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A geometric study of the dispersionless Boussinesq type equation
PAUL KERSTEN, I. KRASIL’SHCHIK, A. VERBOVETSKY

ABSTRACT. We discuss the dispersionless Boussinesq type equation, which is equiva-
lent to the Benney—Lax equation, being a system of equations of hydrodynamical type.
This equation was discussed in [4].The results include: a description of local and non-
local Hamiltonian and symplectic structures, hierarchies of symmetries, hierarchies
of conservation laws, recursion operators for symmetries and generating functions of
conservation laws (cosymmetries). Highly interesting are the appearances of operators
that send conservation laws and symmetries to each other but are neither Hamiltonian,
nor symplectic. These operators give rise to a noncommutative infinite-dimensional
algebra of recursion operators.

INTRODUCTION

Below we deal with the dispersionless Boussinesq type equation (the dB-equation),
which is the system

Wy = Uy,
Uy = WW, + Uy, (1)
Vp = —UW; — SWly,

being equivalent to the Benney—Lax equation, and which is known to be integrable, [1].
In particular, it possesses a bi-Hamiltonian structure. System (1) is of hydrodynamical
type and can be obtained as a reduction of the Khokhlov—Zabolotskaya equation.

Using the methods developed in [6], we rediscover the above mentioned bi-Hamiltonian
structure and show that it is only a part of the infinite-dimensional space of operators
that take conservation laws of (1) (their generating functions, more precisely) to sym-
metries. These operators, in a standard way, generate an infinite associative (but not
commutative) algebra of recursion operators for symmetries.

Every recursion operator, applied to a known symmetry (e.g., a point one), gives rise
to an infinite family of symmetries (both local and nonlocal ones). Contrary to the
known examples, these families are not hierarchies in the usual sense, because their jet
order does not grow infinitely but remains at level 1 for all symmetries we found.

Dually, there exists an infinite-dimensional space of operators that take symmetries
of the dB-equation to generating functions (or cosymmetries) and only some of these
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operators determine symplectic (or inverse Noether) structures on the equation. In a
similar way, we obtain an infinite algebra of recursion operators for cosymmetries and
infinite families of conservation laws (also of 1st order).

Below we present a detailed analysis of all these structures. In Section 1 a very infor-
mal introduction to the theoretical background is given. Section 2 contains preparatory
material needed to achieve the main results. These results are exposed in Section 3 and
discussed in concluding remarks (Sections 4 and 5).

1. BACKGROUND

As it was mentioned in the Introduction, our computations are based on the results of
paper [6] (see also [7]). For the general theoretical background we also refer the reader
to books [1, 10, 12]. Here we shall give an informal description of the computational
scheme we use in subsequent sections.

We consider a system & of evolution equations

u = F(x, t,u,ug,. .., ug), (2)

where both v = (u',...,u™) and F = (F',...,F™) are vectors and u; = du/ot,
us = 0°u/0z®. For simplicity, we restrict ourselves to the case of one-dimensional
space variable x, though everything works in the general situation as well. We are
interested in symmetries and conservation laws of system (2) and in various operators
that relate these objects to each other (recursion operators, Hamiltonian and symplectic
structures).

1.1. Symmetries and conservation laws. A symmetry of equation (2) is a vector
field (an evolutionary field)

2, = Y3 D), 3)

i>0 j=1 i
where ¢ = (!, ..., ™) is a vector function depending on x, t, u, u1, ..., u, and satis-
fying the equations
: oF7 ,
‘Dt((p]) = WDx(gpl% J = 15"'7m' (4)
i Ot
Here and below
0 , 0 0 PG
Dx:%+z Z+18l’ t_a—i_ZDz(F)%

i, 1,0
are total derivatives with respect to  and t. We identify fields 9, with functions ¢
(the generating functions). Thus, a symmetry is a function that satisfies the equation

le() =0, ()
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where
le =D, — (6)
and 4 ,
S, 0FYJouDL ... > OF'/ou"D:
bp= .. R e (7)
S, OF™/ourDL ... > OF™[Ou DL

Operator (6) is called the linearization operator for the equation €. The set of symme-
tries is a Lie algebra denoted by sym(&).
A conservation law for equation (2) is a horizontal 1-form

w=Xdx+Tdt
closed with respect to the horizontal de Rham differential
dp =dx N\ Dy~ dt N\ Dy,

i.e., such that
D.(T) = Dy(X),
where T = T(x,t,u,uq,...), X = X(x,t,u,uq,...). A conservation law is trivial if it
is of the from w =d, f, i.e.,
X:Da:(f)7 T:Dt(f)7 f:f(x7tauaula)
The space of equivalence classes of conservation laws modulo trivial ones coincides with
the 1st horizontal de Rham cohomology group for £ and is denoted by H}(E).

Remark 1. If the number of the space variables x equals n, then this space coincides
with HJ'(E).

To any conservation law w = X dx + T'dt there corresponds its generating function

¢w:5X:<6X 6X)’ (8)

where 0 denotes the Fuler operator and
o i 0
Sui Y (-1)Dio ol (9)
i>0 i

is the wvariational derivative with respect to u’/. Any generating function (8) satisfies
the equation

where
Ue = —Dy+ 1%

So.(=1)DL o dF JOul ... Y .(=1)'D.odF™/0u;
:_Dt+ ........ R e (11)
S (=1)'DLodF Jou ... Y .(=1)'DiodF™/oul
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is the operator adjoint to f¢.

Solutions of equation (10) are called cosymmetries and in general not all of them are
generating functions of conservation laws. The space of cosymmetries will be denoted
by sym*(£). The Euler operator determines the embedding

§: H(E) — sym*(E). (12)

Symmetries and cosymmetries may be understood as vector fields and differential
1-forms, respectively, on the equation £ and there is a natural pairing between them:

if o= (o' ..., ™) €sym(€) and ¢ = (Y, ..., ¥™) € sym*(E), we set
(¥, 0) =¥l 4+ YT (13)

At first glance, the right-hand side of (13) looks like a function, but the “physical
meaning” of (¥, ¢) is quite different. Namely, applying D; to (¢, ¢) we have

Di(h, ) = (Di(tp), ) + (¢, D)) = —(lp(v), ) + (¥, lr(p))
and, consequently,
Dy, 0) = Do(Ty)
for some T}, ,. Though the conservation law

(W, ) dr + Ty, dt (14)
is not defined uniquely, its cohomology class depends on ¢ and 1 only and we obtain
(.): sym™(€) x sym(E) — Hy(E).

Note that for any w € H}(E) one has
(0w, @) = Bp(w).

1.2. Recursion operators, Hamiltonian and symplectic structures. In this sub-
section we shall discuss a local theory and shall explain how nonlocal components are
incorporated in all construction in Subsection 1.4. All operators considered below are
matrix operators in total derivatives of the form

A= (2, GiDDy). (15)

We call such operators C-differential operators. In particular, we shall deal with oper-
ators

A= (3 a3D;) (16)

in D, only.
In the case of equation (2) we may consider the operator f¢ to act from the space s
of vector functions ¢ = (¢',...,¢™) to the same space. Then £} acts from s* to s,

where s* is the dual space.

Remark 2. A coordinate-free description of actions of ¢¢ and £§ may be found in [1].
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From Subsection 1.1 we have
sym(E) = ker lg C », sym*(€) = ker lz C »
and we are looking for C-differential operators of the form (16) acting as follows
R:»n—
H: " — s,
S:x— i1,
R*: " — ",

and such that

R(sym(E)) C sym(E), (21)
H(sym*(E)) C sym(E), (22)
S(sym(&)) C sym*(E), (23)
R*(sym*(£)) C sym*(E). (24)

To find such operators makes the first step in constructing the structures we are inter-
ested in. Namely,

e operators R are recursion operators for symmetries;

e operators ‘H satisfying conditions described in Remark 3 below are Hamiltonian
structures on the equation &;

e operators S satisfying conditions described in Remark 4 below are symplectic
structures on the equation &;

e operators R*.

