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ABSTRACT. The Maxwell space is the triple (M, g, F), where M is the four—di-
mensional Minkowski space or a domain in it, g is a pseudo-Euclidean metric on
M, and F is a closed exterior 2-form on M. In this paper, we give the exhaustive
description of classes of the Maxwell spaces that admit subgroups of the Poincaré
group. Representatives of all classes are constructed.
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Introduction. In classical theory, the electromagnetic field is described by a skew-
symmetric tensor Fj; on a 4-dimensional real manifold M C R} (a domain in the
Minkowski space) satisfying the Maxwell equations [I]

. 4 .
0uFjy =0, ViF* = —%J’ (i,j.k=1,...,4)

(the current J* must satisfy the continuity equation V;J* = 0).

We shall say that the Mazwell space is a triple (M, g, F'), where M is a smooth, real,
four-dimentional manifold, F' = %Fijdxi A da? is a generalized symplectic structure on
M, and g = g;;dr'da? is a pseudo-Euclidean metric on M of the Lorentz signature
(———+).
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The equation dF = 0 means that the form F' is closed and is equivalent to the first
Maxwell equation. If the second Maxwell equation and the continuity equation for the
tensor Fj; hold, then the Maxwell space is associated with an electromagnetic field.

Let G, be the Poincaré group, i. e., the set of the Minkowski space motions (or,
equivalently, the group of diffeomorphisms of manifold M that preserve the structure
(M, g)). Further, let Gp be the group of symplectomorphisms of the structure (M, F').
By Gg we denote the group of diffeomorphisms of the manifold M that preserve both
gand F: Gg = G, NGp. Note that G is a subgroup of Gy. The Maxwell spaces with
non-trivial groups G are interesting, for example, in connection with the well-known
method for obtaining the first integrals of the Lorentz equations ([2]).

The electromagnetic fields that admit the group G g were intensively studied in 1960
70s (see [3, 4, 5, 6, 7, 8]). In [3, 4, 5], maximal subgroups of the Poincaré group that
preserve the tensor Fj; (relativistic symmetry groups) were found for particular fields
F;; (homogeneous fields, plane waves, etc.) and the structure of these subgroups was
studied. In [6, 7, 8], connected subgroups of the Poincaré group that are invariant
transformation groups of electromagnetic fields (or, equivalently, relativistic symmetry
groups) were studied. In particular, it was proved that the dimension of such a group is
not greater than 6, see [8], and the classification of these groups was obtained ([6, 7]).
The problem of classification with respect to conjugation for connected subgroups of
the Poincaré group up to the was solved in [9] without any reference to electrodynamics.

In [10, 11], the author formulated the problem of classification with respect to the
groups G for the Einstein-Maxwell spaces and related this problem with the method of
obtaining the first integrals of the Lorentz equations ([2]). An Einstein-Maxwell space
is a more generic object than a Maxwell space: in this case, g is a pseudo-Riemannian
metric such that the pair (M, g) is an Einstein space ([12]). In case the metric be flat,
G, is the Poincaré group and Gg is its subgroup. Hence we obtain the classification
problem for the Maxwell spaces with respect subgroups of the Poincaré group.

1. FORMULATION OF THE PROBLEM AND METHOD OF ITS SOLUTION

First, we note that the class of the Maxwell spaces admitting a group Gg can be
described as follows. Let Lg be the Lie algebra of vector fields corresponding to the
group Gs. The tensor Fj; that defines this class is a solution of the first Maxwell
equation

Oilji 4+ 0jFpi + OhFiy =0 (i, j, k=1,...,4) (1)
and is a solution of the invariance conditions with respect to G'g for Fj;

Le, Fij=0 (a=1,..., p=dimLy), (2)

where £, are basis vectors in Lg and L, is the Lie derivative.

Note that since equations (1) and (2) are linear, the set of solutions of this system is a
linear space (class) each of whose elements Fj; defines a Maxwell space with a symmetry
group that is not less than Gg. But in reality for some of the Maxwell spaces of this
class (sometimes, for all of them) their symmetry groups are wider than the group Gs.
Therefore, to find the genuine symmetry group we must solve the equation L¢Fj; = 0
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with respect to £ € L,' for a given F};. The space of its solutions is the Lie algebra of
the symmetry group.

Further, we note that the Poincaré group has infinitely many subgroups; therefore,
it is impossible to list all classes of the Maxwell spaces that are invariant under Gg.
However, we can consider a finite number of subgroups, typical in some sense, and
describe classes of Maxwell spaces for them. The list of representatives of classes of
conjugate subgroups of the Poincaré group is a naturally obtained set. Indeed, if sub-
group G is conjugate to G'g, then there is a transformation of the coordinates A € G,
x' = ALa” + @’ such that G% = A~'GsA. This means that the class of the Maxwell
spaces with the symmetry group Gs defined by the tensor Fj; transforms into the class
with the symmetry group G’ defined by the tensor Fj, = Firj = FijAZQA;/.

We use the classification of subgroups of the Poincaré group up to conjugation pre-
sented in [9]. The list of the subalgebras of dimensions 1-6 of the Lie algebra L, of the
Poincaré group contains 76 items, some of which contain more then one algebra®. We
denote this algebras by £, ,, where p is the dimension of the algebra and ¢ is its number
in the list of subalgebras of dimension p. If necessary, we add the symbol a, b, ¢, ... to
the notation. The problem of description of classes of the Maxwell spaces reduces to
solving equations (1)—(2) for each subalgebra £, ,.

Denote by C, , the class of the Maxwell spaces that corresponds to an algebra £, ,.
Obviously, if algebras £, 4, and L,, 4, are such that £,, 4, C Ly, 4., (p1 < p2), then the
corresponding classes are such that C,, ,, C Cp, 4,. Take the basis of the Lie algebra £,
in the form

e1 = (1,0,0,0), es = (0,1,0,0), e3 = (0,0,1,0), es = (0,0,0,1),
e1o = (—:1:2,:1:1,0,0), e13 = (:1:3,0, —xl,O), eas = (0, —3:3,3:2,0),

€1y = (3:4,0,0,3:1), €9y = (O,x4,0,x2), €34 = (O,O,x4,x3),

where {z'} are the Galilean coordinates such that g;; = diag(—1, —1, —1, 1). In what
follows, L{&, ..., &} is the linear combination of vectors i, ..., &,.

In [13, 14, 15, 16, 17, 18, 19, 20] classes of the Maxwell spaces were described in
some particular cases. In [13], 22 classes of static Maxwell’s spaces® were described
(the smallest among those subalgebras is L2 = L{es}). In [14, 15], 9 classes of the
Maxwell spaces admitting hyperbolic helices were described (ﬁgﬂin = L{eas+ ey + pes},
A, o = const). In [16], 15 classes of the Maxwell spaces admitting elliptic helices were
described (L™ = L{eis + Aes + pes}). In [17], 18 classes of the Maxwell spaces
admitting parabolic rotation were described (L2 = L{ejs — e14}). In [18], 9 classes of
the Maxwell spaces admitting translations along isotropic straight line were described
(L2 = L{ey + e4}). In [19], 10 classes of the Maxwell spaces admitting proportional
bi-rotations were described (L% = L{ei3 + Aeas}). In [20], 10 classes of the Maxwell
spaces admitting translations were described.

1£g is the Lie algebra of vector fields corresponding to the group Gg; it consists of the vectors
¢ = a’xl + ', where a; = g*ay; and ap; = —aji, b are real numbers.

2In fact, the number of these algebras is infinite; for example, one-dimensional subgroups of elliptic
helices, parabolic helices, hyperbolic helices, and proportional bi-rotations depend on real parameters,
and these subgroups are not conjugate within pairs.

3A static Maxwell’s space admits the group of translations along the time axis.
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In the monograph [21], classes of the Maxwell spaces admitting subgroups of the
Poincaré group were described for the whole list of subgroups (subalgebras) in [9]; this
classification includes all results mentioned in the previous section. However, in all
mentioned publications, there are no examples of the Maxwell spaces admitting the
group G, , exactly; we obtain such examples in this article.

If the evident description of the class C), , of Maxwell spaces is absent, then we proceed
as follows. For the group G, , (the algebra £, ,) we describe the class P, , of potentials
(covector fields A; such that Fj; = 0;A; — 0;A;) is invariant with respect to this group,
see [22, 23]; each A; € P,, must satisfy the equations L¢, A, = 0 (o = 1,...,p).
Further, we find the subset in P, , such that each of its elements admits the group G, ,
exactly. Then we get the tensor Fj; corresponding to the potential A; and verify the
equality Ls = L, 4; usually, as a result, we receive conditions for the tensor Fj; when
the corresponding Maxwell space admits the group G, , exactly.

Remark 1. We denote groups, algebras, and classes of the Maxwell spaces as in [21]. In
addition, suppose that components of the tensor F;; always correspond to the Galilean
coordinates {z'} even if they are expressed as functions of other coordinates.

In the transversal case the Maxwell space admits the trivial symmetry group Gg =
{id}. We find the example of the Maxwell space with the trivial group Gs.

Example 1. We take the potential A; = (0,0,0,®), where ® = ®(z!, 22, 23, 2). Let
¢, = 0,® and ¥,;; = 0;0;. Solving equation LA, = 0 for £ € L,, we deduce that
the group G4 N G, is trivial whenever functions ®;, x?®; — 2'®,, 23®; — 2! @3, and
23®y — 2?®3 are linearly independent. (For example, this condition is satisfied for the

function ® = z'z%232.) Finding the algebra Lg for the corresponding field Fj;

F12:F13:F23:O, F14:q)1, F24:q)27 F34:q)37 (3)

we obtain that the sufficient condition for the group Gs of the Maxwell space defined by
(3) to be trivial is that functions @1, @y, P1o, P13, P1y, 2Py — 1Py, 230 — 21 Py3,
23Dy — 22D 13 be linearly independent. In particular, this condition is provided for the

function ® = xlz2x32*.

2. THE CLASSES OF THE MAXWELL SPACES THAT ADMIT ONE-DIMENSIONAL
SYMMETRY GROUPS

In this section, we describe classes of the Maxwell spaces admitting the one-dimensi-
onal groups from the list in [9]. Representatives of these classes are presented.

2.1. Translations. There are three types of non-conjugate in pairs, one-dimentional
subgroups of translations.

2.1.1. The class Cy1,. The algebra Ly 1, = L{e1} corresponds to the one-dimensional
group (G 1, of translations along the space-like vector e;. The class Ch 14 of the Mazwell
spaces is defined by the tensor Fj; whose components satisfy the following system:

09F51 + 05F19 =0, OoFy1 + 04F12 =0, 0Os5Fy + 04F13 =0,

4
OoFs4 + O3Fy9 4+ 04 Fo3 =0 (Fz‘j = F;‘j(37273737374)) . @
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Let us note that the class P 1, of potentials admitting the subgroup G, j, consists
of the following covector fields, A; = A;(z?, 23, 2*). For A; = (0,0,0,®), where ® =
(22, 23, ), we get the following tensor Fj;:

Firo=Fi3=Fy=1F,=0, Fy=0,®, F3=03P. (5)

Proposition 1. Let ®; = 0,2 and ®;; = 0,0;®. If the partial derivatives @, P53 are
linearly independent and the functions ®o3, ®oy, 13P9y — 22Pg3 — O3 are also linearly
independent, then the Mazwell space defined by the tensor (5) admits the one-dimensi-
onal group Gg = G 14.

In particular, these conditions are satisfied for the function ® = x2a3z*.
2.1.2. The class Cy1p. The algebra Ly 3, = L{es} corresponds to the one-dimensional
group (411, of translations along the time-like vector e4. The class C 15 of the Mazwell

spaces is defined by the tensor Fj; whose components satisfy the following system:
O1Fpy — OoF1y =0, O1F34 — 03F14 =0, OaF34 — 03F» =0,

6
O Fo3 + 02F51 4+ O3 F12 =0 (Fz‘j = F;‘j(37173727x3))- ( )

The Maxwell spaces of the class C} 1, are called static spaces. In classical vector nota-
tions

E = (Ey, Es, E3) = (Fu, Fuo, Fu3), H = (Hy, Ho, H3) = (F32, Fi3, 1), (7)

the system (6) has the form rot E = 0, divH = 0. Therefore, in particular, the class
Ch 1 includes all electrostatic and magnetostatic fields.

Let us note that the class P; 1, of potentials admitting the subgroup G ;5 consists of
the covector fields A; = A;(z!, 2%, 2%). For A; = (0,0,0,®), ® = &(2!, 2%, 23), we get
the following tensor Fj; of electrostatic field:

F12:F13:F23:O, Fa4:6aq) (&:1,2,3). (8)

Proposition 2. Let &, = 0;® and ®;; = 0,0;P. If derivatives @1, ®y are linearly
independent and functions ®q9, @13, 2P — 211y — By, 230 — 21 Py3 — Py, 23D, —
2?®13 are also linearly independent, then the Mazwell space defined by the tensor (8)
admits the one-dimensional group Gg = G 1p.

In particular, these conditions are satisfied for the function ® = x'z?23.

2.1.3. The class Cy 1.. The algebra £y 1. = L{es + e4} corresponds to the one-dimensi-
onal group (G ;. of translations along the isotropic vector es+e4. We use the substitution

vi=at =242t P =23 ot =2 -2t 9)

The class Ci 1. of the Mazwell spaces is defined by the tensor Fi; = Fj;(v', v, v*) whose
components satisfy the following system:
OFy  OFy OFy_  OFu 0Fa 0F.
ot ovd  ovt T vl vt ot T
OFy OFu OFs _ OFy OFys 0Fy

¢ 9l i B )
ovl ov3 vt Ot vt ov3

(10)
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Note that the class P ;. of potentials admitting the subgroup Gy . consists of the
covector fields A; = A;(v!,v3,v*). For the potential A; = (0,0,0,®), where
O = d(vl w3 v1) = &(2t, 23, 2% — 2*), we obtain

oo oo oo
o =g =g )

Proposition 3. Let ®; = 0®/0v' and ®;; = 0*®/0v'Ov’. If partial derivatives P,
®, are linearly independent and the functions ®3, @14, 22®1; — 21Dy — Oy, 230, —
2Py — By, 230, — 22D 15 are also linearly independent, then the Maxwell space defined
by the tensor (11) admits the one-dimensional group Gs = G 1.

F12:F13:F23:07 F14:

For example, it is so for the function ® = v'v3v? = zla3(2? — 2?).

