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Abstract. In this paper a description of the term E1 of the Vino-
gradov C-spectral sequence is given. Vanishing theorem for the
group Ep,n−1

1 , where n is a number of independent variables and
p ≥ 3, is proved for a system of evolution equations with a non-
degenerate symbol. The group E2,n−1

1 for a scalar linear evolution
equation with constant coefficients is computed.

1. Introduction

Homological methods play an important role in the study of systems
of differential equations. In [4] it is shown that infinitesimal symmetries
of differential equations and recursion operators are of cohomological
nature. The C-spectral sequence (variational bicomplex) introduced by
Vinogradov [8] contains important invariants of differential equations
such as conservation laws and characteristic classes of families of solu-
tions. It provides means for studying different aspects of Lagrangian
formalism, the inverse problem of the calculus of variations, etc. The
term E1 of the C-spectral sequence is the analog of the de Rham com-
plex in the category of nonlinear partial differential equations (for a
very enlightening discussion see [12]).

There exists, however, no general method of computing this im-
portant spectral sequence. In [10] a powerful technique based on the
Spencer type cohomology systems is developed, the “two line” theorem
estimating the term E1 for determined systems of differential equations
is proved, a concrete method of calculating for the term E1,n−1

1 , which is
related to the theory of conservation laws, is given, where n is a number
of independent variables. Due to this method a complete description
of the set of conservation laws is possible for determined differential
equations (see, for example, [11]). Further development of results of
Vinogradov is done in [7, 6], where the Janet sequence for involutive

1991 Mathematics Subject Classification. Primary 35A30; Secondary 58A20,
58G05.

Key words and phrases. Nonlinear differential equations, Spectral sequences,
Spencer cohomology, C-differential operators.

1



2 Dmitri GESSLER

differential equations is used, and a general approach to the calcula-
tion of the horizontal cohomology is proposed. In [2] this approach is
applied to the C-spectral sequence for overdetermined equations.

Some results concerning the computation of the term Ep,n−1
1 , p ≥ 2,

are obtained in [3], where the C-spectral sequence is considered for
scalar evolution equations with a single space variable. For a large class
of such equations, in particular KdV, MKdV, PKdV, Burgers equation,
the term E2,1

1 is computed and vanishing theorems are proved for the
groups Ep,n−1

1 , p ≥ 3, under a very restrictive assumption that an
equation possesses an infinite dimensional space of higher infinitesimal
symmetries. Some examples of computation of the C-spectral sequence
also can be found in [1].

In this paper we develop a method of calculating the terms Ep,n−1
1 ,

p ≥ 1, for determined differential equations and apply this method to
evolution equations. This paper is organized as follows. Section 2 is a
summary of the geometrical theory of nonlinear differential equations
and the C-spectral sequence. In Section 3 we give a description of the
term E1 of the C-spectral sequence for determined equations. In Section
4 this general description is applied to evolution equations, vanishing
theorem for the group Ep,n−1

1 , p ≥ 3, is proved for evolution equation
with a nondegenerate symbol, the group E2,n−1

1 is computed for a scalar
linear evolution equation with constant coefficients.

2. Jet manifolds and infinitely prolonged differential

equations

In this section we define the basic concepts of the geometrical theory
of differential equations and the theory of the C-spectral sequence ([5,
10, 9, 1]).

2.1. Jets. Let M be a smooth manifold and π : E →M be a smooth
fiber bundle over M , dimM = n, dimE = m + n. Denote by Γ(π) the
set of all (local) sections of π.

Let πk : Jk →M be the bundle of k-jets for π,

Jk(π) =
{
[f ]kx | f ∈ Γ(π), x ∈M

}
,

where [f ]kx denotes the k-jet of a local section f at x. Denote by J∞(π)
the manifold of infinite jets for π. J∞(π) is the inverse limit with
respect to the following system of mappings

πk,l : Jk(π)→ J l(π), πk,l
(
[f ]kx
)

= [f ]lx, k ≥ l,

πk : Jk(π)→M, πk
(
[f ]kx
)

= x.