Remark 3 (Hamiltonianity conditions). Let H be an operator of type (18). Then for any
two conservation laws w; and wy of equation (2) (or their equivalence classes in H}(E))
one can define the bracket

{wr, wakn = (dwr, H(0w2)) = Dry(sws) (0wr)- (25)

H is a Hamiltonian structure if this bracket is skew-symmetric and satisfies the Jacobi
identity. The fist condition means that H is a skew-adjoint operator (H = —H*) and
thus may be understood as a bivector on £, while the second one amounts to

[H,H] =0, (26)

where [-,-] is the variational Schouten bracket, [5]. Recall also that two Hamiltonian
structures are compatible (or constitute a Hamiltonian pair) if and only if

[H1, Ho] = 0. (27)

Efficient coordinate formulas to check conditions (26) and (27) will be given in Subsec-
tion 1.5.
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Remark 4 (symplectic conditions). Let S be an operator of type (19). Then it can be
understood as a map

S: sym(&) x sym(E) — HL(E) (28)
by setting
S(ip1,p2) = (S(1), p2). (29)
We say that S is a two-form on & if
S(i1,p2) = =8(p2, 1) (30)

for all ¢y, o € sym(E) (this is equivalent to S = —S*). For such a form one can define
its differential

6S: sym(€) x sym(&) x sym(E) — Hj(E)
by

58(9017 2, 903) = 99018(902’ 903) - 93028(901’ 903) - 93038(9017 902)
=~ ({12}, 03) + S{p1 3}, 02) — Sz s}, ), (31)
where the bracket {¢, ¢’} is uniquely defined by the formula

9{90790/} = [apa Qw/].

We say that S is a symplectic structure if the corresponding two-form is closed with
respect to ¢, i.e.,

0§ = 0. (32)
Again, computational formulas to check conditions (30) and (32) will be given in Sub-
section 1.5.

Remark 5 (Nijenhuis conditions). Any operator (17) satisfying (21) can be considered
as a recursion on symmetries, i.e., it takes a symmetry of the equation £ to a symmetry.
Similarly, any operator (24) is a recursion operator for cosymmetries. Thus, applying R
to a given symmetry ¢ one obtains the whole family

vo=p, pr=Rp,....p;=Rlp,... (33)
Commutativity of such families closely relates to integrability of £.
For any recursion operator R: sym(&) — sym(E) its Nijenhuis torsion

Ng: sym(€) x sym(E) — sym(E) (34)
is defined by
Nr(e1,02) = {Re1, Rer} — (R{Rer, @2}) — {01, Rea} + R({1, 2})),
while for a symmetry ¢ its action on R is defined by
(9:R)(¢) ={», R¢'} = R{w,¢'}.
Both operations can be expressed in terms of the Nijenhuis bracket and as it was shown

in [9] the conditions
Ng=0, B9,R=0 (35)
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imply commutativity of family (33).

1.3. A-coverings. To construct operators possessing properties (21)—(24), we solve the
following operator equations

lgo R =Arols (36)
leoH = Ay ol; (37)
leoS =Asols (38)
leoR* = Ag» o (% (39)

with respect to R, H, S, and R* for some C-differential operators Az, Ay, As, and Ag-.
Remark 6. It is easily shown that
AR — R, AH - —H, AS — —S, AR* :R*

and for any solution R of equation (36) its adjoint R* is a solution of (39) and vice
versa, while for any solution H of equation (37) its inverse H ™' (if it makes sense) is
a solution of (38) and vice versa. In addition, for any solution H its adjoint H* is a
solution as well and the same for S.

All four problems (36)—(39) can be formulated in the following general form. Let P, @,
P’, Q) be some spaces of vector functions on the equation £ and A: P — P, V: Q — @’
be C-differential operators. How to find all C-differential operators X': P — () such that
the diagram

Pr 2.0
Al lv
P! _Ax Q'
is commutative for some C-differential operator Ax? For simplicity, we shall assume

that X" is an operator in D, only, i.e., of the form (16).

Remark 7. This problem has an obvious set of trivial solutions. Namely, any X of the
form X = X’ o A. We shall look for equivalence classes of solutions modulo trivial ones.

To this end, we use the following construction. Assume that the operator A acts on

functions v = (v!,...,v") and consider the system of equations
= F(x,t e
Uy (33', y Uy U, 7uk)7 (40)
A(v) =0

(recall that the coefficient of A may depend on the function u and its derivatives). We
say that system (40) is the A-covering (or the A-extension) of the equation &.
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Example 1 (the fg-covering). Let us take the operator fg = D, — ¢ for A. Then the
corresponding extension is called the (¢-covering of £. For example, if £ is the Burgers
equation

Up = Ugg + Uly,

then lg = D; — D? — uD, — u, and the (¢ covering is of the form

Up = Ugg + Uly,
Vi = VUpy + UV; + VUy.

Example 2 (the (;-covering). If we take the operator (f = —D; — (3, for A, then this
extension is called the (%-covering. For the Burgers equation, ¢f = —D; — D2+ D, o
u—uy = —D; — D?> +uD, and thus

Up = Ugy + Uy,
Vy = —VUgy + UV,

is the (%-covering.

Denote by D, and D, the total derivatives in the space of the A-covering. Then,
since V is a C-differential operator, we can consider the operator V which is obtained
from V by changing D, and D, to D, and D,, respectively. Consider now the linear
differential equation

V(a) =0, (41)

where a = (a',...,a®) is a vector function linear in the variables v, vy, ..., v;,..., i.e.,
J— J ol
a’ = E alv;, (42)
il

al, being functions on &.

Theorem 1. Fquivalence classes of solutions of the equation
VoX =Ay oA

modulo trivial solutions are in one-to-correspondence with the solutions of equation (41)
of the form (42). The operator X corresponding to solution (42) is of the form

X = (Zz szl) (43)

1.4. Nonlocal theory. A-coverings are a particular case of the general geometric con-
struction that allows to introduce nonlocal objects related to the initial differential
equation (see [11]). Here we shall present all needed constructions in the coordinate
form.
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Let £ be an equation of the form (2) and w = (w!,... ,w") be a new unknown vector

function in x and ¢ (the case of infinite number of w’s is included). A system &

{wg = X (z,t,w,u,ug, ..., up),

; 4 44
wi =T (x, t,w,u,ug, ..., Up), (44)

j = 1,...,r, is called a covering over &£ if its compatibility is provided by &£. The
number r of new variables is called the dimension of the covering while w’s are said to
be nonlocal variables in this covering.

Example 3. The system
L,
Wy = U, Wy = Ugy + —U

is a covering over the KdV equation.

Total derivatives on € are denote ZN?I and Dt and they are of the form
. ") . S
D,=D, X/ — D, =D 77—
* JZ; ow’ ! et ; ow’

Thus, if A is a C-differential operator on &, we can define the operator A on € substi-
tuting D, by D, and D, by D;.

Compatibility conditions for (44) read

D, X7 = D,T7 mod €.
If X7 and 77 do not depend on w, then these conditions mean that the forms
w'=Xtde + T dt, ..., W =XV de + TV dt,. ..

are conservation laws for the equation £. Conversely, to any system of conservation
laws we can put into correspondence a covering.

The system & is a differential equation itself and thus we can consider its symmetries,
cosymmetries, conservation laws, etc. These objects will be referred to as nonlocal with

respect to the initial equation £. In particular, nonlocal symmetries are determined by
the equation

ls(p) =0,
while nonlocal cosymmetries are defined by
(:(¢) = 0.

On the other hand, since {¢ is a C-differential operator, the operator (¢ is well defined.
In general, ¢z # (¢ and the equations

le(@) =0
and
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can be considered. Their solutions are called shadows of symmetries and cosymmetries,
respectively.

Remark 8. A-coverings are (usually, infinite-dimensional) coverings in the sense of this
subsection. Consider, for example, the {¢-covering which can be presented in the form
w = F(x, t,u,ug, ... ug), vy = Lp(v)

and set

W=, w =1, W=y, ...