2.2. Elliptic helices. The algebra £ 5 = L{e13 + Aea + pey} corresponds to the one-
dimensional group G of elliptic helices as follows

@' = zlcosa+a®sina, 22 = a4+ 22,

% = —a'sina+a®cosa, #*=pa+a*. (el

If A\ = =0, then transformations (el) are rotations. If A # 0, p = 0, then transforma-
tions (el) are helices with the space-like axis. If A =0, p # 0, then transformations (el)
are helices with the time-like axis. If A = u # 0, then transformations (el) are helices
with the isotropic axis. We use the coordinate system {7’} = {r, 7%, ¢, 7'}, connected
with {2’} by the formulas

' =rsing, 2?2 =X o+ 23 =rcosyp, z'=pup+ izt (12)

The class C o of the Mazwell spaces is defined by the tensor
Fiy =cicosp+ cosing, Fig= Fis(r, % %),
Fiy = c3cosp+cysing, Fhy = ¢p8inp — co €08 p, (13)

~92 ~4 .
Foy = Fou(r, 2%, 7%), F34 = —cgsinp + ¢4 cos @,

where ¢; = ¢;(r, 7%, &%) are smooth functions which satisfy the following system of equa-
tions

% ﬂ_i_éaCQ H&CQ_aFlg_O 8F24+802_804_0
or r  roi2 roit o0z or 0t 02
803 C_3 A 804 1% 804 8F13 _ 0, (14)

or ' r ' roz roit ot
A 8F24 1% 8F24 803 801 —0
r 02 r 0zt 012 013t
It is easily proved that the class P, of potentials A; that is invariant with respect
to the group G2 consists of the fields

Ay =Cycosp+ Cysing, Ay = As(r, 2, 5:4),

15
Az = —Cysinp + Cocos o, Ag= Ay(r, 72 3%, )
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where C; = C;(r, 72, #*). For the potential A; = (0, 0, 0, ®), ® = ®(ul, u? u?) = d(r,
72, 7%), we obtain

Fio=Fi3=0, Fa3=0, Fy = Dy,
. A 1
Fiy = Pysinp — —P5 cos p — —P3 cos ¢, (16)
r r
A B
F34 = &g cosp+ —Pysinp + —Pgsin ¢,
r r

where @), = 0®/0u”. Consider four cases, which are different from the geometric point
of view.

2.2.1. The class Cy 2, (r =0, X # 0). The algebra L5, = L{e13 + Aea} corresponds
to the group G, of elliptic helices with the space-like axis Ox?. Equations (14) and
the tensor (16) obtain the form

0 A0 OF OF: 0 0
ﬁ+ﬂ+_ f2_ ~13:O, 24+ f2_ f4:(),
or r  ror? 012 or ort 012 (17)
803 1 C3 1 A 804 8F13 —0 )\aF24 1 803 801 0
or v rox? o0+ r o0z 03 03t
and
. A
F12:F13:O, F14:CI)1SIHQO——CI)QCOSQO,
" (18)

A
F23 = O, F24 = CI)Q, F34 = CI)l COs @ -+ —CI)Q Si]flgO.
T

Proposition 4. Let ®; = 0®/0v" and ®;; = 9?°®/0v'0v?. If partial derivatives o,
Do3 are linearly independent and ®91 # 0, then the Maxwell space defined by the tensor
(18) admits the one-dimensional group Gs = G12q4-

2.2.2. The class Cy a5 (A =0, p# 0). The algebra L£; 9, = L{e13+ pes} corresponds to
the group G5 of elliptic helices with the time-like axis Ox?*. Equations (14) and the
tensor (16) obtain the form

% ﬂ H%_@Flg_o 8F24+802_804_0
or r  roxt oz 7 or @ 03t 032 (19)
%+C_3+H%_8F13_0 H8F24 803_801_0
or r roxt ot 7 r 03t 012 0@t
and
F12 = F13 = O, F14 = CI)l Si]flgO — Hq)g COS ©,
: (20)

F23 = O, F24 = CI)Q, F34 = CI)l COSs @ + Hq)g Si]flgO.
r

Proposition 5. Let ®; = 09 /0v’ and ®;; = 0?°®/0v'0v?. If the partial derivatives P,
Do3 are linearly independent and ®91 # 0, then the Maxwell space defined by the tensor
(20) admits the one-dimensional group Gs = G 2.
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2.2.3. The class C1 2. (A = pu #0). The algebra L1 9. = L{e13+ A(ea+e€4)} corresponds
to the group G, of elliptic helices with the isotropic axis. Equations (14) and the
tensor (16) acquire the form

801 C1 A 802 802 8F13 . 8F24 802 804 .
W+7+?(aa:~2+ag:~4)_ 022 Y o Tow am Y

803 C3 A (904 804 8F13

oy 22 - =0 21
o T (6532 a:#) o7t (21)
é 8F24 8F24 803 _ 801 —0

r\ 02 = ot o2 ozt

and

) A
Fio=Fi3=0, Fiq=®;sinyp — —cosp(Py + P3),
r (22)
F23 = O, F24 = CI)Q, F34 = CI)l COSQO + ; singp(CI)g + q)g)

Proposition 6. Let ®; = 0®/0v" and ®;; = 0*®/0v'OvI. If By # 0 and Pog+ Doz # 0,
then the Mazwell space defined by the tensor (22) admits the one-dimensional group
GS - Gl,Zc-

2.2.4. The class Cr24 (A = p = 0). The algebra L4 = L{ei3} corresponds to the
group G4 of rotations in the plane Ox'z3. Equations (14) and the tensor (16) have
the form

% ﬂ_@Flgzo 8F24+802_8c420
or r 012 T Or ort 012 ' (23)
%+C_3_8F13:O 803_801:()
or r 01t To0x2 ot
and
Fio=Fi3=Fy3=0, Fiu=®sinp, Fpy =y, F34=Dycosop. (24)

Proposition 7. Let ®; = 99/0v' and ®;; = 0*®/0v'Ov’. If i*®g; — rPgy + D1 # 0,
Dy # 0, and partial derivatives ®oo, Doz are linearly independent, then the Mazwell
space defined by the tensor (24) admits the one-dimensional group Gg = G a4.

2.3. Hyperbolic helices. The algebra £ 3 = L{eas + Aeg} corresponds to the group
(1 3 of hyperbolic helices with the axis Oz':

@' =2 4+ Xa, 2? = 2%cosha + z*sinha,
3 =23 #'=a2?sinha+ 2" cosha. (hyp)
If A =0, then (hyp) are the Lorentz transformations. We use the coordinate system
{77} = {z',r, 73, o}, related to {z'} by the formulae

' =X p+ 3", 22 =rcoshyp, 2*=7 2*'=rsinhoe. (25)
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2.3.1.  The class Cy 3 (A # 0) of the Mazwell spaces is defined by the following tensor
F

Fiy = cicosh + cosinh o, Fiz3 = Fis(@t,r, %),

Fiy = —cysinh o — e cosh ¢, Fhg = c3cosh ¢ + ¢4 sinh p, (26)
Foy = Fou(3',7,3%), Fsy = czsinh + ¢4 cosh g,

where ¢; = ¢;(T',r,23) (i =1, ..., 4) are smooth functions which satisfy the system
0 A0 OF. 0 oF 0
ﬂ—l—@——é-i- ~24:0, f1_ 13, TB:O,
or r roxt ot 03 or ozt (27)
804 Cy A 803 8F24 —0 A 8F13 804 802 —0
or r roxt 0¥ 7 roxt ot 033

Note that the class P, 3 of potentials A; that is invariant with respect to the group
G153 consists of the fields [23]

A = Al(ijl, T, :Eg), Ay = (' cosh ¢ + Cy sinh o,
Az = As(i',r, %), Ay= —Cysinhp — Cycosh o,
where C; = C;(z',r, 2%). For the potential A; = (—®,0,0,0), ® = ®(z', #3), we obtain

(28)

A A
F12: —<I>1sinhg0, Flgzq)g, F14:——CI)1COShg0, F23:F24:F34:O, (29)
T T
where ®; = 09/0z" (i =1, 3). Let ®;; = 9?°® /07017,

Proposition 8. If the partial derivatives ®31, P33 are linearly independent, then the
Mazwell space defined by the tensor (29) admits the one-dimensional group Gg = G 3.

2.3.2. The class Cy3,. For X = 0 the class of the Mazwell spaces that corresponds
to the algebra L1z, = L{ex}?, is defined by the tensor (26), where the functions
c;i = (', 1, 7%) must satisfy the equations (instead of (27))

0 oF: 0 oF 0
I R
or r  0x! 03 or 07! (30)
% % 8F24 —0 804 4 802 — 0
or r o 7 ozt 038
we use the Lorentz transformation
' =3, 2 =rcoshy, 2*=7% a*=rsinhe. (31)

instead of (25).
For the potential A; = (®,0,0,0), ® = ®(z!,r, %), we have

F12 = CI)T COSth, F13 = q)g, F14 = —CI)T sinhgo, F23 = F24 = F34 = O (32)
(CI)T = 8@/87’) Let q)z‘j = 82<I>/8:”15’8§:J
3We do not present here the class C1 3, that corresponds to the algebra £1 34 = L{e24 + Aeg} since

the groups G1 3, and G153 are conjugated; in [14, 15, 21], this class is used for description of other
classes.
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Proposition 9. If the partial derivatives ®31, Ps,., P33 are linearly independent, then
the Mazwell space defined by the tensor (32) admits the one-dimensional group Gg =
Gy 3.

2.4. Parabolic helices. Here we describe the class (4 of the Maxwell spaces that
corresponds to the algebra £ 4 = L{e12 — €14 + Aea + pes} (A, p = const, Au = 0). This
class is defined by the pair of equations (1) and (2) for the vector £ = e —e14+Aea+pes;
the second equation is the system

XFio+Fou=0, XFizs+ I+ F3=0, XFiyu+ Fyy =0,

XFys —I3=0, XFo+ Fio—Fiu=0, XF3+ Fi3=0, (33)

where
X = —(33'2 + 33'4)81 -+ (33'1 -+ )\)82 + ,u83 — 33'184. (34)
We consider three cases: a) A=p=0;b) A=0, u#0;¢) A#0, u=0.

2.4.1. The class Cy 4q. The group Gy 4, corresponding to the algebra £; 4, = L{e1a—e14}
consists of parabolic rotations. We have

2

=2 —a(z? + 2%, §:2:x2+a:c1—%(:c2+x4),
2
3 =a2®, §:4:x4—a:c1+%(:c2+x4).

Let {7’} be the coordinate system related with {z'} by formulae

1
|
Floa?+at, P = —ﬁ, # =2, @t = @)+’ ) (3)

Then the operator (34) is replaced by partial derivative with respect to 7% and the
solution of the system that follows from (33) is defined by the formulae

Fi3 = C17° + Oy, Foy = C53* + C,

C C
Fys = 71 (572)2 + Coi® + O3, Fig = —75 (572)2 — Ce3? + Cr, (36)
Fu= - @) 0 0y Fu= - () - 0+ G,

where Cj, = Ci, (2!, 23, #*) are smooth functions that satisfy the equations
Ci4+C3+Cy=0, C54+C7—Cs=0. (37)

Substituting (36) in the Maxwell equations (1), taking into account the independence

of functions O} from 72, grouping the summands with equal powers of the variable 72,

and using the linear independence of the functions 1, 72, (#2)°, (#2)*, (#2)*, we finally
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obtain that the functions C} satisfy the equations
10Cy  0Cs

Yo Tom (35
~1\2 ~4
230, 20, CIr250, Sy, (380
~1\2 ~4
GG,
~1\2 ~4 54
S am T E T amt EgE =0 @8
~4
S o B0,
~4
Gl
0Cs (&) +i'0C; 0Cs  0Cs  #'0C; _ (38g)

Ozt P ot o ort | x! ot
Thus, the Mazwell space of the class Ci 44, corresponding to the algebra L 44, is defined
by the tensor Fyj of the form (36) satisfying to (37) and (38).

Proposition 10. The Mazwell space defined by the tensor Fij is of the form
Fig=Fiyy=Fyu=0, Fi3=x;,
Fo3 = &1 + (233'2 + $4)CI)3, Fay = —®; — $2CI)3,

where

2

Oy = 0P/0ty, &3 = 0P/0ts, admits the one-dimensional group Gg = G144 whenever
the partial derivatives 0?® /0t30ty, 0*® /Ot30ty *P®/Ot3 are linearly independent.

1
Bty ty, t3) = ®(3*, 33,34 = @ (:1:2 +a2t, 2, (2" + 2% (2 + x4)) )

In particular, this condition is satisfied for the function ®(t1,t,t3) = (t1 + 13 + 3)t3.

2.4.2. The class Cy 4. The group Gy 45 that corresponds to the algebra £y 4, = L{e1s —
e14 + pes} consists of the parabolic helices of the form
2
A1

it =2 —a(@® +2"), ¥ =2 +az’ — %(1'2 + ),

2
a

P =2+ pa, 3t = 2" —ax' + 5(:1:2 + ),

which turn into parabolic rotations for g = 0. In this case, the change {z'} — {7’} of

the form

z

oottt P=——1 P =adt p it = l(:1:1)2—|r:1:2(31:2—|r:1:4) (39)

’ 2+ ot 22 + 74’ 2 '
coinciding for p = 0 with (35), replaces the operator (34) (A = 0) by the partial
derivative with respect to #?. Repeating the same operations as for the class C 44,
we obtain the following result. The Maxwell space of the class Ci 4 is defined by the
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tensor Fi; of the form (36), where the change (35) is replaced by (39) and the functions
Ci = C(zt, 23, 2%) satisfy the system of equations (37), (38b), (38e), (38g), and

1% 801 ~1 802 805

I3 —0 40
T TTI N T (40a)
1% 803 CQ 802 (.f'l)2 + .i'4 802 807
HOCs Gy 0Cy —0 40D
0w o I I T (40b)
1% 806 05 807 808 (.f'l)2 + .i'4 808 .f'4 807
»Y¥6 5 _ _ il _ 4
PN P AR PIR T TI N T (40c)
~4

#lopd @ or' | itoit 0id
Note that for 1 = 0 the last four equations coincide with (38a), (38¢c), (38d), and (38f),
respectively.

Proposition 11. The Mazwell space defined by the tensor Fy; of the form

H 1
Fio=Fy=Fy=0, Fi3=———®y+ 2 P3,
12 14 24 13 22 1 g 2 T P3
1
T
F23 = CI)l — (1.2/:_73:4)2@2 -+ (2.%'2 -+ :L'4)CI>3,
1
F3y = -1 + qu — 273,
(22 + 24)°
where
1 1
P — [ 22t B MY &, Z(ph)? 20,2 | 4
(t1,t2,t3) (:1: +a2* x +x2—|—x4 2, 2(:1:) + a2 (z” +2%) ),

O, = 0P /0t;, admits the one-dimensional group G's = G1 4p whenever the partial deriva-
tives 0*°® /Ot30t1, 0*®/Ot30ty and O0*®/0t3 are linearly independent.

