 3v2)p1 + 3vqq, (23)
gt = —3vps — 6v1Ps + 6(uv — ve)p1 — g3 + 3(u + Uz)ql. (24)
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Solving the defining equations. We now introduce a vector-function of the form
(F> = (Ei(Fi“pi +FiUQi))
G >i(Gipi+Giai) )’
where F}', F?, GY, G} are functions on &>, and solve the equation
by b (F
=0. 25
(zm ) \G (25)

The operators £;; here are lifted to the £%-covering, which means that the total derivatives are now of
the form

G, ) )
D, + Z(Uk-H + Vg1 57— Bor + Dkt1 57— Ok + k41 8qk)
G, 9 G,
+ DF(f ——i—Dk — + DF(f)=— + D¥(¢") =), 26
;0( (9) 5, + i) 5+ Dhe ) ) (26)

where f’ and ¢’ are the right-hand sides of (23) and (24), respectively.
The following solution was obtained
F = —p3 + 4up1 + 2u1po + 2vqs,
G = 2vp1 + 2v1po + @1,

to which there corresponds the operator

A <—DQ3E + 4uD, + 2uy QUDx)

20D, + 21 D, (27)

The Hamiltonianity test. We shall check now that the operator A presented by (27) is Hamiltonian.
The first property is obvious: evidently, A* = —A, i.e., A is a skew-adjoint operator.
To check the second property, we construct the bivector

W4 = Fpo+ Gqo = (—p3 + 4dup1 + 2u1po + 2vq1)po + (2up1 + 2v1po + q1)qo0
= pop3 — 4upop1 — 2vpoq1 + 2vp19o + 2v1PoGo — Goq1

and verify condition (9), i.e.,

WA W, W4 Wy
£ =0. ?
(6u (5p+(5v 5(1)0 .
But
ow
—A — _apop,
ou
ow
4 _ —4poq1,
v
ow
5—A = 2(p3 — 4up1 - 2u1p0 - 2Uq1)7
p
oW
_6qA =2(—2vp; — 2v1po — q1)

and consequently
OW 4 Wy L OW 4 W4

= -8 =D,(—8 ,
Su_ op su oq PoP1P3 ( p0p1p2)

e., (28) holds.
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Ezistence of a Hamiltonian. Let us show that the KdV-mKdV system (19) possesses a Hamiltonian,
i.e., its right-hand side may be represented in the form

(f ) _ AE(X), (29)

g

where A is the Hamiltonian operator described above and X is the dz-component of a conservation
law n = X dx + T dt (the energy).

We computed directly several conservation laws of lower order and obtained the following results
(for the sake of briefness, we omit the corresponding dt-components):

m: X=uv,
UP X = u,
1
Ny : X:§(u2—|—uv2—vv2),
neg: X = 1262 + 24u?v? — 6uus + 6uv® — 30uvvy — 3usv? — 8v3vy + Gvvy.

Generating functions corresponding to these conservation laws, that is, vector-functions of the form

(©)-eu0-(55)

are
¢1 =0, Y1 =1;
2 =1, o = 0;
@4:u+%f02, Py = uv — vg;
Y = 6(6u2 + 8uv? — 2uy + vt g = 12(4u2v + 2uv® — Buvy — buqv;
— 6ovg — v); — Bugv — 4vvy — 4o +vy).

Applying A to £(X), where X corresponds to 74, we see that (29) holds.

Theorem 2. The coupled KdV-mKdV system (19) is Hamiltonian with respect to the the Hamiltonian
operator (27) and possesses the Hamiltonian X = L(u? + uv?® — vvy). The corresponding energy is

2
given by the form

1 1
n= §(u2 + uv? — vuy) dz + 5(4u3 + 9u?v? — 2uuy + 3uv® — 1luvvy + wv?
+u? — ugvvy — dugv? — 60 vy — 3020} + vy — vivs + v3) dt.

This structure is unique in the class of Hamiltonian structures independent of x and t and polynomial
m Ug, Vk-

Proof of uniqueness. Let us first note that equation (19) admits a scaling symmetry that allows to
assign gradings to all variables x, t, ug, and wvy:

lz] = -1, [t| = =3, |ug| =k+2, |vg| =k +1;

the grading of a monomial is the sum of gradings of the factors entering this monomial. In particular,
|f] =5, |g| = 4. All constructions are in agreement with these gradings and we may restrict com-
putations to homogeneous components. Since the grading of the expression BE(X) is |B| + |E(X)],
we conclude that the grading of the generating function £(X) is less than that of the right-hand side
of (19). This fact restricts the choice of possible Hamiltonians just to several ones and by a direct
computation we find that the only possible solution is given by Theorem 2. O
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Discussion: nonlocalities. In spite of the previous result, we have constructed another Hamiltonian
operator for the system under consideration. This operator exists in an appropriate nonlocal setting.
First, we introduce a new nonlocal variable w defined by

and corresponding

Wy = 0,

wt:3uv—|—113—112

to the conservation law 7; (see Example 5).