Then the l¢-covering is equivalent to the system

wl = Wit
wi = Di(Lp(w)),

j=0,1,2,... In a similar way, the £¢-covering is equivalent to
ph=p"
pt = =Dy (0")).

From now on, the notation w and p is used for nonlocal variables in the f¢- and £¢-
coverings, respectively.

Comparing the results of this and the previous subsections, we can formulate the
statement fundamental for all subsequent computations.

Theorem 2. Let £ be an equation of the form (2). Then equivalence classes of solu-
tions R, H, S, R* of equations (36), (37), (38), (39) are in one-to-one correspondence
with

shadows of symmetries in the Lg-covering for (36),

shadows of symmetries in the (%-covering for (37),

shadows of cosymmetries in the le-covering for (38),

shadows of cosymmetries in the (f-covering for (39).

All shadows are taken to be linear with respect to nonlocal variables in the corresponding
COVETING.

Since £ is an equation, we can consider its coverings. In this way, coverings over
coverings, etc., arise. Our next remark is concerned with special coverings over {¢- and
lz-coverings and with interpretation of the corresponding nonlocal variables.

Remark 9 (nonlocal vectors and covectors). Consider an equation £ and its £5-covering.
Let ¢ be a symmetry of £. Then, since ¢ satisfies the equation Dyp = fpp and p is
defined by D;p = —{}:p, we have

Di(pp) = D.(T)
for some function T}, on the (z-covering (see the end of Subsection 1.1). Consequently,

pypdx + T, dt
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is a conservation law on the (¢-covering. Denote by p¥ the nonlocal variable in the
corresponding covering, i.e.,

pE = pep, pi =T,. (45)

We call p? the nonlocal vector corresponding to .
In a similar way, any cosymmetry ¢ of £ determines the conservation law

Ywdx + Ty dt
on the l¢-covering. The nonlocal variable w¥ defined by
w¥ = Yuw, wy = Ty (46)
is called the nonlocal covector (or nonlocal form) corresponding to .

Take a set of symmetries ¢, ..., ¢" and the covering corresponding to this set by (45).
Then we can consider shadows of symmetries and cosymmetries in this covering linear
with respect to the variables p and p?, i.e., shadows of the form a = (a',. .., a™), where

o =3 Y alpi+ ) alp”. (47)
I=1 >0 s=1

Proposition 1. The operators corresponding to functions (47) are of the form

A= <Zi20 ang;iz + 2221 aiD;l o ‘Pls> ) Jl=1,...,m, (48)

and they enjoy properties (37) and (39) for shadows of symmetries and cosymmetries,

respectively. In addition, if (47) is a shadow of symmetry, then the vector functions
as = (al,...,a™), s=1,...,r

are symmetries of equation &, and if (47) is a shadow of cosymmetry, then these func-
tions are cosymmetries.

In the same way, one can consider a set 11, ..., 1, of cosymmetries and the covering
over the lg-covering given by (46). Let us take a shadow b = (b',... ™),

Y = i Z bWl 4 i blws (49)
s=1

=1 i>0

in this covering.
Proposition 2. The operators corresponding to functions (49) are of the form
A:<ZzZObZlD:ZE+Z;:1b§D:;10¢é)7 jalzlaama (50)

and they enjoy properties (36) and (38) for shadows of symmetries and cosymmetries,
respectively. In addition, if (49) is a shadow of symmetry, then the vector functions

by = (b%,...,bM), s=1,...,r,
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are symmetries of £, and if (49) is a shadow of cosymmetry, then these functions are
cosymmetries.

Note that all operators (48) and (50) are obtained in the weakly nonlocal form (cf. [2]).

Remark 10. In the sequel, we shall use a short notation
{ay,...,ar | DY o1, 00 = ZagD;I o
s=1

and
(br,. b | Dy 4y, ) =Y WD o)l
s=1

for the nonlocal part of operators (48) and (50), resp.

1.5. General outline of the computational scheme. The computations described
in Sections 2 and 3 are divided into two parts. The first one plays an auxiliary role and
consists of the following steps:

e Construction of a number of conservation laws and the corresponding nonlocal
variables for the initial equation.

e Construction of local and nonlocal symmetries that will serve as seed symmetries
for infinite families and to be used to construct necessary nonlocal vectors.

e Construction of local and nonlocal cosymmetries that will serve as seed cosym-
metries for infinite families and to be used to construct necessary nonlocal cov-
ectors.

e Construction of nonlocal vectors and covectors.

In the second part we reveal the main structures associated to the dB-equation.
Namely,

e We solve the equation

le(b) =0
in the fg-covering to construct recursion operators for symmetries of the
form (50).
e We solve the equation
le(a) =0
in the (g-covering to construct recursion operators for cosymmetries of the
form (48).
e We solve the equation
le(a) =0 (51)

in the (f-covering to find operators of the form (48) that take cosymmetries
to symmetries. Hamiltonian structures on £ are distinguished by Theorem 3
below.
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e We solve the equation
lx(b) =0 (52)
in the fg-covering to find operators of the form (50) that take symmetries to
cosymmetries. Symplectic structures on £ are distinguished by Theorem 4.

We shall now present two criteria that allow to distinguish Hamiltonian and symplectic
structures between local solutions of (51) and (52).

Theorem 3. Let a = (a',...,a™) be a solution of (51), where a’ =37, al'pl. Con-
sider the function A = Zj a’p’. Then the corresponding C-differential operator is a

Hamiltonian structure on the equation £ if and only if

0A |
Z 6—pjp] = 24 (53)
j
wnd A 6A
- oul opi (54)
In addition, two Hamiltonian structures with the functions A and A’ are compatible if
and only if
0A 0A"  0A" FA
Z <5u9 0p * ou 5,0]) (55)

Theorem 4. Let b = (b',...,0™) be a solution of (52), where b/ = 37, ; vl Con-
sider the function B = Zj Vwl. Then the corresponding C-differential operator is a
symplectic structure on the equation & if and only if

0B
and 5B

Remark 11. To use these two results correctly, note that
(1) The variables p/ and w! should be considered as odd ones.
(2) The operator ¢ is the total Euler operator in the corresponding covering equa-
tion, i.e.,

A I B
S L

for the (¢-covering and
IR T R
S ut T Sum dwl T dwm

for the (¢-covering.
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Remark 12. Conditions (53) and (56) guarantee that the corresponding operators are
skew-adjoint. Conditions (54), (55), and (57) are equivalent to (26), (27), and (32),
respectively. An amazing property of evolution equations in “general position” was
established in [3] and [8] and is the following one.

Theorem 5. Let € be an evolution equation of the form (2) and assume that it is not a
first-order scalar equation. Then if the symbol of the right-hand side is nondegenerate,
one has

e any skew-adjoint C-differential operator satisfying (37) satisfies (54) as well
(any bivector is Poissonian),

e any two skew-adjoint C-differential operators satisfying (37) satisfy (55) as well
(any two Hamiltonian structures are compatible),

e any skew-adjoint C-differential operator satisfying (38) satisfies (57) as well
(any two-form is closed).

2. PREPARATORY COMPUTATIONS
We now come back to the dB-equation

W = Uy, U = WWy + Vyp, Vp = —UW; — Wy

and first of all note that it is homogeneous with respect to the following gradings
(weights)
|I| =—1, |t| = —2, |w| =2, |u| =3, |U| =4

and corresponding weights of all variables and their polynomial functions. All con-
structions used in subsequent computations become homogeneous and we can restrict
ourselves to homogeneous components.

2.1. Nonlocal variables. We looked for the coverings associated with conservation
laws of the dB-equation and found the variables pq, po, p3, s, . . ., defined by

(p1)e = (p1)e = u,
(pZ)a: = u, (pg) ! (2U —+ w )
(p:s)zzv—i-wQ, (ps): = w,
(ps5)e = (U + 20w 4 2u”) /2, (p5): = uv.

The subscript refers to the grading of the corresponding variable. Thus,

|P1| =1, |p2| = 2, |p3| =3, |p5| = 9.