In particular, this condition holds for the function ®(¢y,ta,t3) = (t1 + t3 + t3)ts.

2.4.3. The class Cy 4.. The group Gy 4. that corresponds to the algebra £y 4. = L{e1s —
e14 + Aea} consists of the parabolic helices of the form

2 3
2 N a a
33 3 ’ 4 4 1 a? 9 4 a’
0 =x°, Tt =2 —ax +5(3: +g;)+)\€’

which turn into parabolic rotations for A = 0. The change {z'} — {Z'} of the form

2 4
F=2at + (24 at)?, 2=
o (41)
B=at B =t @ ) gy (P at)

replaces the operator (34) (u = 0) by the partial derivative with respect to 2. Re-
peating the same operations as for the class C} 4,, we obtain the following result. The
Mazwell space of the class Ci 4. is defined by the tensor Fi; of the form (36), where
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the change (35) is replaced by (41) and the functions Cy, = Ci(z', 3, &) satisfy both
Eq. (37) and the system

C, 71 o0,y 2)\803 oCy

PV N T (422)
Foc,  9Cy  9Cs
oo Nopt o (420)

oCh 0Cy  0C5
2\ —A =0 42
ort  om | om (420)
71 9C; 0Cs oCr
— 2\ - A
2\ Ozt ox! ot
Proposition 12. The Mazwell space defined by the tensor Fi; such that

Fi9 = Fiy=Fy =0, Fiz3 =2\0; + (1172 + 1174)(1)37

2 4\2
+
Fo3 = 2(2* + 2%)®; + (:cl + u) Ps,

= 0. (42d)

A

2 4\2
_l’_
Fiy = —2(2” + 2*)®; — <)\ + a2t + w> D,

where

O (tq,t9,t3) =

1
P (2)\3:1 + (2% + :1:4)2, 23 At 2t (2 + 2t + 3 (2* + x4)3) ,
admits the one-dimensional group Gs = G140 whenever the partial derivatives ®; =
OP/0t;, P11, P12, and P13 are linearly independent (®;; = 9*®/0t;0t;).
In particular, this condition holds for the function ®(¢y,ta,t3) = t1(t2 + t3 + 3).
2.5. Proportional bi-rotations. The algebra £y 5 = L{eij3 + Aeas} (A # 0) corre-
sponds to the group G 5 of proportional bi-rotations of the form

3sina + ' cosa, #? = 2 cosh Aa + z? sinh \a,

P=u
3 =a®cosa — ztsina, &' = 2?sinh \a + 2 cosh \a.
Here we use the coordinate system {r, p, 6, o} related with {z'} by the formulae
P =rsin(@ — ), x* = psinh(\y). (43)
The class C1 5 of the Mazwell spaces is defined by the tensor F;; of the following form

vt =rcos(f — ), 2*=pcosh(\p), =

Fio = (—c1 cosh Adp — ¢osinh Ap) sin ¢ + (¢3 cosh Ap + ¢4 sinh Ap) cos ¢,
Fi4 = (c2 cosh Ap + ¢ sinh A\p) sin ¢ — (¢4 cosh Adp + ¢3 sinh Ap) cos ¢,
Foy = (

Fyy = (

44
¢1 cosh Adp + co sinh Ap) cos ¢ + (3 cosh Adp + ¢4 sinh Ap) sin ¢, (44)

o cosh Adp + ¢1 sinh Ap) cos ¢ + (¢4 cosh Adp + ¢3 sinh Ap) sin ¢,

F13:F13(p,7',9), F24:F24(,077"79)7 (45)
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where the functions ¢; = c¢;i(p,r,0), Fis(p,r,0), and Fa(p,r,0) satisfy the following
system.:

sin 6 0F5, OFyy ¢ ¢4 Ocy 1 Ocs
o0 — cosf oy +)\—p—;—a—p—)\—p%:0,
cos 0 0Fs, —|—sin98F24 R % _ i% _
r 00 or  Xp p Op Ap OO ' (46)
0059% +sin9% _ sin@% n 0059% _ 0F3 _
or or r 90 r 00 dp '

9802 L 9804 sin 6 Jco L cos 0 dcy 1 0F3
cos 0— + sinf— — B - —
or or r 00 r 00  Ap 00

A part of the class P 5 is defined by the formula A; = (0, ® cosh(Ay), 0, =P sinh(Ay)),
where ® = ®(r, p, ) is an arbitrary function. This potential generates the tensor Fj;

such that

1
Fip = (CI); cos(f) — ) — —Pysin(f — 90)) cosh Ap,  Fi3 =0,
r

1

Fua = (~0hcos(0 — )+ 8 sinf6 — ) ) s v,
1 1 (47

Fos = (—CID;, sin(6 — ) — ;CIng cos(0 — go)) cosh A\p, Fyy = )\—pCIng,
1

F3y = (—CID;, sin(6 — ) — ;Cbg cos(0 — go)) sinh Ae.

Proposition 13. If the functions ®;., ., ®!  and y, are linearly independent, then

Ty Trps

the tensor (47) defines the Mazwell space that admits the group Gs = Gy 5.

3. THE MAXWELL SPACES THAT ADMIT TRANSLATION GROUPS

In this section, we describe classes of the Maxwell spaces that are invariant with
respect to the translation groups whose dimensions are from 2 to 4.

3.1. Two-dimensional subgroups.

3.1.1. The class C14. The algebra Ly:1, = L{e1, ea} corresponds to the group G 1,4
of translations along the vectors of the Euclidean plane Ox'x?. We have Ly 1a C Lo 14,
therefore the class (s 1, is a subclass of the class C 1,. The Mazwell space of the class
C14 1s defined by the tensor Fi; of the form

oo oo ov ov
T R T S

where ® = ®(x3, 2*), U = V(23 2Y), © = O(2®, 2*) are arbitrary smooth functions.

F12 = COHSt, F13 = F34 = @, (48)

Proposition 14. The Mazwell space defined by the tensor (48) admits the two-dimensi-
onal group G = Go.1, whenever the partial derivatives Os®, 0,P, 03U, 04V are linearly
independent and the functions 030, 04,0, 130,0 + 1*050 are also linearly independent.
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3.1.2. The class Cy 1. The algebra L1, = L{es, e4} corresponds to the group Gs 1y of
translations along the vectors of the pseudo-Euclidean plane Oz2x?. Since £y 1, C L2 .1,
the class Cy 1y is a subclass of the class C 1. The Mazwell space of the class Cs 1y s
defined by the tensor F;; of the form

od ov
2=55 Fi3=0Fu =_—,
ox ox
(49)
F: 0P F: t F: ov
= —— = cons = —
23 axg ) 24 ) 34 axg 9

where ® = (2, 23), U = U(z!, 23), © = O(x', 23) are arbitrary smooth functions.

Proposition 15. The Mazwell space defined by the tensor (49) admits the two-dimensi-
onal group G's = Ga 11, whenever the partial derivatives 01, 0@, 01V, 03V are linearly
independent and the functions 0,0, 030 30,0 — x'9:0 are also linearly independent.

3.1.3. The class Cy1.. The algebra Lo, = L{e1, es + e4} corresponds to the group
Ga 1. of translations along the vectors of an isotropic plane. As £;; C Lo, the class
U1 is a subclass of the class C 1.. The Mazwell space of the class Cs 1. is defined by
the tensor F;; of the form

0P 0P 0P
F12:—w, 3= ~55 fu= o0
oU oU (50)
Fys =0, oy = EIE F34:@+%,

where C' = const and ® = ®(v®,v*), ¥ = U(v3v*), and © = O(v3 v*) are arbitrary
smooth functions (v¥ =23, vt =2?* —2*).
Set C' =0 and © =0 in (50):
0P 0P 0P ov ov
vt ) 13 Ovd ) 14 vt ) 23 ) 24 vt y 134 Ov3

Proposition 16. The Mazwell space defined by the tensor (50) admits the two-dimen-
sional group Gs = Go1. whenever the partial derivatives O®/0v3, 0P /v, OW /O3,
oW /Ov? are linearly independent and the functions ®34 = 0?® /Ov30vt, By = 0?°® /OviOv?,
23Dy — 2°®3y are also linearly independent.

F12 - (51)

3.2. Three-dimensional subgroups.

3.2.1. The class Cs31,. The algebra L3 1, = L{eq, es, €3} corresponds to the group G 1,4
of translations along the vectors of three-dimensional Euclidean space Oz'z?z3. The
class (1, is a subclass of Cy14. The Mazwell space of the class Cs 1, is defined by the
tensor Fij of the form

Fio =Cs, Fyy=Cy, Fiz=C0Ch,
Fuu=¢'(x"), Fu=4¢'(z"), Fu=x(z"). (52)

where Cy, = const and ¢(z*), Y (x?), x(2) are arbitrary smooth functions (the prime
denotes differentiation). In particular, the homogeneous magnetic field crossed with the
electric field that depends only on time belongs to the class Cs 1.
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Proposition 17. If the functions ¢(z*), ©'(z'), and ¥(x*) are linearly independent
and x(z*) # 0, then the Mazwell space defined by the tensor (52) admits the three-di-
mensional group Gs = Gs1,4.

3.2.2. The class Cs 1. The algebra L3, = L{e1, e2,e4} corresponds to the group Gs 1
of translations along the vectors of three-dimensional pseudo-Euclidean space Ox'a?z%.
The class C3 15 is a subclass of Cs 15, The Mazwell space of the class Cs 1y is defined by
the tensor F;; of the form

Fiy = Ch Fig = 90(1173), Fiy = 02,
Fys = 1/1(2173), Foy =C3, Fay= X(xg)a (53)

where Cy, = const and ¢(23), ¥(x®), and x(x3) are arbitrary smooth functions.

Proposition 18. If the functions p(x®), ©'(23), ¥ (x®), and x(x®) are linearly indepen-
dent, then the Mazwell space defined by the tensor (53) admits the three-dimensional
group G's = G 1p.

For example, this condition holds for the functions ¢ = 23, ¥ = sina?, y = cos x®.

3.2.3. The class Cs1.. The algebra L3, = L{es, e3,e2 + e4} corresponds to the group
Gs 1. of translations along the vectors of a three-dimensional isotropic space. The class
Cs1. 1s a subclass of Cy .. The Maxwell space of the class Cs 1. is defined by the tensor
Fi; of the form

Fij = Fy(v*) (ij =12, 23, 24),
Fi3=C1, Fiy=Cy— Iy, F3y=Cs+ Fh, (54)

where Cy, = const and Fy; = Fj;j(v*) = Fj;(2* — 2*) are arbitrary smooth functions.

Proposition 19. If the functions Fy; = Fi;j(v*) (ij = 12, 23, 24) are linearly indepen-
dent and Fyy # const, then the Mazwell space defined by the tensor (54) admits the
three-dimensional group Gg = G'3 1.

3.3. Four-dimensional subgroup. The algebra £, = L{ey, es, €3, e4} corresponds
to the group Gy of translations of the Minkowski space R}. The Mazwell space of
the class Cy1 is defined by the constant tensor Fjj. Therefore, Cy; is the class of
homogeneous Mazxwell spaces.

Remark 2. 1t is easily proved that the group G is six-dimensional for each homogeneous
Maxwell’s space [20]. Hence, there are no Mazwell’s spaces with the symmetry group
GS — G4’1.

4. THE CLASSES OF THE STATIC MAXWELL SPACES

In this section, we describe classes of the static Maxwell spaces which were not
discussed in sections 2 and 3. See details in [21].
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4.1. Two-dimensional subgroup. The algebra £o35 = L{e13 + Aes, e4} corresponds
to the group G 3 generated by elliptic helices with a space-like axis and by translations
along a time-like straight line. The Maxwell space of the class Cy3 is defined by the
tensor Fij of the form

Fiy = cicosp +casing, Fig = Fis(r, ), Fiy = c3cos @ + cysin g,

55
Foys = c1sinp — cacosp, Foy = Foy(r, 5:2), F34 = —c3sinp + ¢4 cos @, (55)
where the functions Fi3(r, &%), Fau(r, #?) and c¢; = c;i(r, %) satisfy the equations
801 C1 A 802 8F13 . 8F24 804 .
or r roiz 03 O or 01 (56)
Oeg o Ada AOFw | Ocs
or r  roiz r 0i2 012
the coordinates {x'} and {r,z% ¢, 7'} are related by (12) for u = 0:
vt =rsing, 2= p+ 3% 2¥=rcosyp, =37t (57)

The class of the potentials P, 3 invariant with respect to the group (a3 consists of
the fields

Ay =bicosp+ bysing, Ay = Ay(r, 77, (58)
As = —bysinp + bacosp, Ay = Ay(r, 51':2),

where by, = by(r, 7?), As(r,7?), and A4(r,7?) are arbitrary smooth functions. Setting
A; = Ay = A3 =0, Ay = ®(r, 7*) = O(t1, t2), we obtain the following set of electrostatic
fields

AP

F12 = F13 = F23 = O, F14 = CI)l singo — —2(EOSQO,
T

by (59)

F24 = CI)Q, F34 = CI)l COSs @ + — Sy,
T

where ®, = 0®/0t,. Let ®,5 = 0*°®/0t,0t .

Proposition 20. If the partial derivatives 1, ®o, P11, P19 and Doy are linearly inde-
pendent, then the Mazwell space defined by the tensor (59) admits the two-dimensional
group Gs = Gy 3.

In particular, this condition holds for the function ®(t1,ts) = 5 +t3 + 2 + t1to + t3.

4.2. Three-dimensional subgroup. The algebra L35 = L{eas + Aes,ea,e4} corre-
sponds to the group Gsg generated by hyperbolic helices and translations along the
vectors of the pseudo-Euclidean plane. The Mazwell space of the class Cs¢ is defined
by the tensor Fj; as follows:
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a) for A\ £ 0 (class Cs64)

3 3
Fiy = =\, (z") cosh % — A\y(x') sinh %, Fi3 = Fis(x'),

3 3
Fiy = X\, (2") sinh % + My (") cosh %, Fyy = const,
z3 z3 (60)
Fy3 = c1(x') sinh Y + co(xt) cosh R
3 3
Fy4 = c1(x') cosh % + co(2") sinh %,
where ¢ (x') and co(x') are arbitrary functions (prime denotes differentiation);
b) For A =0 (class Cs¢p)
F12 = F14 = Fgg = F34 = 0, F13 = Flg(l'l,l'g), F24 = const. (61)
Putting ¢y = Fi3 = Fy, = 0 in (60), we get
z3 z3
Fiy = =X, (z") cosh =, Fi3=0, Fi4 =\ (z")sinh ~—,
z3 z3
Fgg = Cl(l'l) sinh X’ F24 = 0, F34 = Cl(l'l) cosh X

Proposition 21. If the functions ci(z') and ¢} (z') are linearly independent, then the
Mazwell space defined by the tensor (62) admits the three-dimensional group Gg = G364

Proposition 22. If the functions 01Fi3, O3F3, and x30,F3 — x'03F15 are linearly
independent, then the Mazwell space defined by the tensor (61) admits the three-dimen-
sional group Gs = G'3 6.