In this nonlocal setting, it is possible to extend the £%-covering by adding odd nonlocal variables
r1, 9, T3 defined by the relations

T,z

T1,t

T2,z

T2t

T3,z

T3t

= qov1 + pou1,
= —qov1 + p2(—uy — 3vvy) + qrva + p1(ug + 3vvg — 31}%)
+ qo(3uvy + 3ugv + 31}2111 —v3)

+ po(6uu; + 6uvvy + 3u1v2 — ug — 3vvs — 3v1v2);
1 1.
= 5% cos(2w)vy — 540 sin(2w)u
1 . 1
—po cos(w)(§u1 + vuy) + po sin(2w) (uv — 51}2),
1 1 1
=5 cos(2w)vy + 5% sin(2w)u + 2P cos(2w)(u; — vwvy)
1 1
+ 5P sin(2w) (uv 4+ v2) — ¢1 cos(2w) (uv + 502)
1
—q1 sin(Qw)(Eul + vvy)

1 1 )
— p1 cos(2w) (uv? + U2 + Vv + 51}%)

: 5 1
+m sm(2w)(§uv1 + U1 = v — 503)

1
+ §qo cos(2w) (buvy + uiv + 2oy — v3)
3 1 1 1
+qo Sin(2w)(—§u2 - iuUQ + §u2 + SV + %)

3 1
+ po cos(2w)(—3uuy — 6uvvy — §u1v2 + Jus = v3u;

+ Sous+ 2vi0)
21}’()3 2U1U2

5 3
+ po sin(2w) (3u?v + uv® — Juv2 ~ 3uiv; — Qu2v — 51)2112

1
— 3vv? + —uy);
2
1 1 )
=5 cos(2w)u — 50 sin(2w)vy
1 1
+ po cos(2w) (uv — 51}2) + po Sin(2w)(§u1 + vvy),
1 1
= 5% cos(2w)u + 542 sin(2w)vy

1 1.
+ 5P cos(2w)(uv + va) + P2 sin(2w)(—uy + vvy)

1 1
-q cos(2w)(§u1 + vv1) + ¢ sin(2w) (uv — 51}2)
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) 1 1
+ prcos(2w)(Fuvr + Furv — vy = Svs)

1 1 b)
+ p1sin(2w) (uv? + —ug + =vvy + —v?)

2 2 2
3 1 1 1
+ qo cos(2w)(—§u2 — 5“02 + Fu2 + V02 +0?)
1
+ B sin(2w)(—5uv; — u1v — v3v; + v3)
s b 3
+ po cos(?w)(3u2v +uv? — §uv2 — 3uiv — iuQv — 51;21)2

1
— 3vvi + 51}4)

3 1 3 5
+ po sin(2w) (Buuy + 6uvvy + §u1v2 — §u3 + 03, — 51}1}3 — 51117)2).

In this extended setting, equation (25) acquires a new solution of the form
(F) B (Zi(Fiupi + FPqi + Fiw”)>
G)  \2i(Gipi+Giq+Giry))’
where
F = (16uu + 12uvv; + 6ugv? — 2uz — 6vvs — 5v102)po
+ (1662 4 12uv? — Sug — 17vvy — 4v3)p;
— 3(4uy + 5vv1)pa — (8u 4 50%)p3 + ps
+ (2uvy + bugv —v3)go + (1luv + 20% — dv)q1 — Su1ge — dvgs
+ 2r3(—2 cos(2w)uv + cos(2w)ve — sin(2w)uy — 2 sin(2w)vwvy )
+ 2r3(cos(2w)uy + 2 cos(2w)vvy — 2sin(2w)uv + sin(2w)ve)
— 3riug,
G = (Yuvy + 6ugv + 6v2v; — 2v3)po + (11uv + 203 — 6u2)p1
— Tv1ps — dups + (w1 + 5ovi)go + (2u + 50%) g1 — g3
— 3u1ry + 2(— cos(2w)vy + sin(2w)u)ry
+ 2(cos(2w)u + sin(2w)wvy )rs3.
In the conventional matrix-operator form this solution looks as follows