Further computations show that exactly one new conservation law arises at each grading
level except for gradings 4,8,12,... We use the corresponding nonlocal variables to
construct nonlocal symmetries and cosymmetries in Subsections 2.2 and 2.3.
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Remark 13. Void positions with gradings divisible by 4 are occupied by nonlocal vari-
ables of the next level of nonlocality.

(QO)x = P1, (CIo)t = P2,
(q4)s = psw — 3ps, (g4)r = psu — 2ps,

etc. Moreover, we found two independent nonlocal conservation laws for each of grad-
ings 8 and 12.

2.2. Symmetries. The defining equations for symmetries (or their shadows in the
nonlocal case) of the dB-equation are

Dy(") = Dal(p"),

Dy(¢") = wDy(¢") + wi9" + Dy("), (58)

Di(¢") = —uDx(¢") = 3urp" — 3wDy(p") — wr".
The grading of a symmetry is understood as the grading of the corresponding vector
field and hence

ol = Il = |w] = |"| = Ju| = || = [v].

2.2.1. (z,t)-independent local symmetries. Solving equations (58) we found a number
of local symmetries independent of  and ¢. Here are the results for grading < 7:

woo_ w o __ wo__
02y =0, Y1 = wi, Yo = Ui,
u u u
90—4:07 ¥1 = Ui, Py = wWiw + v,
v v v
pl,=1, P = V1, Py = —wiu — I w,

and
Yy = 2w w + vy,
Py = —W1U — U W,
Q5 = — 3w w? — uu — 201w,
¥ = w1 (v + 3w?) + ugu + vw,
P5 = u1v + V1,
0! = wi(—u® — 3w?) — dujuw + vi (v — w?),
¥ = 2wiuw + up (20 + w?) + 2y,
i = wy (—2u* + 2vw + w*) — duyuw + vy (20 + w?),
08 = wiu(—2v — Tw?) + uy (—2u* — 6vw — 3w*) — 6vuw,

¥ = wy(—3u® + 12vw + 14w®) — 6uyuw + 6vy (v + w?),
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¥ = 6w u(—v — 2w?) + ui (—3u® — 6vw — dw®) — 6v uw,
@l = 6ww(u® — 3vw — 3w?) + 6uu(—v + 2w?) + vy (=3u* — 120w — 10w?).

The subscript in the notation above equals the grading of the corresponding symmetry.
We computed this kind of symmetries up to grading 15 and found that they exist at all
levels except for 4, 8, 12.

Remark 14. Note that only the first three symmetries are classical ones. All other
symmetries are higher despite the fact that their jet order equals 1.

2.2.2. Nonlocal symmetries. Nonlocal symmetries (or, to be more precise, their shad-
ows) arise at gradings 4, 8, 12, etc. We computed these symmetries up to grading 16
and found that at level 4 there exists one symmetry, at level 8 two of them, at level 12
three symmetries arise, etc. For example, at level 4 we have the symmetry ¢, with
the components

011 = —20pzwy — 12pyuy — 6p1 (2wiw + vy) + 9u? + 160w + 16w?
oY = —20p3u; — 12ps(wiw + vy) + 6p (wiu + uyw) + 8u(3v + w?),
@Y = —20psv1 + 12py(wiu + 3ugw) + 6p; (3wiw? + uru + 2v,w)
— 39u2w + 1602 — 12w,
while at level 8 we have two symmetries g and ¢go with the components
pg1 = —1764prw; — 980psuy + 1176ps(—2ww — vy)
+ 280ps(wyv + 3wiw? + uru + viw) + 42po (2w u + 2urv + uiw?® + 2v1u)
+ 14(54u*v + uw? + 48v*w + 96vw? + 52w®),
pg1 = —1764pruy — 980ps(wiw + v1) + 1176ps(wiu + uyw) + 280ps(urv + viu)
+ 42py (—2wiu? + 2wyvw + wiw® — duguw + 200 + viw?)
+ 28u(—27u*w + 3607 + 24vw?* — w?),
wg1 = —1764p7rv1 + 980ps (w1 + 3ujw) + 1176ps (3wiw? 4 uu + 2v,w)
+ 280ps(—wiu? — 3wyw® — duyuw + viv — viw?)
+ 42ps(—2wyuv — Twiuw? — 2uiu? — 6ugvw — 3ujw® — 6uiuw)
+ 7(=27u? — 468uvw — 190u*w® + 64v° — 14dvw* — 96w°)
and
©"(8,2) = —2184prw; — 1456pguy + 2184ps(—2wiw — vy)
+ 1040p3 (w1v + 3w w? + wyu + vw)
+ 312po (2w uw + 2uqv + uyw? + 2v1u)
+ 52py1 (—3wiu? + 12wvw + 14w w® — 6ujuw + 6v1v + 6v,w?),
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©"(8,2) = —2184pruq — 1456pg(wrw + v1) + 2184ps(wiu + ugw)

+ 1040ps(uyv 4 viu)

+ 312po (2w u? + 2w vw + wiw® — duguw + 200 + vyw?)

+ 52p1 (—6wyuv — 12w uw? — 3ugu? — 6ujvw — dugw® — Guiuw),
©"(8,2) = —2184pyv; + 1456p6(wiu + 3uyw) + 2184ps (3wiw? 4 uiu + 2v,w)

+ 1040p3(—wyu? — 3w w?® — dujuw + viv — viw?)

+ 312po (2w uv — Twiuw® — 2ugu® — 6uyvw — 3uyw® — 6v uw)

+ 52p1 (6w u*w — 18w vw? — 18w w* — 6uyuw

+ 12uuw? — 3viu® — 1200w — 10v,w?).

2.2.3. (x,t)-dependent symmetries. These symmetries arise at levels 0, 4, 8, etc., and

at each level we have two new symmetries @ 1, 9o 2, Pa.1, Pa,2, ... For example, we have
Pon = Twi — 2w, Gy = tur + 2w,
$o1 = Tup — 3u, P = twiw +v1) + 3u,
$o1 = av1 — 4o, Poo = —t(wiu + 3uyw) + 4v

and

@i = w(wiv + 3w w? 4 upu + viw) — 3p1 (2w + vy) — 4pouy — Spswy,

@11 = (urv + v1u) + 3p1(wiu + uiw) — dpa(wiw + v1) — dpsun,

a1 = —z(wiu? + 3wiw® + duyuw — viv + viw?) + 3p; (Bwiw? + uyu + 2vw)
+ 4ps(wyu + 3ugw) — Hpsvy,

@iy = t(2wiuw + 2uyv + ww? + 2v1u) + 4py (2wiw + vy) + 6pyus + Spswy,

Do = —t(2wiu? — 2wyvw — wiw® + dujuw — 2010 — viw?)
— 4p1 (wiu 4+ ugw) + 6pe(wiw + v1) + 8psuy,

@i o = —t(2wiwv + Twiuw? + 2uiu® + 6uvw + 3uw® + 6vuw)

— 4p1 (Bwiw? + uyu + 2v1w) — 6pa(wiu + Suyw) + 8psvy.

Note that only the two symmetries are local.

2.2.4. Distribution of symmetries. We present the distribution of symmetries described
above in Table 1.

2.3. Cosymmetries. The defining equations for cosymmetries (or their shadows) of
the dB-equation are

Dy(4p") = wD,(¢"*) — uDy(¢") + 2ust)”,
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-4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12

$—4 Y1 P2 P3 Y5 Y6 PT7 Y9 Y10 P11
P41 P8,1 ©12,1
$8,2 $12,2
©12,3
©0,1 P4,1 P81 ®12,1
©0,2 P42 P82 ©12,2

TABLE 1. Distribution of symmetries along gradings

Di(y*) = Di(¢") = 3wDa(¢") — 2w, (59)
Dy(¢*) = Da(¢").
The grading of a cosymmetry is understood as the grading of the corresponding dif-
ferential form and thus

] = %] + |w] = [¢"] + Ju] = [¢°] + 0]

2.3.1. (z,t)-independent local cosymmetries. We computed these cosymmetries up to
grading 16 and found that they exist at all levels except for 1, 5, 9, etc. Here we
present the results for gradings < 8:

=1 u =0, v =w,
¥y =0, vy =1, vy =0,

g8 =0, g5 =0, v=2

¢ = v+ 3w, 7 = uw, Vg = 11—4(—3u2 + 120w + 14w?)
v=u, = g@uru?), g = D,

W= w=u Ui =20 +u?)