4.3. Four-dimensional subgroups.

4.3.1. The class Cy3. The algebra L,35 = L{e13 + Aea, e1,e3,e4} corresponds to the
group (43 generated by elliptic helices with a space-like axis and translations along
the vectors of the pseudo-Euclidean hyperplane. The Mazwell space of the class Cy 3 s
defined by the tensor Fij as follows:
a) for XN # 0 (class Cy34)
2 2 2 2
Fiy = agsin T s COS x—, F35 = aq cos T + a9 sin x—,

A\ A A A (63)
Fiy=F3 =0, Fig=a3, Fu=as (a; = const);

b) for A =0 (class Cyz)
where ®(x?) TV (z?) are arbitrary functions.

Proposition 23. If a; # 0 or as # 0, then the Maxwell space defined by the tensor
(63) admits the four-dimensional group Gs = G4 34.

Proposition 24. If the functions ®(x?) and V(x?) are linearly independent, then the
Mazwell space defined by the tensor (64) admits the four-dimensional group Gs = Gy 3p.
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4.3.2. The class Cyg. The algebra L46 = L{eas + Aes, €1, ea, €4} corresponds to the
group Gy generated by hyperbolic helices and translations along the vectors of the
pseudo-Euclidean hyperplane. The Mazwell space of the class Cyg is defined by the
tensor Fij of the form:
a) for XN # 0 (class Cygq)
3 3 3 23

F53 = aq cosh % + a9 sinh %, F34 = a7 sinh % + ay cosh ¥ (65)

Fio=F,=0, Fyy=ua3, Fi3=a4 (a; = const);
b) for A =0 (class Cygp)
Fio=Fiu=Fy=F3 =0, Fiz=Fi3(z%), Fy = const. (66)
Proposition 25. If a; # 0 or as # 0, then the Maxwell space defined by the tensor

(65) admits the four-dimensional group Gs = G4 gq-

Proposition 26. If Fi3(z3) # const, then the Mazwell space defined by the tensor (66)
admits the four-dimensional group Gs = Gy 6p.

4.3.3. The class Cyg. The algebra L45 = L{e1a — €14 + Aes, e1, €2, eq} corresponds
to the group G4 g generated by parabolic helices and translations along the vectors of
the pseudo-Euclidean hyperplane. The Mazwell space of the class Cyg is defined by the
tensor Fij of the form:
a) for A\ =0 (class Cyg4)
F12 = F14 = COHSt, F13 = F24 = 0, F23 = —F34(33'3); (67)
b) for A # 0 (class Cygp)
Cy

Fio=Fu=0C1, Fy=0 F3;=—2"+Cj;,
A
c c (68)
Fo3 = 2—)\22(373)2 + 731173 + Cy,  Fyy = —Fh3 — (y,
where C1, ..., Cy are arbitrary constants.

Proposition 27. If Fy3 # const, then the Mazwell space defined by the tensor (67)
admits the four-dimensional group G's = G4 g,.

Proposition 28. If C # 0 and Cy # 0, then the Mazwell space defined by the tensor
(68) admits the four-dimensional group Gs = Ggp.

4.3.4. The class Cy15. The algebra L4158 = L{e12, €13, €23, €4} corresponds to the group
G415 generated by all rotations around the origin O in Euclidean space Ox'z%z3 and
translations along the time axis Oz*. The Mazwell space of the class Cy s is defined by
the tensor Fij of the form:

F12 = —A.%'B/T'g, F13 = Al‘2/7'3, F23 = —Al‘l/TB,

F14 = 33'10(7'), F24 - 3320(7')7 F34 = 1‘30(7'),
where A = const, C(r) an arbitrary function and {r, ¢, 0, z*} are “spherical” coordi-
nates

(69)

' =rcospcosf, x*=rsinpcosf, z*=rsind. (70)
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Example 2. If A =0 and C(r) = K/r® (K = const), then (69) is the Coulomb field. It
admits the four-dimensional group Gg = Gy 1s.

4.4. Five- and six-dimensional subgroups.

4.4.1.  For each algebra L5, = L{eas, €1, €2, €3, €4}, L52 = L{e13 + Aeaq, €1, €, €3,
es}, and Lo = L{eys, ea4, €1, €2, €3, €4}, there is the class Cgso of the homogeneous
Mazxwell spaces defined by the tensor Fj; of the form

Fig=Fy=Fy=1F,=0, Fiz=C), Fy=C0Cs, (71)
where Cy and Cy are arbitrary constants.

Proposition 29. If Cy # 0 or Cy # 0, then the Maxwell space defined by the tensor
(71) admits the siz-dimensional group Gg = Ggo which corresponds to the algebra Lgs.
There are no Mazwell’s spaces with the symmetry groups Gs = G571 and Gg = G5 9.

4.4.2.  For each algebra

Ls3 = L{e1s — e, €1, €, €3, e4} and
L¢3 = L{e12 — €14, €23 + €34, €1, €2, €3, €4}

there is the class Cg3 of the homogeneous Mazwell spaces defined by the tensor Fj; of
the form
Fig = Fy=Cy, Fy=—F3=0Cy Fiz=Fy=0, (72)

where Cy and Cy are arbitrary constants.

Proposition 30. If Cy # 0 or Cy # 0, then the Maxwell space defined by the tensor
(72) admits the siz-dimensional group Gg = Gg3 which corresponds to the algebra Lg 3.
There are no Mazwell’s spaces with symmetry group Gs = G5 3.

4.4.3. The algebra L5 = L{e1a — €14, €24 + Aes, €1, €2, €4} corresponds to the group
G5 generated by parabolic rotations, hyperbolic helices, and translations along the
vectors of the pseudo-Euclidean hyperplane. Since L£46 C L5, then C56 C Cyg. The
Mazxwell space of the class Cs g is defined by the tensor Fij of the form:

Fla=Fi3=Fiuy=Fu=0, Fpy=—Fy=Ke™/" (K =const). (73)
For A =0 this class is empty.

Proposition 31. For K # 0 the Mazwell space defined by the tensor (73), admits the
five-dimensional group Gs = Gs¢.

4.4.4. For the algebras
L4 = L{e12 — €14, €24, €1, €2, €3, 4} and
Ls .9 :L{€12, €14, €24, €1, €2, 64},
the corresponding classes of Maxwell spaces are empty.
5. THE MAXWELL SPACES THAT ADMIT ELLIPTIC HELICES

In this section, we describe classes of the Maxwell spaces that admit elliptic helices
and were not included in the previous sections. See details in [21].
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5.1. Two-dimensional subgroups.

5.1.1. The class Cs 5. The algebra Lo 9 = L{e13+ ey, ea} corresponds to the group Gs o
generated by elliptic helices with a time-like axis and by translations along a space-like
straight line. Since £y 9 C Lo9, then Cy9 C C 9. The Mazwell space of the class Co o
is defined by the tensor Fy; of the form

Fiy = cicosp +casing, Fig = Fis(r, %), Fiy = c3cos @ + cysin g,

74
Foys = c1sinp — cacosp, Foy = Foy(r, 5:4), F34 = —c3sinp + ¢4 cos @, (74)

where ¢; = ¢;(r, %) are the functions that satisfy to the following system of equations

%4_2 Hﬁfz o, 6F24+8f2 0,
o e . p e o (75)
%+C_3 H&Czl _6F13 . H6F24_ 601 _ o
or r o rort 93t r Ot ot

the relation of the coordinates {x'} and {3} = {r, 7%, o, T} is defined by (12) for A = 0:
' =rsing, 22 =3 2®=rcosy, z*=pp+ it (76)

For the potential A; = (0,0,0,®), ® = ®(r, 2*), we get instead of (20):
F14 = CI)T Si]flgO — HCI)4 COSQO, F12 = F13 = F23 = F24 = O,
r
o 00 (77)
o T a#) ‘

Proposition 32. If 9?°®/0rdi* # 0, then the Mazwell space defined by the tensor (77)
admits the two-dimensional group Gg = Gas.

F3y = ®, cos p + ECI)4 sin (q)r =
r

5.1.2. The class Cy4. The algebra Lo4 = L{e1s + Aea, es + e4} corresponds to the
group (24 generated by elliptic helices with a space-like axis and by translations along
an isotropic straight line. The class Cs 4 is an intersection of the classes C} o, and C 1.
The Mazwell space of the class Cs 4 is defined by the tensor Fi; of the form

. ~2 -4
Fio=cicosp+cysing, Fig= Fis(r,z° — %),

Fiy=c3cosp+ cysing, Fys3 = cqsinp — cocos g, (78)
Foy = Fou(r, 2% — &%), F3q4 = —czsing + ¢4 cos @,
where the functions ¢; = c;(r, @ — &%), i = 1, ..., 4, satisfy to (17) (the change of
coordinates is defined by (12) for u = 0):
vt =rsing, 2= p+ 3 2¥=rcosyp, =37t (79)
For the potential A; = (0,0,0,®), ® = &(r, #* — 1) = ®(r,u), we get instead of

(18):

A
F12 = F13 = O, F14 = CI)T Si]flgO — _q)u COS ©,
N (50)
Fy3=0, Foy=®,, Fs54=>.cosp+ —P,singp.
r



22 M. A. PARINOV

Proposition 33. If 9?®/0rdu # 0, then the Maxwell space defined by the tensor (80)
admits the two-dimensional group Gg = Go 4.

5.2. Three-dimensional subgroups.

5.2.1. The class Cs 5. The algebra L35 = L{e1z+Aea, €1, €3} (A # 0) corresponds to the
group (32 generated by elliptic helices with a space-like axis and by translations along
the vectors of the two-dimensional Euclidian plane. Since £ 9, C L32 and £414 C L3 2,
then Cs9 C Cho, and Cs9 C Ch14. The Mazwell space of the class Cso is defined by
the tensor F;; of the form

x? x?

Flo = al(x4) sin N~ ag(:c4) cos - Fi3 = const,

x? x?
Fy = —al(x4) cos N~ ag(x4) sin R Fyy = F24(a:4),

) ) (81)
x x

Fiy = —)d(z*) cos Sl Aab(x*) sin R

2 2
Fsy = ) (z*) sin % — Aab(x?) cos %,

where ay, = ay(z*) are arbitrary smooth functions.

Proposition 34. The Mazwell space defined by the tensor (81) admits the three-di-
mensional group Gg = (32 whenever one of the following conditions is satisfied:

1) the functions ai(z*) and o/ (z*) are linearly independent,

2) the functions as(z*) and ay(z*) are linearly independent.

5.2.2. The class Cs 3. The algebra L35 = L{e13+pes, €1, es} (u # 0) corresponds to the
group G 3 generated by elliptic helices with a time-like axis and by translations along
the vectors of the two-dimensional Euclidian plane. Since £; 95 C L33 and £41, C L33,
then Cs3 C Cho and Cs3 C C14. The Mazwell space of the class Cs3 is defined by
the tensor F;; of the form

Fio — / PANE x_4 / 2 x_4 Fio —
12 = pay(x®)sin o pay () cos o = const,

x? x?
Fo3 = —pad)(2%) cos — — pay(x?) sin —, Fyy = Fyu(z?),
N 4“ (82)
x x
Fiq = a;(2%) cos — + ay(z?) sin —,
w
1 1
F34 = —ay(2?) sin Ty as(x?) cos :1:_’
w

where ay(x?) and as(x?) are arbitrary smooth functions.

Proposition 35. The Mazwell space defined by the tensor (82) admits the three-di-
mensional group Gg = (g3, whenever one of the following conditions is satisfied:

1) the functions ai(z?) and a’(z*) are linearly independent,

2) the functions as(x?) and ay(x?) are linearly independent.
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5.2.3. The class Cs34,. The algebra L34, = L{e13 + A(ea + €4), €1, es} (A # 0) corre-
sponds to the group Gj 4, generated by elliptic helices with an isotropic axis and by
translations along the vectors of the two-dimensional Euclidian plane. Since £; . C
L340 and Lq14 C L3 44, then C5 4, C Ch 9. and Cs 44 C Ch14. The Mazwell space of the
class Cs 44 1s defined by the tensor Fy; of the form

2 4 2 4
Rl e T+
Fiy = Fjy = aqsin — a9 COS , F13 = const,
2\ 2\ 33
2 4 224 gt (83)
F3y = —Fy3 = ay cos + ay sin TR Fyy = <I>(3:2 = x4),

where ay,as = const and ®(u) is an arbitrary function of one variable.

Proposition 36. The Mazwell space defined by the tensor (83) admits the three-di-
mensional group Gg = (G344, whenever one of the following conditions is satisfied:

1) a1 # 0 and ®(u) # const,

2) as # 0 and ®(u) # const.

5.2.4. The class Cs45. The algebra L34, = L{e1s, €1, ez} corresponds to the group
(3.4 of motions of the two-dimensional Euclidian plane Ox'z?. Since L; 24 C L34, and
L1 1q C Lsap, then Cs4p C Ch o4 and C 45 C C14. The Mazwell space of the class Cs 4
is defined by the tensor Fy; of the form

Fio=Fiy=Fyy=Fy =0, Fiz=0("1"), Fy=V(z?2"), (84)
where ®(x?, x1) and V(z?, ) are arbitrary smooth functions.

Proposition 37. If the functions ®(2? x%), U (a? z) are linearly independent and
the partial derivatives 0®/0z*, 0®/dz* (or OV /dz?, and OV /0x*) are also linearly
independent, then the Mazwell space defined by the tensor (84) admits the three-dimen-
sional group Gg = G's 4.

5.3. Four-dimensional subgroups.

5.3.1. The class Cya,. The algebra L42, = L{e13+ ey, €1, ea, es} (1 # 0) corresponds
to the group G4 2, generated by elliptic helices with a time-like axis and by translations
along the vectors of the Euclidian hyperplane. Since L33, C L4224, then Cyo, C Cs 3.
The Mazwell space of the class Cy 4 1s defined by the tensor Fi; of the form

xt ot ot xt
Fiy = c1cos — + cosin —, Fj4 = —cq8in — + ¢ cos —,
H H H H

(85)
F12 = Fgg = 0, F13 = Cs3, F24 = C4 (Ck = COHSt).

Proposition 38. Ifc; # 0 or cg # 0, then the Mazwell space defined by the tensor (85)
admits the four-dimensional group G's = G4 2.