By definition, one has natural projections

π∞,k : J∞(π)→ Jk(π),

π∞ : J∞(π)→M.
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Choose a coordinate neighborhood U in M such that the restriction
of the bundle E is trivial. Let x1, . . . , xn be local coordinates in U and
u1, . . . , um be coordinates along the fiber of π in π−1(U). Each local
section f ∈ Γ(π) is of the form f = (u1(x1, . . . , xn), . . . , um(x1, . . . , xn)).
Define functions pjσ by following

pjσ
(
[f ]kx0

)
=

∂ |σ|uj

∂xσ1
1 . . . ∂xσnn

∣∣∣∣
x=x0

,

where σ = (σ1, . . . , σn), |σ| = σ1 + · · · + σn. Then smooth functions
(xi, pjσ), 1 ≤ i ≤ n, 1 ≤ j ≤ m, 0 ≤ |σ| ≤ k form local coordinates in
Jk(π), 0 ≤ k ≤∞.

Let Fk(π) denote the algebra C∞
(
Jk(π)

)
. Then one has a system

of embeddings

π∗k,l : Fl(π)→ Fk(π), l ≤ k,

π∗k : C∞(M)→ Fk(π).

The direct limit F(π) with respect to the system {π∗k,l} is called the
algebra of smooth functions on J∞(π). We identify Fk(π) and C∞(M)
with their limits in F(π),

F(π) =
⋃
k≥0

Fk(π).

In the same manner one can define the module of i-forms Λi(π),
i ≥ 0, on J∞(π)

Λi(π) =
⋃
k≥0

Λi
(
Jk(π)

)
and consider a graded algebra

Λ∗(π) =
∞∑
i=0

Λi(π)

of differential forms on J∞(π).
A vector field X on J∞(π) is an R-linear mapping X : F(π)→ F(π)

such that for any ϕ, ψ ∈ F(π)

X(ϕψ) = ϕX(ψ) + ψX(ϕ),

and there exists r ≥ 0 such that for each k ≥ 0

X (Fk(π)) ⊂ Fk+r(π).

Denote by D(π) the set of all vector fields on J∞(π). Obviously, D(π)
is a F(π)-module and Lie algebra over R. Locally each X ∈ D(π) can
be represented as

X =
∑
i

ai
∂

∂xi
+
∑
j,σ

bjσ
∂

∂pjσ
,

where bjσ ∈ F|σ|+r(π) for some r.
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Let ξi : Fi → J∞(π), i = 1, 2, be vector bundles over J∞(π),
Pi = Γ(Fi) be F(π)-modules of sections. An R-linear differential oper-
ator ∆ : P1 → P2 is called C-differential if it can be restricted to the
manifolds of the form [f ]∞, f ∈ Γ(π). That is

∆(ϕ)|[f ]∞ = 0 as ϕ|[f ]∞ = 0, ϕ ∈ P1.

If vector bundles ξ1, ξ2 are finite dimensional, mi = dim ξi, then in
local coordinates each C-differential operator ∆ can be represented as
a m2 ×m1 matrix

∆ =

 ∑σ aσ11Dσ . . .
∑

σ aσ1m1
Dσ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∑
σ aσm21Dσ . . .

∑
σ aσm2m1

Dσ

 ,

where σ = (σ1, . . . , σn), Dσ = (D1)σ1 ◦ · · · ◦ (Dn)σn, and

Di =
∂

∂xi
+
∑
j,σ

pjσ+1i

∂

∂pjσ
, i = 1, . . . , n,

is the i-th total derivative.
The set of C-differential operators from P1 to P2 is, clearly, a F(π)-

module and is denoted by CDiff(P1; P2).
Let ξi : Fi → M , i = 1, 2, be vector bundles, Pi = Γ(ξi), and

∆ : P1 → P2 be an R-linear differential operator, ∆ ∈ Diff(P1; P2). By
definition, put Pi = F(π)⊗C∞(M) Pi = Γ(π∗∞(ξi)), where π∗∞(ξi) is the
induced vector bundle over J∞(π). A unique C-differential operator
∆ : P1 → P2 such that ∆(1⊗ p) = 1⊗∆(p) is called the lifting of ∆.