2.3.2. Nonlocal cosymmetries. Nonlocal cosymmetries independent of x and t were

found at levels 9 (one cosymmetry), 13 (two cosymmetries), and 17 (three cosym-
metries). For example, we have

w 1

Yoy = 1

+ p1(=3u? + 120w + 14w?)),

(—42p; — 84psw + 20ps(v + 3w?) + 12pouw

1
Vg1 = ?(_14}76 + 10psu + 3p2(20 + w?) — 3pruw),

1
Y51 = = (=21ps + 10psw + 6pau + 3ps (v + w?)),

1
Pizg = 5(195]711 + 484pgw — 126p7 (v — 3w?) — TOpguw
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+ 14p5(3u® — 120w — 14w®) + Bp3(20* + 120w” + 11w*)
+ pou(—2u® + 6vw + 3w?)),

1
Y3 = E(297p10 — 504p7u — 140pg(2v + w?) + 336psuw + S0pzuv
+ 3pa(—8utw + 4v? + dvw* + w4)),

1
Pisg = = (242pg — 126p;w — TOpsu — 84ps(v + w?) + 10ps(u® 4 20w + 2w®)

3
+ 3pou(2v + w?)),
and
1
Uiy = =(—=351p1; — 84Tpyw + 210p7 (v + 3w?) + 112psuw

9
+ 21ps(—3u’ + 120w + 14w®) — 5ps(20° + 120w” + 11w?)

+ p1(—3uv — 6uw? + 6v*w + 1dvw® + Ju®)),

u 1
Vi3 = 9

— pru(u® + 6vw + 4w?)),

(—132p1o + 210p7u + 56pg (20 + w?) — 126psuw — 20psuv

1
Yi30 = 1—8(—8471?9 + 420prw + 224pgu + 252ps(v + w?)

— 20p3(u® + 2vw + 2w?) + p (—6u*w + 6v* 4+ 120w? + Tw?)).

2.3.3. (z,t)-dependent cosymmetries. These cosymmetries exist at levels 1, 5, 9, etc.
The first one,

&ﬁl =T, 1/_}?,1 = t? &il = 07
is local, all others are nonlocal: two at level 5,

7;30,1 = (v + 3w?®) — 6pyw — 5ps, 1;;“2 = tuw + 4prw + 4pa,

7 - 1

Uy = wu—dps, Py = (420 -+ w?) + 6po),
@/_Jg,l = rw — 3py, @Z_JQ’Q = tu + 2ps,

two at level 9,

- 1
Yoy = ﬁ(ZIZ(QUQ + 120w? + 11w*) + 8pouw + 20ps(v + 3w?)
— 112psw — 63p7),

— 4
(O ﬁ(xuv + pa(2v + w?) + 5ps — 10ps),

- 2
%},1 = ﬁ($(u2 + 20w + 2w3) + 4pou + 10psw — 28ps),
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- 1
Pyy = g(tu(—2u2 + 6vw + 3w?) — 6pouw — 16p3(v + 3w?) + 96psw + 56p7),

1

Uy, = = (3t(=8u*w + 40* + dvw® + w?) — 12py(20 + w?) — 64psu + 140p;),

12
- 1
Yoy = §(3tu(20 + w?) — 6pyu — 16psw + 48ps),

etc.

2.3.4. Distribution of cosymmetries. We present the distribution of cosymmetries de-

scribed above in Table 2.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
Y2 Y3 e Y7 s Yo P11 Y12 Pvia P15 Yie
9,1 P13,1 P17,
¥13,2 Y172
B ~ ~ ~ 17,3
P11 5,1 9,1 $13,1 Y171
V5,2 Y9 2 V13,2 V17,2

TABLE 2. Distribution of cosymmetries along gradings

2.4. Nonlocal vectors. We construct nonlocal vectors on the f§-covering (see Re-
mark 9) associated with symmetries ¢4, ..., p; and denote them by p= ... p7, re-
spectively. Thus, by definition, we have

Dw(pz) = p ey + el +pel i1=-4,1,2,3,5,6,7.

The corresponding t-components are given by the following relations:
Dy(p') = p"oit + (9} + pifw) — p (3pfw + pi'u).
Here p*, p*, p¥ are the coordinates in the ¢§-covering (see equations (61) below).
2.5. Nonlocal forms. We also constructed nonlocal forms associated to the cosym-

metries o, V3, 14, and g, 17, 1s. We denote these forms by w?,...,w® and have by
definition

Dx(wi) = WY + Piw" + Plw?,

where w", w", w¥ are the coordinates in the (¢-covering (see equations (60)).
The t-components of the nonlocal forms under consideration are given by the equations

i=2,3,4,6,7,8,

Dy(w') = (j'w — iu)w” + (¢ — 3pjw)w" + Pfw’
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3. THE MAIN RESULTS

We begin with the defining equations for the {¢- and ¢3-coverings of the dB-equation.
In the first case we have

w o

Wy = Wy,
u w w v

wy = wwy 4+ ww” + wy, (60)
v w u u w

Wy, = —Uw, — Wyw" — 3ww, — Juw®,

while the equations of the (¢-covering are

Py = Wpy — upy + 2ugp’,

py = py — 3wpy — 2w,p’, (61)
Py = Py-
The total derivatives on the {¢-covering are of the form
D, =D, + ZZ; <Wﬁ1% +W?+1aiwzy + Wfﬂ%)a
Dy =Dt Y (whaps + Dt + s ) - (62)
i>0 0wy’ dwyt

. 0
— D (uwy’ + wiw" + 3ww + 3u1ww)a v),
w

i
where D, and D, are total derivatives on the dB-equation, while on the (¢-covering
they are presented by

. Z 0 0 0

) ) )
Di=Di+3 (Dx(w/ff —upl - 2up) 5 (63)
>0 i

- w v v a u a
+ D, (p} — 3wpi — 2w p )8—p“ + '0”18—,0’?)

3.1. Recursion operators for symmetries. We construct recursion operators R =
(RY, R*, RY) for symmetries of the dB-equation solving the system

Dt(Rw) Dz(Ru)a
Dy(RY) = wD,(R™) + wyR” + D,(RY),

Dy(R") = —uD,(R") — 3uyR* — 3wD,(R") — w R,
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where the total derivatives are defined by formulas (62). Recall that we look for solutions
linear in w;’s and admit their dependency on nonlocal forms. Besides the trivial solution

wo__ W u __ U vo__ W
,R’Ofwa ,R’Ofwa 0 —

that corresponds to the identity operator, we found the following two nontrivial solu-
tions of grading 4:

= (Qwawy + Wy + WP (2wiw + 1)) /2,

i1 = = (2whu; + WP (ww + 1) — W wiu + ww))/2,

b1 = 2w 4+ WP (—wiu — 3w w) + WH(=3ww? — wu — 20w)) /2,

= (—dww; — wiuy + 2w w + 3w u + 4w™ (v + 2w?))/8,

o = (—4whuy — WP (wyw + v1) + 3w + 2w (20 + w?) + W uw)/8,
b = (—4whvy + W (wiu + 3uw) + 4w — Hw uw + 3w (—u® — 2w?)) /8.

Remark 15. We also found three solutions at level 8, but they are too cumbersome to
present them here.

The operators corresponding to the above solutions are

1 _
Ra1 = §<2§01, @2, 03 | Dy | ta, 03, 10) (64)

and

1
Rao = —§<4<P1a<ﬂ2 | D' | by, ts)

4(v + 2w?) 3u 2w
+ = uw 2(2v+w?) 3u | (65)
=3(u?+2w?) —lluw 4o

(here and below we use the notation introduced in Remark 10). The explicit expressions
for symmetries ¢; and cosymmetries ¢; are given in Subsections 2.2.1 and 2.3.1.