5.3.2. The class Cyop. The algebra L49, = L{e1s, €1, ea, es} corresponds to the group
G2y generated by rotations in the plane Ox'z? and by translations along the vectors
of the Euclidian hyperplane. Since L3 4, C L4 95, then Cyop C Cs4p. The Mazwell space
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of the class Cyap is defined by the tensor Fi; of the form
Fio=Fiy = Fy3 = F34 =0,
Fi3=C = const, Fyy = ®(z*), (86)
where ®(x) is an arbitrary smooth function.

Proposition 39. If # 0 and ®(z*) # const, then the Mazwell space defined by the
tensor (86) admits the four-dimensional group Gg = Gy.9.

5.3.3. The class Cy4q. The algebra L44, = L{e13 + Aea, €1, €3, ea +es} (A # 0) cor-
responds to the group Gy, generated by elliptic helices with a space-like axis and by
translations along the vectors of the isotropic hyperplane. Since L3o C L444, then
Ciaq C Cs35. The Mazwell space of the class Cyaq is defined by the tensor Fij of the
form
2 _ 4 2 _ 4
— by sin ° , P13 = bs,

x? -t x? -t
+ bg cos

F12 = —F14 = bl COS
(87)
F23 = F34 = bl sin

s F24 = b4 (bz = COHSt).

Proposition 40. The Mazwell space defined by the tensor (87) admits the four-dimen-
sional group Gg = G444, whenever the following conditions are satisfied

])617&0 07'[?27&0,
2)[)37&0 0Tb47é0.

5.3.4. The class Cyq,. The algebra L44, = L{e13, €1, e3, €2 + e4} corresponds to the

group G4, generated by rotations in the plane Oz'xz® and by translations along the

vectors of the isotropic hyperplane. Since L34p C L4 45, then Cy gy C Cs4p. The Mazwell
space of the class Cy gy is defined by the tensor Fij; of the form

F12 = F14 = F23 = F34 = O, F13 = @(1'2 — 33'4), F24 = ‘P(.%'Q — 33'4), (88)
where ®(u) and V(u) are arbitrary functions of one variable.

Proposition 41. The Mazwell space defined by the tensor (88) admits the four-dimen-
sional group Gg = G4 4, whenever two following conditions are satisfied

1) the functions ®(u) and V(u) are linearly independent,

2) ®(u) # const or W(u) # const.

5.4. Five- and six-dimensional subgroups.

5.4.1.  For the algebra L5, = L{e1s, ea, €1, €3, €2 + €4} we have the class Cso of
homogeneous Mazwell spaces defined by the tensor Fy; of the form (71).

Proposition 42. There are no Maxwell’s spaces with the symmetry group Gs = G 4.
5.4.2.  The classes of the Maxwell spaces that correspond to the algebras

Loz = L{e1a — €14, €23 + €34, €13+ Nea, €1, €3, €2 — €4}
and

Lsg = L{eia, €13, eas, €1, €2, e3},
are empty.
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6. THE MAXWELL SPACES THAT ADMIT HYPERBOLIC HELICES
In this section, we describe classes of the Maxwell spaces that admit hyperbolic helices
and were not included in the previous sections. See details in [21].

6.1. Two-dimensional subgroups.

6.1.1. The class Cy5. The algebra Lo5 = L{eas + Aes, e1} corresponds to the group
Ga 5 generated by hyperbolic helices and by translations along the space-like straight
line Oz'. The Mazwell space of the class Ca5 is defined by the tensor Fy; of the form

Fio = ¢y coshg + cosinh g, Fi3 = Fis(r, 5:3),
Fiy = —cysinh o — cpcosh ¢, Fhg = c3cosh ¢ + ¢4 sinh p, (89)
Foy = Fou(r, 5:3), F34 = c3sinh o + ¢4 cosh @,

where the functions c; = c;(r, ¥) satisfy the equations

%4_@_&601:0 %_8F13:0
or r ror ' o3 Or ' (90)
0 i Ao OFu _ AOFu 0a
or r ror 01 o 03 013 '
and the transformation of coordinates is defined by formulae
' =2 2 =rcoshy, 2°=Xp+73 2'=rsinhe. (91)

The class P 5 of the potentials A; that are invariant with respect to the group Gs 5
consists of the following fields [23]

Ay = Ay(r,7%), Ay = C)cosh + Cysinh g, (©92)
Az = As(r,i*), Ay = —Cysinhp — Cycosh o,
where C; = C;(r, 23). For the field A; = (—®,0,0,0), ® = ®(23), we obtain
A A
F12 = —CI)/ sinhgp, F13 = CI)/, F14 = ——CI)/ COSth, Fgg = F24 = F34 = 0, (93)
r r

where &' = d® /dz3.

Proposition 43. If ®"(13) # 0, then the Mazwell space defined by the tensor (93)
admits the two-dimensional group Gg = Go 5.

6.1.2. The class Cy6. The algebra Lo = L{eas+ Aes, ea— ey} corresponds to the group
G2 generated by hyperbolic helices and by translations along an isotropic straight line.
The Mazwell space of the class Cag is defined by the tensor Fi; of the form

Fiy = cicosh + cpsinh o, Fiz3 = Fiz(@',r, %),

Fiy = —cysinh o — e cosh ¢, Fhg = c3cosh ¢ + ¢4 sinh p, (94)

Foy = Fou(3',7,3%), Fyy = cgsinh + ¢4 cosh g,
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where the functions Fi3(2',r,7%), Fou(2', 7, 23), ¢; = ¢i(2',7m,2%) (i = 1, ..., 4) satisfy
the equations
% @_é% 8F24:O 601_8F13+803:O
or r roz 0xt T073 or ot ' (95)
% %_é%_ﬁFM:O A8F13_8C4_802:0
or r ror 013 oy 033 ot 013
and the system
% é%_ﬁzo %4_&%_2:0 03 éaFB:O
or rox r " or  rom r T Or r 03 ' (96)
% é%_%zo % é%_cﬁzo 6F24+A8F24:0
or rox r " or  romd or "or  r 03

The transformation of coordinates is defined by formulae (91).
The class P, of potentials A;, that are invariant with respect to the group Gsg,

consists of the following fields [23]
Ay = Ay (3,3 — XNnr), Ay = C)coshp + Cysinh g, (o7)
Az = As(i',#* — ANnr), Ay = —Cjsinhg — Oy cosh o,

where

Cy = ay (3,7 — Mnr)coshlnr + ag(i',7* — Anr)sinhInr, (©8)
Cy = ay (3", — Nnr)sinhInr + aq(3', 7* — Anr) cosh In 7.
For the field A; = (—®,0,0,0), ® = ®(z!, 7% — AMnr) = ®(¢1,1,), we obtain

A
Fi9 = Fiy = —;qb@_@, Fiz = @y,

F23 - F24 - F34 - O (CI)Q - 8@/8152) (99)

Proposition 44. Let ®;; = 82<I>/8ti8tj. If the partial derivatives ®o1 and Pog are
linearly independent, then the Mazwell space defined by the tensor (99) admits the two-
dimensional group Gs = Gag.

6.2. Three-dimensional subgroups.

6.2.1. The class Cs5. The algebra L35 = L{ea4, €1, e3} corresponds to the group Gs 5
generated by pseudo-rotations in the plane Ox?z* and by translations along the vectors
of the Euclidean plane Ox'z3. The Mazwell space of the class Cs 5 is defined by the
tensor Fj; of the form

b
Fi2 = ay(r) cosh p + “sinh g, Fiz=bs,
r
b b
Fis = —ay(r)sinh p — ~L cosh v, Fa3 = as(r)cosh p + — sinh @, (100)
r r

b
Foy = Fou(r) Fs4 = ag(r)sinh ¢ + -2 cosh ©,
r

where a1(r), as(r) T Fa(r) are arbitrary functions, b, = const, and the transformation
of coordinates is defined by formulae (31).
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Proposition 45. If Fy(r) # const, and the functions ai(r), as(r), 1/r are linearly
independent, then the Mazwell space defined by the tensor (100) admits the three-di-
mensional group Gg = G 5.

6.2.2. The class Cs 7. The algebra L37 = L{eas + Aes, €1, e3 — e} corresponds to the
group G 7 generated by hyperbolic helices and by translations along the vectors of an
isotropic plane. C57 = Cy5NCa6. The Mazwell space of the class Cs 7 is defined by the
tensor Fj; of the form

A . N
F12:F14:—€_SOCI)<T€_$3/>\>, F13:¢<T€—m3/>\>’
r

Fou=0 <7" 6_5”3/’\> . Fos = cs(r, :Eg) cosh ¢ + cy(r, 5153) sinh ¢, (101)
Fyy = c3(r, %) sinh ¢ + c4(r, 7*) cosh ¢,

where ®(u) and ¥ (u) are arbitrary functions of one variable, the functions cz = c3(r, T3)
and ¢y = c4(r, T3) are satisfied to equations

% 1 % A 803 8F24 .

or r ror 013
O A0 Gy (102)
or  rox® r '
804 A 804 C3
or  ro¥ r
and the transformation of coordinates is defined by formulae (91).
The class P57 of potentials A; that are invariant with respect to the group Gsz
consists of the fields defined by (97) and (98), where the functions do not depend on
7. For the field 4; = (—=®,0,0,0), ® = ®(2* — AInr) = ®(t), we obtain

Fio= Fiy = 20, Fiy—= @&, Fyy— Fo— Fu—0 (¥ =dd/dt).  (103)
T

Proposition 46. If " # 0, then the Mazwell space defined by the tensor (103) admits
the three-dimensional group Gs = Gs 7.

6.2.3. The class C516. The algebra L3156 = L{eia — €14, €24 + Aeq + pes, ea — €4}
corresponds to the group G 6 generated by parabolic rotations, hyperbolic helices,
and by translations along an isotropic straight line. For description of the class C 14
we use the change
' =X p+ 3", 2?=rcoshyp, 2*=pup+7®, z*=rsinhe, (104)

which contains, in particular, transformations (25), (31), and (91). The Mazwell space
is defined by the tensor Fy; of the form

Fi9 = ¢y cosh p 4 cosinh p,  Fiy = —cq sinh ¢ — ¢5 cosh ¢,

Fis = 13! 4+ by, Fyy = c5cosh © + ¢y sinh g, (105)

F34 = c3sinh p 4+ cycosh p,  Foy = as,

! 1 /b
o=y Pt 1 (51 (fl)umlm), e =bir—cs,  (106)
T T
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and the functions aj, = ax(r, 3) (k = 2, 3), by = b(r, 2®) (I = 1, 2, 3) are defined by
the following formulae:
a) for the class Cs 14, that corresponds to the algebra L3160 = L{€12— €14, €24, €2—€4}

(L3,16 for A= p=0),
az = @1(1-3)’ as = CI)Q(%B)’ by = q)/l(i.g%
1 (73 N (107)
by = ®5(3°), bs = 03(2°) — S 01T,
where ®1(72), ®o(23), @3(73) are arbitrary functions and the change is defined by (31);
b) for the class Cs 14, that corresponds to the algebra L{e1a — €14, €24 + Aeq, €2 — €4}
(L316 for A # 0, p=0),
a9 = q)l(i'g), a3 = q)g(i'g) —Alnr q)l(i'g),
by = ®4(Z%) + (A — Anr) @) (%), b = &) (3?),

2 7.2

(108)
by = P3(7°%) + (% In?r — M lnr — 5) ) (7%) — Nnr ®L(7?),

and the change is defined by (25) (for A = 0 the formulae (108) are transformed in

(107));
c) for the class Cs 6. that corresponds to the algebra L316. = L316 (A # 0, pu # 0),
AU AU
a9 = <I>1(u), a3 = CI)Q(U) — 2—@1(U), bg = cI)4(U) — 2—¢3(U),
20?2 g v r? g (109)
bl = <I>3(u), bg = W@g(u) — @@4(?0 — E@g(u) -+ <I>5(u),
where
u=73"—plnr, v=2=a"+pulnr, (110)
Oy (u), Po(u), P5(u) are arbitrary functions,
1
Ps(u) = —;e“/“/q)'l(u)e_u/“ du,
1 A A (111)
0iu) = et [ (@) - 21(0) + 30u(00) e+,

and the change is defined by (104);
d) for the class Cs 164 that corresponds to the algebra L{e1s — €14, €24+ €3, €3 — €4}
(Ls16 for A= 0, p#0),
a9 = <I>1(u), a3 = CI)Q(U), bl = <I>3(u),
2 (12)
bg = <I>4(u), bg = —Eq)g(U) + <I>5(u),
where u is defined in (110) and ®q(u), Po(u), P5(u) are arbitrary functions,
1 1
P3(u) = —;e“/“/q)'l(u)e_u/“ du, P4(u) = —;eu/"/@g(u)e—“/“ du, (113)
and the change is defined by (91) (A +— p)

' =3' 2=rcoshy, 2°=pp+3*, z*=rsinhe. (114)
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For A = 0 the formulae (109) and (111) are transformed in (112) and (113) .
For classes (316, and Cs 165 We take ®; = &3 = 0 and &5 = P(7?); we obtain the
following examples of the tensors Fj;:
1
Fio = Fiy = —®(i)e %, Fi3=®'(i?),
r

1
F24 = O, F34 = —F23 = —.i'lq)/(.i'g)e_@ (115)
T

and
1
Fig = Fiy = _cI>(;E~3)e_9"’ Fi3 = @’(533)’ Fyy =0,
r

1
Fyy = —Fyp3 = —(3' — AIn7r)®'(2%)e %,
T

(116)

Proposition 47. If ®"(7%) # 0, then the Mazwell space defined by the tensor (115)
admits the three-dimensional group Gs = (G164, and the Mazwell space defined by the
tensor (116) admits the group Gs = G5 16p-

For classes C316. and C5 164 we take @y = ®(u) = ®(7° — plnr) and &; = &5 = 0.
Then &3 = 0 and

1
Py(u) = ——e“/“/q)’(u)e_“/“ du. (117)
1
We obtain the following examples of the tensors Fj;:

1
Fio=Fiy= (@ — plnr)e™®, Fiz = ®4(i® — plnr), Fypy =0,
"y (118)

Fyy = —Fy3 = 2—6_“"@4(1‘3 —plnr) - (2ua' — A#* — Aplnr)
wr

and
1
F12 = F14 = —q)(.i'g — ,ulnr)e_“", F13 = @4(.%3 — ,ulnr),
T
" (119)
F34 = —F23 = 2_€_S0(I)4(i-3 — ,ulnr), F24 =0.
T

Proposition 48. If ®"(u) # 0, then the Mazwell space defined by the tensor (118)
admits the three-dimensional group Gs = G316 and the Mazwell space defined by the
tensor (119) admits the group Gs = G5 164-

6.2.4. The class C391. The algebra L3917 = L{e12, €14, €24} corresponds to the group
G391 generated by rotations in the plane Oz'z? and by pseudo-rotations in planes
Ox'z* and Oz?z*. The Mazwell space of the class Cs21 is defined by the tensor Fj; of
the form

F12 = F14 = F24 = O, F13 = 33'1 CI)(JL'B), F23 = .CL'2 CI)(JL'B), F34 = .CL'4 CI)(JZ'B), (120)
where ®(x3) is an arbitrary function.