A =L+ N,

L L N1 N
= (i ) = ( W)
are 2 x 2-matrix operators corresponding to the local and nonlocal parts of A’, respectively, and having
the following entries:
Ly = D2 — (8u + 5v*) D2 — 3(4uy + 5vv;) D2
+ (16u® + 12uv? — Suy — 17Tvvy — 407)D,
+ 16uuq + 12uvv, + 6ulv2 — 2ug — 6vvg — Svva,
Ly = —4vDi - 51)1D§ + (11uv + 20 — 4vy) Dy + 2uvy + Suv — v,
Loy = —4vD2 — Tv1 D2 + (11uv + 2v® — 6v2) D,
+ 9uvy + 6ugv + 6v2v1 — 2u3,
Loy = —D2 + (2u + 5v*) D, + (uy + 5vvy)

where



HAMILTONIAN OPERATORS AND ¢*-COVERINGS 23

and
Nu = =3Y{,D; ' o Yy — 4Y{ Dt o Vi) — 4V, Dt o Y,
Nig = =3Y{, D' o Y1y — 4Y{ Dt o Vi — 4V, Dt o Yy,
Noi = =3Y{yD; ' o Vil — 4Y{ Dt o Vi) — 4V, Dt o Y,
Nog = =3Y{\ Dyt o Yy — 4V Dyt o Y — 4Y, Dyt o Y,
whereas

_ (Y% _ (Y4 _ (Y%
YI,O - <lejo> 9 Y],l - (Ylijl ) Y1,2 - }/11j2 )
are symmetries of the coupled KdV-mKdV system (see [(]) presented in the form

u
1/1,0 = U1,

v .
YI,O = V1;

5

1 1
Y =—- cos(2w)(§u1 + vv1) + sin(2w) (uv — 5'02),

1 1
Yy, = 3 cos(2w)v, — 5 sin(2w)w;

1 1
Y1y = cos(2w) (uv — 502) + Sil’l(zw)(§u1 + vvy),
1 1
Yy = 3 cos(2w)u — 3 sin(2w)v;.

Remark 14. Expressions for the entries of the operator N were obtained as it was indicated in Re-
mark 12.

As above, simulating the techniques developed for the local theory, we have checked that
[A,A]=0 and [A',A] =0,
i.e., A and A’ are compatible.

Remark 15. Though system (19) is Hamiltonian with respect to A’, there does not exist the correspond-
ing Hamiltonian. This can be proved using the same techniques we used in the proof of Theorem 2.
Nevertheless, the following facts are valid. Recall that (19) possesses a recursion operator [6]. Denote
this operator by R and note that our Hamiltonian operators are related to each other by means of this
recursion operator, i.e.,
A" =Ro A

Moreover, in the same way one can construct a whole hierarchy of pairwise compatible Hamiltonian
structures. On the other hand, R generates a hierarchy of equations in which (19) is the first term.
Then A’ is a Hamiltonian structure for all other equations of this hierarchy and these equations possess
Hamiltonians with respect to A’.

To make our exposition self-contained, we describe the recursion operator R in the Appendix.

APPENDIX: RECURSION OPERATOR FOR THE COUPLED KDV-MKDV SYSTEM [(]

To construct the recursion operator, it needs to extend the nonlocal setting introduced above.
Namely, we add three new nonlocal variables wi, w1, and wi2 defined by

Wiz = U,
Wy = 3u? 4 3uv — ug — 3vvy;
w11,z = cos(2w)wiv + sin(2w)v?,
_ 2 3 3 2
w1, = cos(2w) (Bwuv + wv® — wog + uvy — UV — V7V1)

+ sin(2w) (4uv? + v* — vvg — v3);
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wig,; = cos(2w)v? — sin(2w)ww,
w2, = cos(2w) (duv? — vt — 20vy + v7)
+ sin(2w) (—3wuv — wv® 4+ wvy — uvy + v3V;)

(see Example 5). Then R is a 2 x 2-matrix operator,
Ri1 Rao
R =
(R21 Roo

Ry = D? —4u —2?

with the entries

u 3 u —
-Y"D O¢12+Y12D °¢1,1*§Y1,0Dx17

R12:2’UD +1)1D 73’[1/114’2’1}2
YD, O¢12+Y12D 01/’11},1‘1‘1/2?11);1’
R21=—U
3

YD, °¢12+Y12D °¢ﬁ1—§Y1U,OD;17

Rgy = D? —2u—v2
=YD, 01/’12+Y12D wa,1+Y2U,1D;17

where Y] o, Y11, Y1 2 are the same symmetries that enter the expression for the nonlocal Hamiltonian
structure A’, Y5 1 is another symmetry with the components

Y5 = cos(2w) (—wi1u1r — 2w11vv1 + 2wi2uv — wiavs)
+ sin(2w) (2w uv — wi1vg + wigug + 2wigvvy)
— 2uvy — 3uqv — 20201 + V3,
Yy = cos(2w)(wi1v1 — wigu) — sin(2w) (wi1u + wizv1)
— (u1 + vvy),
while
wﬁ = —sin(2w),
Y11 = 2(2sin(2w)v — wia),

Y1y = — cos(2w),
Y] o = 2(2cos(2w)v + wy1).

Note that 911 = (¢1' 1,97 1) and ¥ 2 = (Y5, 97 5) are the generating functions for (nonlocal) conser-
vation laws.
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