3.2. Recursion operators for cosymmetries. Recursion operators for cosymmetries
are of the form R* = (R**, R*",R*") and can be constructed from the equation

Dy(R*™) = wD,(R**) — uD4(R*") 4+ 2u; R*",
Dy(R*™) = Dy(R*") — 3wD,(R*") — 2w, R*",
Dt(R*’U) _ DI(R*,U)’

where the total derivatives are given by formulas (63). The first two nontrivial solutions
(both of grading 4) are

R41 = (p* +2p'w)/2,
R4,1 :p/27
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Ry =p'/2,
Ryy = (=20 + 3p"(—2w’® — u?) + pwu + 4p" (2w* + v)) /8,
Ryy = (—p° — 11p wu + 2p"(w® + 20) + 3p"u) /8,
Ry5 = (4p"v 4 3p"u + 2p"w) /8.
The operators corresponding to these solutions are

* 1 —
7?’4,1 = §<2¢47¢3,w2 | Dxl | @17@27@3) (66)

and

R 1 _
R4,2 = _§<¢372w2 | Dxl | 9027()03>

4(2w* 4 v) wu —3(2w® 4+ u?)
+ = 3u 2(w? + 2v) —1lwu . (67)
8 2w 3u 4v

3.3. Hamiltonian structures. The first step to construct Hamiltonian structures
H = (H", H", H") is to solve the equation

Dy(H") = Do(H"),
Dy(H") = wD,(HY) + wH" + Dy (HY),
Dy(H") = —uD,(H") — 3uyH” — 3wD,(H") — w,/H"

with total derivatives defined by formulas (63). The first three solutions are
gjl = pis
3,1 =01,
01 = —4piw + pi = 2p"wy,
Hiy = (dp1v + 3piu + 2pYw + 2p"v1 + pus) /2,
Hiy = (—11pfwu + 2p% (w® + 20) + 3piu — 2p° (wuy + 4uw,)
+ p*(wwy +v1))/2,
Hyy = (—pi (6w’ + 16wv + 3u?) — 11pfwu + 4p}'v
— 29" (3w?w; + 2wy + uuy + dvw)
+ p"(=3wuy — uwy))/2,
Hio = p'v1 + ptur + pPwy,
Hyo = p'(Bwuy + vwy) + p"(wwy + v1) + p“u,

Hyo = P’ (=3ww, — 4wy — uuy) + p*(—3wu, — uw;) + pPu;.
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The operators corresponding to these solutions are

0 O D,
Ho,l =H; = 0 D, 0
D, 0 —-4D,w — 2w,
and
1 2wD,, 3uD, + uy 2(2vD, + vy)
Hyi == | 3uD, 2(w?+20)D, + ww; +v1  —1lwuD, — 2(wuy + duwy) | |
2 4vD, —1lwuD, — 3wu; — vw, hy oDy + hi
w1 U1 (%1
Hyo= | m wwq + vl —3wu; — uwy ,
vy —3wu; —uw, —3wrw, — dwv; — uny
where

h% » = — (6w’ + 16w + 3u?), h9 2= —2(3ww; + 2wvy + uuy + dow).

The operator H; is skew-adjoint and by Theorem 5 is a Hamiltonian structure for the
dB-equation, but neither of the last two operators is Hamiltonian. Nevertheless, their
linear combination

1
Ho = Hyq + §H4,2

is skew-adjoint and consequently Hamiltonian. Again, by Theorem 5 the structures H;
and Hy are compatible.

3.4. Symplectic structures. To find symplectic structures S = (S*, 8%, S)", we solve
the equation

Dy(8Y) = wD,(8") — uD,(S°) + 2u, S”,
Dy(8") = Du(S") = 3wD,(S") — 2un 8",
Dy(S8") = Dy(8Y),

where the total derivatives are given by formulas (62). We obtained one solution

w 4 2
0,1 =W T ww,

5,1 = 3/27
Sy =w?/2
of grading 0 and to solutions of grading 4:
T = —14w® — 8w'w + 4w*(Bw® + v) + wlwu,
1= (—10w" + 8w'u + W (w? + 2v)) /2,
Spy=—4w’ + 4wt + wiu,

Sty = (T0w® 4 360w — 12w* (3w® + v) + W?(14w® + 12wv — 3u?)) /14,
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Tty = (120" — 6wy — 3wwu) /7,
ho = (90° — 6w'w + 3w (w® + v)) /7.
The operator
S1 =81 = (Y, %?ﬁ&% | D' | b, s, )
corresponds to the first solution, while to the second and the third ones the operators
Su1 = (thy, Mg, —8s, =503, =14ty | D' | U3, by, s, o7, 1s)
and
Su = (4, =, s oo, 5002 | DT |, s s, )

correspond.
The operator &; is skew-adjoint and hence is a symplectic structure for the dB-
equation. In addition, the operator

SQ - 28471 + 78472

is a symplectic structure as well.

4. INTERRELATIONS

We shall now present the basic algebraic relations between the above described struc-
tures. They include description of the following compositions:

RoR, RoH, SoR, HoS, SoH, HoR*, R*0S, R* o R",

together with the action of the operators R on symmetries and of R* on cosymmetries
and as well as commutator relations between symmetries.

Of course, some of these relations are deducible from the other ones, but we prefer
explicit presentation.

4.1. R oR. Compositions of the first two recursion operators look as follows

Ryi10Ryy = iRs,l + 1—72R8,2,
Ry10 Ry = —%Rs,l,
Ryp0Ry1 = %R&l + 1_72R8,27
Ryp0Rys = _%RSJ + %RS,B-

So we have
Ryps0 Ry = Ry10Ryo+ Ryqo Ry,
or

[R472, R471] — Ril‘ (68)
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Actually, this relation determines the entire structure of all algebraic invariants related
to the dB-equation.

4.2. R oH. We computed the following compositions:

1
R4,1 o Ho,l :5 4,2,

Ry10Hyy =— Hgy + Hgo+2Hg 3,
Ryi10H,=Hg;,

1 1
R4,2 o Ho,l 21H4,1 - ZH4,2,
R H 1H 1H
o = — — - =
4,2 4,1 ) 8,2 9 8,3
R H Hgq + L + !
o = — —
4,2 4,2 817 5482 Hss'
Rg 0 Hyy =8Hg; —4Hgo — 8Hy 3,
18 12 24
R Hy,=——H —H —H
8,2 O g1 - s + - 82 + - 83
6 7 12
R Hy, =—Hs{ — —Hgos — —Hgs.
8,3 O 1101 13 8,1 13 8,2 13 8,3

etc. These relations imply, in particular, the equality
(3Ra1 +4Ru2) o Ho1 = Haq + %H4,2-
Denoting 3R4 1 + 4R42 by R, we have
R oM = Ha, (69)
where H; and H, are the Hamiltonian structures introduced in Subsection 3.3.
Proposition 3. The operator
R =3Ry1 +4R4p2 (70)

satisfies the Nijenhuis conditions (see Remark 5) and generates and infinite family of
compatible Hamiltonian structures

H,=R" oM,
for the dB-equation.