Proposition 49. If ®(z?) # const, then the Mazwell space defined by the tensor (120)
admits the three-dimensional group Gg = G3.91.

6.3. Four-dimensional subgroups.
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6.3.1. The class Cy5. The algebra L,5 = L{eas, €1, €3, €2 + €4} corresponds to the
group G4 5 generated by pseudo-rotations in the plane Ox?z* and by translations along
the vectors of the isotropic hyperplane. Since L35 C Ly5, then Cy5 C Cs5. The
Mazwell space of the class Cy is defined by the tensor Fij of the form
bl b2
_ 1 R F, =2
a2 — g TE T UM T (121)
Fi3 = b3, Fy =0by (by = const).
Proposition 50. Suppose one of the following conditions is satisfied: 1) by # 0 and

bs #0, 2) by #0 and by # 0, 3) by # 0 and by # 0, 4) by # 0 and by # 0; then the
Mazwell space defined by the tensor (121) admits the four-dimensional group Gs = Gy 5.

F12:_F14:

6.3.2. The class Cy13. The algebra L4135 = L{e1a — €14, €24 + Aeq, e3, ea — ey} cor-
responds to the group G413 generated by parabolic rotations, by hyperbolic helices,
and by translations along the vectors of an isotropic plane. Since L3164, C L4,13, then
Cyi13 C C316p. The Mazwell space of the class Cy 13 is defined by the tensor Fi; of the
form

1
F12 = F14 = — (Kl.i'l — Kl)\ln/f' -+ KQ) 6_@,
T
K
F23 = —F34 = 73 €_S0, F13 = O, F24 = Kl,

(122)

where Ky, Ky, K3 are arbitrary constants, and the transformation of coordinates is
defined by formulae (25).

Proposition 51. If Ky # 0, then the Mazwell space defined by the tensor (122) admits
the four-dimensional group Gg = G4 13.

6.3.3. The class Cy14. The algebra L4154 = L{e1a — €14, €24 + Aes, €1 + ves, e — €4}
corresponds to the group G414 generated by parabolic rotations, by hyperbolic helices,
and by translations along the vectors of an isotropic plane. The group G414 is not
conjugate to Gy 13. Since L3164 C L4.14, then Cy14 C Cs16,. The Mazwell space of the
class Cy 14 s defined by the tensor Fy; of the form
Flo=Fy = E (Kﬁ:l S (% — Anr) + Kg) e ?, Fi3= —&,
r v v (123)

v Iz

1 /K K
Foz = —F3y = - (—15;1— ! (:%3—)\1n7") +K3) e % Fy =K,
r

where K; = const and the transformation of coordinates is defined by formulae (91).

Proposition 52. If Ky # 0, then the Maxwell space defined by the tensor (123) admits
the four-dimensional group Gs = G4 14.

Forv =0, i. e., for the algebra L4114, = L{€12 — €14, €21+ Aes, €1, ea— ey}, the class
Cy 144 15 defined by the tensor Fy; of the form

(124)
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where V(u) is an arbitrary function.

Proposition 53. If ¥'(u) # 0, then the Mazwell space defined by the tensor (124)
admits the four-dimensional group Gs = G4 14q4.

6.3.4. The class Cy15. The algebra L415 = L{e1a — €14, €23 + €34, €24 + Aeq, €2 — €4}
corresponds to the group Gy 15 generated by two one-dimensional subgroups of parabolic
rotations, by hyperbolic helices, and by translations along an isotropic straight line.
Since L3 165 C L4,15, then Cy 15 C Cs16p. The Mazwell space of the class Cy 15 is defined
by the tensor Fj; of the form

1
Fio=Fy,= —647([(11El — MK Inr + K»), Fi3 =0,
T
1 (125)
F23 = —F34: —;B_W(Kl.i'g—i_KB)’ F24:K17

where K; (i = 1,2,3) are arbitrary constants, and the transformation of coordinates is
defined by formulae (25).

Proposition 54. If Ky # 0, then the Mazwell space defined by the tensor (125) admits
the four-dimensional group Gs = G4 15.

6.3.5. The class Cy19. The algebra L4139 = L{e12, €14, €24, €3} corresponds to the
group (419 generated by rotations, by pseudo-rotations, and by translations along a
space-like straight line. Since L3921 C L419, then Cy19 C Cs91. The Mazwell space of
the class Cy 19 is defined by the tensor Fjy; of the form
Fio=Fy=Fy=0, F3= Kil?l,

Fos = Ka?, F3 = Ka* (K = const). (126)
Proposition 55. If K # 0, then the Mazwell space defined by the tensor (126) admits
the four-dimensional group Gg = Gy 19.

6.4. Five- and six-dimensional subgroups.

6.4.1. For each algebra
£5,7 = L{€12 — €14, €24, €1, €3, €2 — 64}7

Lss = L{e12 — €14, €23 + €34, €24 + Aes, €1, €3 — €4},
and
Lo = L{e12 — €14, €23 + €34, €24, €1, €3, €2 — €4}

there is the class Cg ¢ of Maxwell’s spaces defined by the tensor Fi; of the form

K
Fio = Fuy = 27147 Fiz3 = Fy =0,
r*+x
% (127)
2
F23 = —F34 = m, (Kl, K2 = COHSt).

Proposition 56. If K1 # 0 or Ky # 0, then the Mazwell space defined by the tensor
(127) admits the siz-dimensional group Gg = Gg .
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6.4.2.  For the algebra Lso = L{e1s, €14, €24, €1, €2, €4} the corresponding class of
Mazxwell’s spaces is empty.

7. THE MAXWELL SPACES THAT ADMIT PARABOLIC HELICES

In this section, we describe classes of the Maxwell spaces that admit parabolic helices

and parabolic rotations and were not discussed in the previous sections. See details in
[21].

7.1. Two-dimensional subgroups.

7.1.1. The classes Cy 74 and Cy7p. The algebra Lo 7 = L{e1a — €14+ Aea + pes, e — ey}
corresponds to the group Gs 7 generated by parabolic helices and by translations along
an isotropic straight line. The algebra Ly 7 is an extension of the algebra £, 4 by the
vector £ = e — e4. Therefore, the classes Cs 7., Ca 7, and Cy 7. that corresponding to
L, 7 for various values of A and p are obtained as restrictions of classes the C 44, C1 4,
and C 4. by using condition (2) for the vector §& = ey — eq: 02F;j — O4Fj; = 0. The
Mazwell space of the class Coqz, (A =0, p# 0) is defined by the tensor Fyj of the form
(36), where Cy = Ci(zt, T3) are the smooth functions that satisfy (37) and satisfy the
equations

1% 801 805 0 801 806 0

7o o 0w o

1% 803 CQ 802 807 —0 1% 806 05 805

o @ ox' o0z 7 o @ ox!
(the transformation of coordinates is defined by formulae (39)).

For p = 0 the system (128) is simplified and integrated partially. We obtain the
result. The Mazwell space of the class Coqzq (A =0, p=0) is defined by the tensor Fj;
of the form (36), where Cy, = Cy(z', 23) (k # 5) are the smooth functions satisfying
(37) and the equations

(128)

9C,  9Cs  Cy A0y AC;
R o S S (129)

and Cs = A/x' (A = const, the transformation of coordinates is defined by formulae

(35)).

Proposition 57. Suppose the functions ®(tq, t2) = @ (2% + 2%, 23), &1, Dy, P12 and
Doy are linearly independent (®y, = 0P /Oty, Py = 0*®/0t1,0t;); then the Mazwell space
defined by the tensor

o
F12:F14:_q)1_m7 F13:_CI)27
.fll'l
Foy = —Fyy = ——,, =0
23 347 Ty A ? 24

admits the two-dimensional group Gs = Ga. 4.

In particular, this condition holds for the function ®(ty, t2) = (3 + t3)ta.
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Proposition 58. Let

1
T
Oty 1) = (2?2 +at, 23+ 1 :
(f1. 1) ( 2 + 24

Oy = 0D/0ty,, By = 0*®/0t,01.

Suppose the partials ®o, P19, and Poy are linearly independent; then the Maxwell space
defined by the tensor F;; of the form

Flo=Fuy=Fyu=0, Fj= ﬁ%,
1
U
F23 - —F34 — q)l - mq)%

admits the two-dimensional group Gg = Gazp.

In particular, this condition holds for the function ®(tq,t5) = (¢ + t2)ts.

7.1.2. The class Cy7.. For A # 0 and p = 0 we have the following result. The Mazwell
space of the class Cy 7. is defined by the tensor F; of the form (36), where the functions
Ci = C(z*, %) (k # 6) satisfy (37) and also satisfy the equations

C(1 803 807 801 805

— —2A — =0, 2\

A oxt 013 ' oxt 013

and Cg = const (the coordinates {Z'} are related with {x'} by means of formulae (41)).

=0, (130)

Proposition 59. Let
O(ty,t2) = P <2)\:1:1 + (:1:2 + :1:4)2, x3> ,
dp = 00 /0ty,, @y = 0°®/0t,01.

Suppose the partials 1, P11, and P19 are linearly independent; then the Maxwell space
defined by the tensor F;; of the form

Flo=Fiy=Fy=0, Fi3=2\0;, Fo3=—Fy=2(z"+2"9,,
admits the two-dimensional group Gg = Ga .

In particular, this condition holds for the function ®(t1, t3) = t1(t? + 13).

7.1.3. The class Cy 5. The algebra Log = L{eja—e14+Aea, e3} corresponds to the group
G2 g generated by parabolic helices and by translations along a space-like straight line.
Since L4 4. C Log, then Caog C Cy 4. The Mazwell space of the class Cag is defined by
the tensor Fy; of the form (36), where the functions Cy, = Ci(z', 2*) satisfy (37) and
the following equations,

A 2\ O ozt 2\ Ot ozt (131)
2801 _9Cy 0 5:_1805 _2)\806 B Aa@ 0
ort ot 72X\ 07t Ox! ot

and the transformation of the coordinates is defined by formulae (41).
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Proposition 60. The Mazwell space defined by the tensor Fij is of the form

22 + 1)
F12:F14:F24:O, F23 :2<$2+3§'4)q)1+ (.1'14-7( b\ ) q)g,

Fiz = 2\®; + (2 + 2%) Dy,
2 4\2
Fyy = =22 + 2")® — (A + 2t + w> D,

where

D(ty, ty) =

) (2)\3:1 + (2% + :1:4)2, Azt + ot (2? + ) + % (2* + x4)3) :

admits the two-dimensional group Gs = Gag whenever the partials ® = 0P /0ty and

Oy = 0?® /0t 0t are linearly independent.

In particular, this condition holds for the function ®(tq, t2) = t1(t2 + 3).

7.1.4. The class Cy11. The algebra Lo11 = L{e12—e14+ ey + pes, eaz+ €34 — per + Aes }
(A=0,u0#0~AX# 0, = 0) corresponds to the group Gs 11 generated by two one-di-
mensional subgroups of parabolic helices. The Mazwell space of the class Cs 11 is defined
by the tensor Fy; of the form (36), where the functions Cy = Ci(z', 7%, 7*) satisfy (37),

(38b), (38e), (38g), (40), and the equations

(571)2 — 12 0Cs 13905

7 o gm0

(5{:1)?_ 112 3?6 B jhgﬁ?‘a _0,
z! o3 ozt

(#1)? —p?0Cr ;. 3807 M

— C =0

@ oo 7 it g

('%1) B lu 801 o ~1~3801 =0

Zl 013 85:4 '

(.f'l)2 — ,u2 802 sl 3802 - 0
Zl 013 ot

('%1)2 — lu2 803 o .i'l 3803 =0

Zl 013 ot

(the transformation of coordinates is defined by formulae (39)).

(132a)
(132b)
(132¢)
(132d)
(132¢)

(132f)
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Proposition 61. The Mazwell space defined by the tensor Fj; of the form

1 2
P — {3 2 1.3 2, .4 [4_ 2 (.1 }
12 ,uZ—(:UQ—i—:c‘l)Z 0 (,u:c :1:3:)—1—(3: —i—x) wo—pu (x) +

+ (° + x4)2 (4pz'a® — bpa®) +
(:1:2 + x4)3 [g (:1:1)2 + g (:1:3)2 — 2,u2] +

+4a2® (2 + :1:4)4 + (2% + x4)5} ,
Fig=—(2® +2%) (pa' + 2° (2° + 2))
iy = Fiy— (:1:2 +:1:4) [MQ _ (:1:2 +x4)2} ’
Foy = — (:1:2 —|—3:4) (,ux3 + ! (:1:2 —i—x4)) ,
1
i — (22 + 2t

{’U%Q (a% + ") + g [(5’31)2 + (x3)2} (2 + :1:4)2 -

+ (:1:13:3 - ,uxZ) (:1:2 + :1:4)3} .

[y = —Fy =

admits the two-dimensional group Gg = Ga11.

7.1.5. The class Cs114. The algebra L9114 = L{€12—e14, €23+e€34} (L2711 for A = = 0)
corresponds to the group Gs 11, generated by two one-dimensional subgroups of para-
bolic rotations. The Mazwell space of the class Ca 114 s defined by the tensor Fij of the
form (36), where the functions Cy = Cy(z', 23, 7%) satisfy (37), (38), and the following
equations

073 T ot

078 " 9t

" (307 e

0Cs ;005 0, 7! (606 ~3606) =0,

o, 00

0w ' 9

=0,

0w " 9

) ret (133)

L [(0C: 400,

x1(8j3_x38§;4)+05_0’
oC; _50C

;ﬁl(ajg—ﬁ%j)Jr%—o

(the transformation of coordinates is defined by formulae (35)).

Proposition 62. Let

DO | —

D = P(ty, ty) = (:1:2 + 2t = ((2")? + (2°)?) + 2°(2* + x4)) :
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), = 0D /Oty, Dy = 0*®/0t,0t;. Suppose the functions @, @1, o, and Doy are linearly
independent; then the Mazwell space defined by the tensor Fij of the form

F —;CDJFCI) + (z')* 4222+ 24 ) D
P2t R >

0
Fiy = — x4<I>+<I>1+ iy Dy,
1.3
rlz
Fo=—Fu= 5

admits the two-dimensional group Gg = G2 114.

7.1.6. The class Cy12. The algebra Lo19 = L{e12 — €14, €24 + Aes} corresponds to the
group (G212 generated by parabolic rotations and by hyperbolic helices. The Mazwell
space of the class Cy 19 is defined by the tensor Fj; of the form (36), where the functions
Ci = C(zh, 23, 2%) satisfy (37), (38) and to the following equations

~1801 801 ~1)2 (901

o P gm T @) g m =0 )
T R
i lorelon
It B
R
PG g+ () G G s

(the transformation of coordinates is defined by formulae (35)).

7.1.7. The class Cy12,. The algebra Ly 19, = L{e1a — €14, €24} (L2712 for X = 0) corre-
sponds to the group G 19,4, generated by parabolic rotations and by pseudo-rotations
The Mazwell space of the class Ca 124 is defined by the tensor F;; of the form (36), where
functions
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satisfy (38) (the transformation of coordinates is defined by formulae (35)).
The potential of the form

1 1
Ai—(CD, T %0, LCI)),

a4t a2yt
® = Oty 15) = (2, ()" + (2%) — (2")?)

belongs to the class P 124; it generates the following tensor Fj;:

1 2(z')? 212
FlZ:_x2+:c4CI)_ (:c2+a:4+2<x )" ) @2
1 2(z')? 442
Fu= 2 x4q) - (372 +axt 207) ) 2, (136)
1 a!
Fig=—®, Foy= 20y, Fy3=—F34=
13 1, 124 T2, 123 37 00 g

(@), = 0P /0ty,, Dy = 0*®/01.0)).

Proposition 63. The Mazwell space defined by the tensor F;; of the form (136) admits
the two-dimensional group Gs = Gy 124 whenever the functions x'®1; — 22 2x3®15, Fio+
22Dy — 20220315, and 22321 @1y — 21Dy, are linearly independent.

In particular, this condition holds for the function ® = t;ts.
7.2. Three-dimensional subgroups.

7.2.1. The class C3g. The algebra L35 = L{e1a — €14+ Aea, €3, ea — e4} corresponds to
the group G generated by parabolic helices and by translations along the vectors of
the isotropic plane. The Mazwell space of the class Csg is defined by the tensor Fj; of
the form (36), where
Ci=a, C3= 26%5:1 +as, Cg=asz (a; = const), (137)

and the functions Cy = Cp(2') (k = 2, 4, 5, 7, 8) satisfy (37) (the coordinates {Z'} and
{z'} are related by (41)).

Let ay = A, aa = a3 =0, Cy, =0 (k =2, 4, 5, 7, 8); taking into account the change
(41), we obtain

2

Flo=Fuy=Fy=0, Fiz=—(z +374)7

4
4 A (138)
F23 = E(AZ + )\33'1 + (33'2 + 33'4)2), F34 =—-A- F23.

Proposition 64. If A # 0, then the Mazwell space defined by the tensor Fi; of form
(138) admits the three-dimensional group Gs = Gl g.
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7.2.2. The class Cs59. The algebra L39 = L{eja—e14+Aea+pes, €1, ea—ey} corresponds
to the group G359 generated by parabolic rotations or parabolic helices with various axes
and by translations along the vectors of an isotropic plane. We consider three cases.

a) A= pu=0. The Mazwell space of the class Cs g, is defined by the tensor F;; of the
form

F12 = F14 = @(1'2 + 33'4), F13 = F24 = O, F34 = —F23 = ‘P(.%'Q + 33'4, 33'3). (139)
where ®(u) TV (u,v) are arbitrary functions.

Proposition 65. If ®(u) # const and OV /0x3 # 0, then the Maxwell space defined by
the tensor Fj; of the form (139) admits the three-dimensional group Gs = Gs gq.

b) A =0, pp # 0. The Mazwell space of the class Csgp is defined by the tensor F;; of
the form (36), where
~3
1= —%5:1 tay Cp=— (—ﬂisl + CLQ) + pd (3,

% %
~3)\2
Cs = (# )2 (—ﬂfsl + a2) + 203 + Uy (71,
24 I (140)
04 = —Cl - Cg, 05 = daq, 06 = %i‘g — ,uQCID’(:El),
Cr = —2%(;33)2 b (7Y + o (), Cs = Cs + Ch;

a1, ag = const, and ®(z'), Wi(z1), Ua(Z') are arbitrary functions (the coordinates {%'}
and {x'} are related by (39)).

Set a; = az = 0 in (140) and let W (z') = Wy(z') = 0; taking into account change
(39), we obtain

F12 = F14 = ,ux?’CI)'(xQ -+ 33'4), F13 = ,uCID(:UQ + 33'4),

141
Fos = —F5 = x3q3(1'2 -+ 33'4), Fyy = —,uZCID'(xZ + 33'4). ( )

Proposition 66. If the functions ®(z') and ®' (') are linearly independent, then the
Mazwell space defined by the tensor F; of the form (140) admits the three-dimensional
group G's = Gs gp.

c) A# 0, p = 0. The Mazwell space of the class Csq. is defined by the tensor Fj;
of the form (36), where Cy = Cy(23), C3 = C3(23), and C7 = C7(Z3) are arbitrary
functions and

C1 = \CL(3?), Cy = —ACL(#*) — Cs5(3%), CO5= A,
Co =B, Cy=C:(7*)+ A (A, B = const)
(the transformation of coordinates is defined by formulae (41) and the prime denotes
differentiation with respect to T3.)

Let Cy = ®(33), C3 = C7 = A = B = 0; taking into account the change (41), we
obtain

(142)

x? + xt

Fio=Fy=1Fy=0, Fiz=®"), Foz=—F3 = N

d(2?). (143)
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Proposition 67. If ®'(z3) # 0, then the Mazwell space defined by the tensor Fi; of the
form (142) admits the three-dimensional group Gs = Gs ..

7.2.3. The class C519. The algebra L3190 = L{e12 — €14+ \ea, €1 + pes, ea —eq} (A # 0,
i # 0) is an extension of the algebra Lo 7. = L{e1a—e14+ Aea, ea—e4} that corresponds
to the class Cs 7.; hence Cs 10 C Ca7.. The Mazwell space of the class Cs 1 is defined by
the tensor Fy; of the form (36), where Cy = Cy(puz' — 2X&3) (k = 2,3,7) are arbitrary
functions of one variable and the others are expressed from formulae

Cl = 2)\2 (MC:; - Cé) 5 04 = —Cl — Cg, 05 =A + /LCl,
Cs=B, Cy=0Cs5+C7 (A, B = const)
(the transformation of the coordinates is defined by formulae (41), the prime denotes
differentiation).
Let Cy = ®(uz' —2\#?), and C3 = C7 = A = B = 0; taking into account the change
(41), we obtain

(144)

x? 4+t

F12:F14:F24:0, F13:q)(u)7 Foy = —F3y = b\

®(u), (145)
where u = pzt — 2A7% = 2\ (pxt — 23) + (2% + )2

Proposition 68. If ®'(u) # 0, then the Mazwell space defined by the tensor Fj; of the
form (144) admits the three-dimensional group Gs = Gs19.

7.2.4. The class C310a. The algebra L3710, = L{€12 — €14, €1 + pes, ea — eq} (L3710 for
A =0 and p # 0) is an extension of the algebra Ly7, = L{e12 — e14, €2 — e4} that
corresponds to the class C 74; thus Cs5 104 C Ca74. The Mazwell space of the class Cs 104
is defined by the tensor Fi; of the form (36), where

B3Cy — by (2! 3C
Gy = a_~11 +a, Cy = xl—ql(x)a Cs = & ~12 +ba(7),
ks ks
Crm—Cr—Cyy C5 = = Ty
4= —Ci=0s O5 ==, 6*@1(37)7 (146)
5312 73p (71
Cr = -2 (:1:1) () +b3(z!), Cy=Cs5+Cr,

ai,as = const, by (Z1), ba(z') and b3(z') are arbitrary functions (the transformation of
coordinates is defined by formulae (35), prime denotes differentiation with respect to
zt).

Let in (146) a1 = 0, ay = A, by = by = b3 = 0; taking into account the change (35),
we obtain

Az — pat
Fio= Fuu=Fy =0, Fg=—— "
w4+
A (2% — pxt)? (147)
Fas F3y = —Fy3 — A.

- ﬁ (22 + 242’

Proposition 69. If A # 0, then the Maxwell space defined by the tensor Fj; of the
form (147) admits the three-dimensional group Gs = G310a-
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7.2.5. The class Cs315. The algebra L315 = L{e12 — €14, €24, €3} is an extension of the
algebra Lo 194, hence Cs15 C Cy124. The Mazwell space of the class Cs 15 is defined by
the tensor F;; of the form

C
17‘12:_75 (.f'2)2—06i'2+07, F13:0, F24:C5i'2+067
(148)
05 ~92\ 2 ~9 A
Fl, = -5 (2%)" — Coi® + Cs, Fog = —F3q = =1 (A = const),

where the functions Cy, = Cyp(2', %) (k =5, ..., 8) satisfy equation (38d), the second
equation in (37), and the system

- 805 ~1\ 2 805
33'1 OFl + (33'1) 97t - 05 = 0,
oC, 2 OC,
P20 (7 S — 149
T B (:1: ) 97 0, (149)
oC! oC!
i %17 + (7 %Z +Cs =0;

the transformation of coordinates is defined by formulae (35).
Let the function @ in (136) be independent of 2:%; then we get instead (136) the tensor
F;; of the form

1 2(x1)?
Fio=—5-a%- (x2(+)x4 T 2(»’172)2) O, Fig=Fy = Fy =0,
(150)

1 2 1\2
Fu=— o — ( @) _ 2(334)2) O, Fy =200,
xX

where ® = ®(t) = ®((z")? + (22)* — (2*)?) is an arbitrary function.
Proposition 70. If the functions ®(t) and ®'(t) are linearly independent, then the
Mazwell space defined by the tensor (150) admits the three-dimensional group Gs = G3.15.

7.2.6. The class Cs17. The algebra L317 = L{e1a — €14, €23+ €34, €24} is an extension of
the algebra L9 194, hence Cs17 C Ca124. The Mazwell space of the class Cs 17 is defined
by the tensor F;; of the form (36), where

A A 2 2
=2 o= AWTW gl o - o g,

2 2
/?54 251y n (151)
06:#4_3’ Cy=C;=C7;=Cs=0 (A, B=const),
Ya

and
vy =1, ys =1, y4—:”é4—%(:7:1)2+%(§:3)2;
the transformation of coordinates is defined by formulae (35).
The potential of the form
x! x!
A= (CID, —mcb, 0, —mcb) ,
© = 0(t) = D((x')* + (%) + («%) = (a")?)
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belongs to the class Ps17; it generates the following tensor Fj;:

1 2(5’71)2 2 /
F12__3:'2+£L'4q)_(33'2+l‘4+2x ,
1 2(1‘1)2 4 /
F14:_x2+:c4q>_ (:c2+x4_2x ¢, (152)
2 1,.3
F13 = —2,{1;'3CI)/’ F24 = —21‘1@/, F23 = —F34 = 721. 33' 1 /.
e+ x

Proposition 71. If ®"(t) # 0, then the Mazwell space defined by the tensor (152)
admits the three-dimensional group Gg = Gg17.

7.2.7. The class Cs15. The algebra L3158 = L{e1a — €14, €23 + €34, €13 + A(e2 — €4)} is
an extension of the algebra Ly 114, thus U518 C Cs114. The Mazwell space of the class
Cs15 s defined by the tensor Fy; of the form

1
F12 = F14 = %CI)(JZ'Q -+ 33'4), F24 = @(1'2 + 33'4),
r?+x , (153)
F23 = _F34 - _mq)(l'2 + 33'4), F13 = 0,

where ®(t) is an arbitrary function.

Proposition 72. If ®'(t) # 0, then the Mazwell space defined by the tensor (153)
admits the three-dimensional group Gg = (3 15.

7.3. Four- and five-dimensional subgroups.

7.3.1. The class Cy9. The algebra L9 = L{e1a—e14+Nea, €1, €3, ea—ey} is an extension
of the algebra L3, hence Cy9 C Cs5. The Mazwell space of the class Cyg is defined by
the tensor F;; of the form

bs

Fio=——= ()" —by@®+bs, Fig=by, Fuu=F+b
12 5 (x) 4" + 05, Fi3 1, 14 12 1 b3, (154)
Fog = —F3y = b13° + by, Foy = b33° + by (b = const),
where #* = (2% + z*) /.
Let us take in (154) b3 = B = const, by = by = by = b5 = 0:
Fip = ——— (2? —|—:c4)2, Fi3 = Iy = F3, =0,
2)\2
. (155)
F14 = F12 + B, F24 = —(.1'2 -+ .1'4).

A

Proposition 73. If B # 0, then the Mazwell space defined by the tensor (155) admits
the four-dimensional group Gg = Gy.

7.3.2. The class Cyg,. The algebra L9, = L{€e12 — €14, €1, €3, €2 — €4} is an extension
of the algebra Lo7 (for A = u = 0), thus Cy 9, C Co7q. The Mazwell space of the class
Cuoq 15 defined by the tensor Fy; of the form

F12 = F14 = @(1'2 + 33'4), F13 = F24 = O, F23 = —F34 = ‘P(.%'Q + 33'4), (156)

where ®(u) and V(u) are arbitrary functions.
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Proposition 74. If the functions ®, ¥ and (z* + 2*)®' are linearly independent, then
the Mazwell space defined by the tensor (156) admits the five-dimensional group Gg
that corresponds to the algebra

L{eis — €14, €23 + €34, €1, €3, €2 — €4}, (157)
There are no Mazwell’s spaces with the symmetry group G's = G4.9q.
7.3.3. The classes Cy124 and Cy 2. The algebra
L4712 = L{e1a — e14 + pies, ea3 + €34 + vea, €1, €3 — €4}

is an extension of the algebra L3¢ (for A = 0). Therefore, the corresponding classes (for
various p and v) are contained in Cs g, or Cs gp.

a) p# 0, v =0. The Mazwell space of the class Cy 124 that corresponds to the algebra
£4,12a = L{elg — €14 + ME3, €23 -+ €34, €1, €2 — 64} (£4,12 fOT’ Vv = 0) 18 deﬁned by the
tensor Fy; of the form (156).

Proposition 75. There are no Mazwell’s spaces with the symmetry group Gs = G412q4.

b) p =0, v # 0. The Mazwell space of the class Cy 12 that corresponds to the algebra
Laoy = L{e1s — €14, €93 + €34 + vea, €1, ea — es} (Lag2 for p = 0) is defined by the
tensor Fj; of the form.

F12 = F14 =A= COHSt, F13 = F24 = 0,

F34 = —F23 =V (33'3 — ZL (.1'2 +l’4)2) .

v

(158)

where VU(t) is an arbitrary function.