4.3. S o R. These compositions look as follows

1 7
So10Ryn = 154,1 + 554,2,

1
50,1 o R4,2 = —1—654,1,
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11 1
So10 Rgq = 788,1 + 158,27

33 9
So,1 0 Rgo = —2—858,1 + 2—858,3,

11
50,1 © Rs,3 = ﬁs&la
11 3
Sg10 R4y = _?S&l — 158,2 — 35833,
11 3
Sg10Ryo = ZS&l + 1—658,2,
99 3 45
S Ry = =S =S, — S,
4,2 0 g1 581 + 78,2 + g 8%
99 3
S Ryio=—-—855; — —5
4,2 © 1142 56 8,1 93 8,25

4.4. 'HodS. These compositions look as follows

1
Hy 10501 =§R0,1,

Hy1 0841 =— 8R40,

6 24
Hp1 0S4 :?R4,1 + Ed

52
H Ss1 =—R
0,1 © 98,1 11 8,35

HO,l @) S&Q :2R871 — 104R873,

R4,27

14 52
Hy10Ss3=Rg1+ §R8,2 + §R8,37
Hyi 0801 =Ra1 + 2Ry,
5
Hyyi 0S84, :§R8,1 — 26y 3,
78

Hyy 0849 =3Rgs + 7R8,3,

H4,2 o SO,l :R4,17
Hyo 0841 =Rg 1,
Hy90S49 =Rg1+ Rgpo,

1 7
Hg1 0501 :ZRSJ + ER&Q,

3 7 13
Hgs0 S0, =— ZRS,I - §R8,2 — 338,3,

27
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9 7 13
Hg 3050, :1_6R8,1 + §R8,2 + ZR&&

ete.

4.5. § o 'H. Similar to the identities of the previous subsection, we have

1
So,1 0 Ho :éRap

* *
SopoHyyp=— Ry, + 2R ,,
*
50,1 o Hyo :R4,17

1 >k 7 >k
8071 O H8,1 :ZRSJ + ERSQ,
1, 13
So10 Hgo = — ZRS,I - ?R8,3’
1, 13
So,10 Hgs :1_6R8’1 + ZR8,3>
54,1 © HO,l ZSRZJ - 8RZ,27

3 * >k
8471 O H471 - — §R8,1 - 26R8,37

*
54,1 o Hyp :R&p

18 . 24
SipoHoy =— — Ry + Ry,
7 7
. 18,
54,2 o H4,1 = Rs,Q + 7R8,3>
54,2 o H4,2 :R§,2>
20 _, 28 52
Sg10 Hoy :ﬁR&l + ﬁRS,Q + ﬁRs,:w
88,2 O H(]’l - — 30R8,1 — ?RS,Q — 104R8,37
. 14 52
Sgz 0 Hoy =4Rg | + §R8,2 + ?RS,B

etc.

4.6. 'HoR*. We computed the following compositions of this type

. 1
Hoyo Ry, = 5 4.2

1 1
Hoy0 Ry, = ZH4,1 + ZHM’

Hpyo0 Ry = —4Hgy — 8Hgg,
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6 12 24

Hy,0oR;,=-H —H —

0,10 ftg 9 —Hs + - s + - 83,

1 4

H a3 = —— —

010 Rg5 131182 + 13183
Hyyo R}y = Hg1+ Hgo + Hyg,

. 1 3

Hy10Ry 5= §H8,2 + 583

H4,2 o Rz,l = H8,17
. 1
Hypo Ry, = §H8,2 + Hg g,

which are in a sense dual to the results of Subsection 4.6.

4.7. R*oS. Computing compositions of recursion operators with operators § we obtain

. 1 7
Ri1080;1 —154,1 + 554,27

. 11 1
R4,1 0 S41 :758,1 + ZS&Q’

33 9
Ry 0849 =— 2—858,1 + 2_858,37

3 7
Ri,0S5); =—08S —S
4,2 © 90,1 1674 + 15742

. 33 7
Ri,0 San :ZSSJ + 1—658,2,

99 9
RZ,Q 0S40 =— %S&l + ﬂS&?”

. 11 3 3
Rg 10501 =— 758,1 T8 T gy

99 3 45
R, 0551 =—28. -5, — S,
8,2 © 20,1 98 81 + 08,2 + SRS
. 33 3 15
Rs,3 0 Sp,1 *@S&l + 5—258,2 + @S&?’,

etc. In particular, we have the relation
* * ]'
(4R4,2 - R4,1) 0S8 = 1527

where

S =801, S2=2841+ 7842

are the symplectic structures introduced in Subsection 3.4. Moreover, we have the

following result:
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Proposition 4. The operator
R* = 44R;, ~ Rj,) ()
generates an infinite family of symplectic structures for the dB-equation by
S, = (R)"1toS.

4.8. R* o R*. The first relations we obtained are
1 7

RZ,l © RZ,l = 4R§,1 + ER;%
RZ,l © RZ,2 = _1_16R§,17

Riyo Riy = <o Riy + 5 R,
Rz,z © Rz,z = _6_311]%;’1 + %R;&

Hence, the relation
* * % * * *
R4,2 © R4,1 = R4,1 © R4,2 + R4,1 © R4,1

takes place, or
[RZ,% RZJ] = RL © RZ,l (72)

that is similar to the one we had for the operators R (see equation (68)).
4.9. Action of R on symmetries.

4.9.1. Action on local symmetries. The action of the operator R4 ; is as follows
1 1 1

Ryi(p1) = 59057 Ryi(p2) = Z%a Ry(p3) = ESO%
1 1 1
= = = — R —_ —
Ry1(ps) g9 Ry1(6) 91 F10; 4,1(¢07) 11
1 1 1
R = — R = - R = —
4,1(<P9) 60 P13, 4,1(9010) 4<P14, 4,1(@11) 289015
and is related with the action of R,y in the following way
4
11(0) = = Raa () (73)
4.9.2. Action on (x,t)-independent nonlocal symmetries. Here we have
Rualon) = 3o
4,1(P4,1) = 104@8,2,

Rai1(ps1) = 3859121 + 21129,
R4,1(§0872) = 1430(,01271 + 156(,01272 + 234(,01273
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and
1 1
R = — -
4,2(904,1) 56 ©8,1 104908,2
1155 147
Ryo(psa) = 5 P12,1 + 79012,2
Ryo(ps2) = 21450191 + 2730122 + 468012 3
ete.

4.9.3. Action on (z,t)-dependent nonlocal symmetries. We have

1
Ry (@oq) = 5@4,1
1
Ry (@o2) = 1@4,2
Rua(@n) = —5pnn + -7
41\P4,1) = 208908,2 8<P8,1
_ 1 1 _
Ry1(Pa2) = T56 P82 + 51 P82
55 1
Ryi1(0g1) =2 — —@
11(Ps1) P22 + 5 P12,1 + 60 P12,1
1
Ry1(ps2) = —6p122 — 88121 + 1@12,2
and
_ 1 1_
Ry2(@oq) = P + 1P
1 3
Rio(0go) = = —®
1.2(P02) 84,04,1 + 164,04,27
_ 1 3
Ryo(Pan) = —ﬁ%,z + 1—6<P8,1a
_ 1 7
Ryo(Pap) = ﬁ%,z + %()08,27
Rua(@s1) = 20120 + iy + g
4,2\P8,1) = 29012,2 4 Y121 249012,1,
21 11
Ry2(@s2) = —79012,2 —132¢121 + 1—6@12,2-

4.10. Action of R* on cosymmetries. In a similar way, we have the following actions
of R*:

4.10.1. Action on local cosymmetries.

1 1 7

Ri1(¥e) = 5%» Ry (¢s) = 5@/}77 Ry (Y) = E%,
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11 1

RZJ(%) = gwlo, RZJ(W) = ana RZJ(%) =
91 1

Ry (Y0) = %%47 Ry, (Yn) = §¢15> Ry, (12) =

and

Rip(th) = £ Ry (t).