Proposition 76. If A # 0 and V'(t) # 0, then the Mazwell space defined by the tensor
(158) admits the four-dimensional group Gs = Gq195.

c) u # 0 and v # 0. In this case, the algebra is L£412 and the class of the Maxwell
spaces Cg 3 is defined by (72).

Proposition 77. There are no Maxwell’s spaces with the symmetry group Gs = G4 12.
(Gya2 for p#0 and v #0).

7.3.4. The class Cyo0. The algebra L4990 = L{€1a—€14, €23+€34, €13, €24} is an extension
of the algebra L3 17, thus Cy90 C Cs17. The Mazwell space of the class Cy a9 is defined
by the tensor Fj; of the form

B! Bz?
It - N - e
.1'2 + 33'4’ 23 34 .1'2 + 33'4’ (159)
F13 = O, F24 =B (B = const 7é 0)

Proposition 78. The Mazwell space defined by the tensor F;; of the form (159) admits
the five-dimensional group Gg that corresponds to the algebra

£5,9 =

F12:F14:

L{e1s — €14, €23 + €34, €13, €24, €2 — €4}.

There are no Mazxwell’s spaces with the symmetry group G's = Ga20.
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7.3.5. The class Cs 5. The algebra L5 5 = L{e12 — €14, €23+ €34+ Aea, €3 — ey, €1, €3} is
an extension of the algebra Ly 9,, thence Cs5 C Cy g,

Proposition 79. For A = 0 the class of the Mazwell spaces Cs 5 coincides with Cy g,
and is defined by (156); for X\ # 0 it coincides with Cs 3 and is defined by (72).

8. THE CLASSES OF THE MAXWELL SPACES THAT ADMIT PROPORTIONAL
BI-ROTATIONS

In this section, we describe classes of the Maxwell spaces that admit proportional
bi-rotations and were not included in previous sections. These classes were found by
E. G. Morokhova [19]. We use the change defined in Eq. (43).

8.1. Two-dimensional subgroups.

8.1.1. The class Csg. The algebra Lo9 = L{e13 + Aeay, €2 — e4} corresponds to the
group Ga 9 generated by proportional bi-rotations and by translations along an isotropic
straight line. As L£;5 C Log, then the class Csg is a subclass of the class Cy 5. The
Mazwell space of the class Cag is defined by the tensor F;; of the form (44) — (45) if
the following equations

OFi3 1 0F3 0 0
- — = — = — =0
(9,0 )\p 90 07 8p (Cl + 02) 8p(c3 + 04) )
g 10a e & _ 0o 106 a o _, (160)
Op Ap0db  p Ap Op Apd0  p Ap
Ocg f 105 o ey O, 104 3 &
Op Ap 00 p Np op X0  p N

are satisfied.
We may define the part of the class P» g of potentials A; as follows,

Al = Ag = O, A2 = —A4 = pq)(T', A0 + lnp), (161)

where @ is an arbitrary function of two variables. For the case ® = ®(r) we obtain the
tensor Fj; of the form

Flo=—Fj, = pe’\“"CI)’(T) cos(f — ), Fiz3=0,
Fog = Fyy = —pe?®/(r)sin(0 — @), Foy = 20(r).

Proposition 80. If ®'(r) # 0, then the Mazwell space defined by the tensor (162)
admits the two-dimensional group Gg = Gag.

(162)

8.1.2. The class Cy19. The algebra L9190 = L{e1s, eas} = L{e13+Neas, €24} corresponds
to the group G310 generated by proportional bi-rotations and pseudo-rotations. As
Ly5 C Lo10, then Co 19 C Ci5. The Maxwell space of the class Ca 10 is defined by the
tensor Fi; of the form (44) and

F13:F13(p77'), F24:F24(p77')7 (163)

where
c1 = —kgsinf + kycost, co = —kisinf + ks cosb,

Cc3 = kg COS@ —+ k4 sin 9’ Cy = kl COS@ + k2 Sin@, (164)
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and the functions Fis(p,r), Fas(p,r), and k; = ki(p,r) satisfy the equations

K
OF Ok ko0 0P Ok kv p K onst).  (165)
op or r rp

or 8—,0 i p
The part of the class P50 of potentials that admits the group G ¢ is defined as
follows:

Ai = (07 CI)(T', p)ekwa 07 —CI)(T', p)ekw)a

where ® = ®(r, p) is an arbitrary function. This potential generates the tensor Fj; such
that

Fiy = —Fyy = ™0 (r, p)cos(§ — @), Fiz3 =0,
. ' / 1 (166)
Fyz = Fyy = =€, (r, p)sin(0 — @), Fou=— | Q,(r,p) + ;CI)(T', )

Proposition 81. If the conditions

1 1,1
O+ S0 A0, B @) = 0 A0,

are satisfied, then the Mazwell space defined by the tensor in (166) admits the two-di-
mensional group Gg = Ga19.

8.2. Three-dimensional subgroups.

8.2.1. The class C511. The algebra L3511 = L{e13 + Aeaq, €1, e3} corresponds to the
group G311 generated by proportional bi-rotations and by translations along the vectors

of two-dimensional Euclidian plane. The Mazwell space of the class Cs 11 s defined by
the tensor Fy; of the form (44) and

Fi3 = const, Fhy = Fa(p), (167)

where Fau(p), ca = ca(p), and cy = c4(p) are arbitrary functions and
c1 = Mea+ pcy), 3= —Mea + pdy). (168)
Let us take in (167), (168), and (44) co = P(p), ca = 0, Foy = V(p); we get an

example of the tensor F;; that defines the Maxwell space of the class Cs 11:
Fia = —®(p) sinh Ap sinp — A\(®(p) + p®'(p)) cosh Ay cos ¢,
Fiy = ®(p) cosh Mg sinp + A(P(p) + pP'(p)) sinh Ay cos ¢,
Fyy = ®(p) (®(p) + pP'(p)) cosh Mg sin g, (169)
F34 = ®(p) cosh Ap cos o — A(D(p) + pP'(p)) sinh Ay sin ¢,
Fi3 = const, Fhyy = Y(p).

sinh Ap cosp — A

Proposition 82. If ®(p) # const and V(p) # const, then the Mazwell space defined by
the tensor (169) admits the three-dimensional group Gs = G311.
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8.2.2. The class C512. The algebra L3519 = L{e13 + Aeaq, €2, €4} corresponds to the
group G312 generated by proportional bi-rotations and by translations along the vectors

of two-dimensional pseudo-Euclidian plane. The Mazwell space of the class Cs 1o s
defined by the tensor Fj; of the form (44) and

F13 = Flg(T'), F24 = COHSt, (170)

where
¢1 = sin 0(t1 cosh A0 + to sinh Af) — cos 0(t3 cosh A0 + t4 sinh A§),
¢y = —sin (ty sinh Af + to cosh A0) + cos 0(t5 sinh A + t4 cosh \9),

171
c3 = — cos O(t1 cosh A0 + to sinh A0) — sin 0(t5 cosh A0 + ¢4 sinh \9), (171)
cq = cos O(t1 sinh A0 + t5 cosh A0) + sin 0(t3 sinh A0 4 t4 cosh A§),
moreover, the functions Fi3(r), ts = t3(r), and ty = t4(r) are arbitrary and
1 1
t1 = ——(ta +rty), to=——(tz+rty). (172)

A A

Proposition 83. If Fi5 # const and t3 # const (orty # const), then the Mazwell space
defined by the tensor Fi; according to formulae (44), (170), (171), and (172) admits the
three-dimensional group Gs = G'312.

8.2.3. The class C513. The algebra L3135 = L{e1s, €2, €2 — €4} is an extension of the
algebra Ly 19, thus Cs135 C Ca109. The Maxwell space of the class Cs 13 is defined by the
tensor Fy; of the form (44), (164) and

F13:q)1(7')7 F24:q)2(7")7 (173)
where
1 / 2 K 1 / 2
ki = =g y(r)p” + @a(r), kp = —hs = o’ ks = =5 ®5(r)p” — B3(r) (174)

(K = const, ®1(r), $o(r), P3(r) are arbitrary functions).
8.3. Four-dimensional subgroups.

8.3.1. The class Cy7. The algebra L47 = L{e13 + Aeay, €1, €3, €2 + €4} is an extension
of the algebra L3511, hence Cy 7 C Cs11. The Maxwell space of the class Cy7 is defined
by the tensor Fj; of the form

—Fi19 = F1y = (c18inp — co cos ) e’\“", Fi3 = B = const, (175)
Fy3 = F34 = (c1cos o + cosinp) e, Fyy = E = const,

where ¢1 = ¢1(p), ca = ca(p) are arbitrary functions).

Proposition 84. Suppose two following conditions are satisfied:

1) ¢1 # const or ¢y # const,

2) B#0 or E#0.
Then the Mazwell space defined by the tensor F;; of the form (175) admits the four-di-
mensional group Gg = Gy 7.
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8.3.2. The class Cy10. The algebra L4190 = L{ei3, €24, €1, €3, } contains Lo 19 as a sub-
algebra, therefore the class Cy 1 is a subclass of Cy19. The Mazwell space of the class
Cy10 s defined by the tensor Fy; of the form

F12 = F14 = Fgg = F34 = 0, F13 =B = COHSt, F24 = F24(p) (176)
(F4(p) is an arbitrary function).

Proposition 85. If B # 0 and Fu(p) # const, then the Mazwell space defined by the
tensor Fy; of the form (176) admits the four-dimensional group Gs = G 1o.

8.3.3. The class Cy11. The algebra L4117 = L{eis, a4, €9, €4} is also an extension of
the algebra Ly 19, hence Cy11 C Ca10. The Mazwell space of the class Cy 11 is defined
by the tensor Fj; of the form

F12 = F14 = F23 = F34 = O, F13 = Flg(T'), F24 = F = const. (177)
(Fi3(r) is an arbitrary function).

Proposition 86. If £ # 0 and Fi3(r) # const, then the Mazwell space, defined by the
tensor Fy; of the form (177) admits the four-dimensional group Gs = Ga11.

9. OTHER CLASSES

In this section, we describe classes of Maxwell spaces which were not described in the
previous sections.

9.0.4. The classes C5 144, Cs14p and C514.. The algebra
£3,14 = L{elg —e14+ ey + Hes, €23 + €34 + vey + )\63, €y — 64}

corresponds to the group G514 generated by two one-dimensional subgroups of par-
abolic helices and by translations along an isotropic straight line. We describe the
corresponding classes in three particular cases.

a) A = pu =v = 0. The Maxwell space of the class Cs144 that corresponds to the
algebra L3140 = L{e12 — €14, €23 + €34, €2 — €4} is defined by the tensor F;; of the form

Kzt + Kox3 + K. Kozt — K23
Fip— 100+ Kox® + 3’ 24:M+<I>1(3:2+x4),
(22 +:1:4)2 (22 +x4)2
1\2 312 1,.3 3
o K, <(:1: )" — (x?) > — 2Kz’ — 2Ksx 210, (22 + 2t
2 (x2 —1—3:4)3 x?+ zt
K
2 4 _ 2
+CI)2(33' +x ), Flg—F14+m, (178)
K, <(a:1)2 — (:c3)2> + 2Kozta® + 2Kzt 230, (22 + )
F3 = 3 +
2 (22 + ) x? + 2t
K
2 4 _ 1
+ $g(x” +2%), F23f—F34+m7

where K1, Ky, K3 = const, and ®1(t), ®o(t), and P3(t) are arbitrary functions of one
variable.
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b) A # 0 and p = v = 0. The Mazwell space of the class Cs 145 that corresponds to
the algebra L3145 = L{e1a — €14+ Ae1, a3 + €34 + Aes, €2 — e4} is defined by the tensor
Fi; of the form

K2 Kll'l —|—K233'3—|—K3
2 14+x2+:1:4—)\’ v (22 24)” = A2
Ky (21)? 2K 2'0? + K> (2%)° + 2K;a°

14 —

22242t =N 2(x2 a2t + N (a2 + 2t = N)

lq) 2 4
T 1(33' +T ) +CI)2(33'2+33'4),

24+t — A
(179)

Kox! K3 2, 4

Fyy = — +Qy(2" +27),

# (22424 =N (2242t + N> 1 )
e Ky (23) Ky (%) + 2K,x' 23 4+ 2K3a!
o 222+ a4 + N 2(22 4 2t — N (22 + 2t + \)

230 (2% + 2?) K

d 2 4 Foo = —F .
P ), U

Formulae (179) transforms to (178) if A = 0.

c) A=0and p=v #0. The Mazwell space of the class Cs14. that corresponds to
the algebra L314. = L{e1a — €14 + pies, €3 + €34 + per, ea — eq} is defined by the tensor
Fi; of the form

F12 = F14 + ,u\Ifl(u) —+ U‘IJQ(U), F13 = xllIfl(u) + $3\D2(U) + Cl(U),
Fgg = —F34 + u\Ifl(u) — ,uKIfg(u), F24 = xlllfg(u) — l'gqfl(U) + CQ(U), (180)

Fiy= Fu(at, 23 u), Fiq= Fy(a', 23 u) (u= 2+ a%),

where
1Ifl(u) _ (Kl + ZKQIU) (u2 — /’L2) — 2K
(u? + yi2)° ’
2 2 _ .2
lIJZ(u):—2K1’uu+4K2’u u—i—é(g(u ,u)’ (181)
(u? + pi?)
Cy(u) = BRI Ca(u) = 9'(u)
(K, ..., Ky = const, ®(u) is an arbitrary function), and the components Fi4, Fs4
satisfy the equations
Fis — uF:
O1F1y = 03F34 = —%7
WPt F (182
OsFiy = —01Fyy = —2 -2
3114 1F34 212

9.0.5. The class Cs99. The algebra L399 = L{e12, €13, €23} corresponds to the three-di-
mensional group G399 of rotations around the origin in the subspace of the Minkowski
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space RS = {z € R} : o' = 0}. The Mazwell space of the class Csa9 is defined by the
tensor Fj; of the form

Fio = —A2®/r® Fiz3 = Ax?/r®, Fos = —Az"/r® (A = const),

183
Fiy = _l'lq)(ra 33'4)7 Fyy = —JL'QCI)(T', 33'4), F3y = _xICI)(T" .1'4). ( )

9.0.6. The class Cy16. For the algebra
Ly16 = L{e1a — e1a + Aes, eas + €34 + Aeq, €13, €2 — €4}

we obtain the empty class Cy 16.

9.0.7. The class Cg1. The algebra Ls1 = L{eia, €13, €23, €14, €24, €34} corresponds to
the Lorentz group Gg1. The class of Maxwell spaces that corresponds to the Lorentz
group 1S empty.
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