4.10.2. Action on (z,t)-independent nonlocal cosymmetries.

Ry (thon) =

Ry (izn) =
Ry (trs2) =
Ry (o) =
Ry 5(thizn) =

R} 5(Y132) =

%%3,1 + 2—981/113,%
%%7,1 + é%m,
—%7?17,1 + 5%7,37
§¢13 1+ g@/113 25
4&%7 1 + ¢17 25

455
%7 1 2—81/117,3-

4.10.3. Action on (x,t)-dependent nonlocal cosymmetries.

_ 1_ 1_
RZJ oty = —¢5 1+ —@/15 2
N - 11 -
Riy0v51 = ——1/191 + wg 15
R}, o0 @/75,2 = §¢9,1 + —@/19 2
- 2
R} = —
11 ° Vo1 11@/113,1 + 330@/113 1,
.- 1
Ry 09 =——131 + —1/113,27
’ 2 8
* n 1 - 3 -
Ris,0t11 = —¢5 1+ —@/15 2
N - 33 -
Ris0s51 = ——¢9 1 + @/19 15
- 7
R - _ -
1.2 0 V52 31/19,1 + 161/19,27
. - 7 91 -
Rys0191 = 51/113,1 + 1—32@/113,17

1
%1/1127
57
b

(74)
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11 -
R42°¢92 = ——1/1131+ ¢132

4.11.1. [e, p;]-commutators. First of all we have the relation

and besides these relations we obtain:

and

[804,1, @1]
[904,1, <P2]

[904,1, <P3] =

[904,1, @5]
[804,1, 906]
[904,1, <P7]

[904,1, <P9]
[@4,1, <P10]

[@4,1, @11] =

=0,
=0,
1

59077

B 5
= 3@10a

- 15(;0117

28
15
— 36(;0147

45
7 ©15,

——¥13,

1,901]
15 P2
0,1, 3]
0.1, Ps)
15 P6
¥0,1, P17

1, ¥1
P4,1, P2

%o
Po
Po
Pa

[
[
(2
(2
[ ]
(2 ]
[ ]
(7 ] =
[Pa1, 3] =

(a1, 5] =

[@a1, p6] =

[%a 90]] - 07
[()08,17 ()01] = 07
(8,1, 2] =0,
14
[@8,1, @3] = 3@117
21
[@8,1, @5] = 3@137
245
[908,17 906] = 7@14,

[ps.1, 7] = 60015,

¥1,

0,

—¥3;
—3s,

—4pe,

—d¢7,

Ps,
0,

1

_690%

3

—1@9,

1

_590107

[908,27 901]
[@8,27 902]
[@8,27 903] =
[@8,27 905] =
[908,27906] =
[@8,27 907] =
[@ 0,25 (101] = 07
[@ 0,25 902] = P2,
[@ 0,25 903] = 2
[ 0,25 905] = 4
[ 0,25 906] = 5
[@ 0,25 907] = 6
[@ 4,2, (101] = 07
[904 2, SDQ] = Pe,
2
[904 2, 903] 590%
[Pa,2, 5] = 29,
5

(@42, p6] = s

33

=0,
=0,

26

_g(plla

26

_3901&

130

—?@147

390

—790157
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Baspr] = — (Bazrr] =
Pa,1,P7] = —5P11, Pa2,97 = —

2 P11
[Ps.1, 1] = ©o, [Ps.2, 1] =0,
[@s,1, 2] = 0, (@82, ©2] = P10,
_ 2 B 16
[908,17903] = —§<P117 [908,27903] = 3@11,
_ 3 B 8
[908,17 905] 108013” [908,27 805] = 59013”
_ 7 B 35
[908,17 4,06] = —§<P14> [908,27 4,06] = 3@14,
_ 20 B 96
[908,17 907] = —79015, [908,27 907] = 7@15-

4.11.2. [e, ¢; ;]-commutators. We computed the following ones

(04,1, 08.1] = 92400121 + 840122 + 50412 3,
(04,1, Ps,2] = 343200121 + 62400192 + 1310412 5

and

[Bo,1, pa1] = —4pa,

[@o,1, P81] = —8ws 1,

[@o,1, Ps,2) = —8ws.2,

[Po,2, Pa1] = 4pu 1,

(P02, P81) = <P8 1

[©o,2, ©s,2] = 8ps2,

(a1, Pa1) = %908,2 — 3Ps8,15

21
(@41, p8.1] = 252123 — 168122 — 23109121 — 3@12,1,

_ 26 _
[Pa1, ps2] = —2808p123 — 12480122 — 85800121 + — P12.1,

5
_ 4 5 _
[904,27 804,1] = —@%@2 - 3908,27
_ 245
(P12, ps.1] = —336012,3 + 4200122 + 6160121 — T@m 2,
130
(P12, Ps.2] = 6240125 + 3120122 + 22880¢19,1 + ?9012 2,
_ 28 _
[908,17 904,1] = T2p123 — 80122 — 8800121 — 1—5%2,1,

[P8.2, pa1] = —5T6p12,3 + 960122 + 21120121 — 36P12,2.
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4.11.3. [e, @; ;]-commutators. We computed the following commutators of this type

[Po.1, Po,2] = 0,

[Po,1, Pap] = —4Pa 1,

(@01, Pa2] = —4Pa2,

[Po,1, Ps,1] = —8Ps1,

[Po,1, Ps2] = —8Ps2,

(@02, Pa1] = 4@u,

(@02, Pa2] = 9042a

[Po2, Bs1] =

[Po,2, Ps,2] = 8Ps.2,

_ 1 1_
[Pa1, Pap] = 3982 T 2081 — 382

1
(P41, Ps1] = —36p123 — 16120 — 1109151 + 154,012 1,

I 8 _ _
(P41, Ps2] = 288p123 + 969122 + 528101 — £ P21~ 4p12.9,

L 8 _ 7
[Pa,2, Ps1] = 48123 + 409122 + 352121 + 1—59012,1 + §9012,27

_ 8 _
[@4,27 4,08,2] = —3844,012,3 - 1929012,2 - 14089012,1 - §@12,2'

5. CONCLUSIONS
We studied the dispersionless Boussinesq equation

Wt = Uy,

Uy = WWy + Uy,

Vp = —UW; — IWlUy,

and found out that it possesses three families of commuting local symmetries, ®;, ®
and ®3. The seed symmetries for these families are 1, o and @3 presented in Sub-
section 2.2.1. In addition, the equation has a family ®, of nonlocal (x,t)-independent
symmetries generated by the symmetry ¢, (Subsection 2.2.2) and two families, @,
and ®,, of nonlocal (z,t)-dependent symmetries generated by @o; and @go (Subsec-
tion 2.2.3). All nonlocal symmetries act, by the commutator, as hereditary symmetries
for the local ones.

We also constructed an infinite algebra Rec(€) of recursion operators for symmetries.
This is an associative noncommutative algebra with two generators R4; and R4 and
one relation (see Subsection 3.1 and equation (68)). The operators produce the above
mentioned families from the corresponding seed symmetries. This algebra contains an
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Abelian subalgebra of operators satisfying the Nijenhuis condition. The subalgebra is
generated by operator (70). Existence of this operator is the reason for commutativity
of the families ®;, ®5 and Ps.

In complete parallel, one observes five families of cosymmetries and an algebra of
the corresponding recursion operator that generate these families. This similarity is
due to existence of operators H: sym*(£) — sym(€) and S: sym(E) — sym*(E) that
relate symmetries and cosymmetries to each other and are described in Subsections 3.3
and 3.4, resp.

The operators H form a left module over the algebra Rec(€) with one generator H ;.
This operator is a Hamiltonian structure for the dB-equation and by the action of recur-
sion operator (70) one obtains an infinite family of compatible Hamiltonian structures
of which the first two are local. In a similar way, the operators S form a left module
over the algebra of recursion operators for cosymmetries, while the recursion operator
given by equation (71) generates an infinite family of symplectic structures, all of them
being nonlocal.

On the other hand, the dB-equation £ admits the potential y defined by

Yo = W, Yt =u

identical to the nonlocal variable p; (see Subsection 2.1). The corresponding covering
equation & is of the form

Ytt = YzYza + Uty UVt = —YtYzx — Syxya:t
The potential z defined by
1

2
Zp = U, ztzv—i—éw,

that corresponds to the nonlocal variable p, leads to the covering equation &
Wy = Zapg, 2y — 2WW; = —Z, Wy — W Zgy-
Finally, the equation &’
Yuet + 2YaYzat + YeYutt + 3YaaYur = 0.

This means that we have the following covering structure

g<—51

[

52—>5/

that relates equations £ and £’. From this structure it follows that an auto-Béacklund
transformation can be constructed for the dB-equation. Existence of this transformation
may be closely related to the algebraic structures described in the preceding sections.
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