Consider a vector field X ∈ D(M) on M . It is an operator of the
first order acting from C∞(M) to C∞(M). Then the lifting X ∈
CDiff (F(π),F(π)) is a vector field on J∞(π). Consider a submod-
ule CD(π) ⊂ D(π) generated by vector fields of the form X. Thus we
have a distribution on J∞(π) which is called the Cartan distribution.
The Cartan distribution is completely integrable in the sense that it
satisfies Frobenius integrability condition

[CD(π), CD(π)] ⊂ CD(π). (1)

In local coordinates if X =
∑

i ai
∂
∂xi

, ai ∈ C∞(M), then X =∑
i aiDi, and

CD(π) =

{∑
i

ϕiDi | ϕi ∈ F(π)

}
.

Vector field X ∈ D(π) is called vertical if X(ϕ) = 0 for each
ϕ ∈ C∞(M) ⊂ F(π). Denote by DV (π) ⊂ D(π) the F(π)-module
of vertical vector fields. DV is also a subalgebra of the Lie algebra
D(π),

[DV (π), DV (π)] ⊂ DV (π), (2)
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and D(π) splits into a direct sum

D(π) = CD(π) ⊕DV (π).

Dually, the module of 1-form on J∞(π) splits into a direct sum

Λ1(π) = C1Λ1(π)⊕Λ
1
(π), (3)

where

Λ
1
(π) =

{
ω ∈ Λ(π) | ω(X) = 0 for any X ∈ DV (π)

}
is the module of horizontal 1-forms, and

C1Λ1(π) = {ω ∈ Λ(π) | ω(X) = 0 for any X ∈ CD(π)}

is the module of Cartan forms.
Locally,

Λ
1
(π) =

{∑
i

ϕidxi | ϕi ∈ F(π)

}
,

C1Λ1(π) =

{∑
j,σ

ϕσjω
j
σ | ϕσj ∈ F(pi)

}
,

where ωjσ = dpjσ −
∑

i p
j
σ+1i

dxi.
From (3) it follows that each Λi(π), i > 0, splits into

Λi(π) =
∑
α+β=i

Λ
α
(π)⊗ CβΛ1(π),

where

Λ
α
(π) = Λ

1
(π) ∧ · · · ∧ Λ

1
(π)︸ ︷︷ ︸

α times

,

CβΛ1(π) = C1Λ1(π) ∧ · · · ∧ C1Λ1(π)︸ ︷︷ ︸
β times

.

The graded algebra Λ
∗
(π) is the lifting of the graded algebra Λ∗(M)

of differential forms on M . The lifting of the de Rham differential
d : Λi(M)→ Λi+1(M) is called the horizontal differential and is denoted

by d : Λ
i
(π)→ Λ

i+1
(π). The complex

0
F−→ (π)

d−→Λ
1
(π)

d−→ . . .
d−→Λ

n
(π)

0−→

is called the horizontal de Rham complex and its cohomology at the

term Λ
i
(π) is denoted by H

i
(π). In local coordinates

d(dxi) = 0, d(ϕ) =
∑
i

Di(ϕ)dxi, ϕ ∈ F(π).
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Let V (π) : V (E)→ E be the vector bundle of vertical vector fields on

E, V (E) = {v ∈ T (E) | π∗v = 0}. By definition, put κ = Γ(V (π)) =
Γ
(
π∗∞,0 (V (π))

)
. Then there exists a map

3: κ → DV (π), ϕ 7→3ϕ,
where 3ϕ is called evolutionary derivation and is defined by following

3ϕ (ψ)|[f ]∞ =
d

dt

∣∣∣∣
t=0

(
ψ|[ft]∞

)
,

where f ∈ Γ(π), ϕ ∈ κ, ψ ∈ F(π), and ft is a 1-parameter family of
sections of π such that d

dt

∣∣
t=0

ft = ϕ|[f ]∞, f0 = f .

In local coordinates, if ϕ = (ϕ1, . . . , ϕm), then

3ϕ=
∑
j,σ

Dσ(ϕ
j)

∂

∂pjσ
.

2.2. Differential operators and equations. The system of nonlin-
ear differential equations of order k imposed on sections of π : E →M
is a submanifold Yk ⊂ Jk(π). Denote by Yk+s ⊂ Jk+s(π) the s-th pro-
longation of Yk. We will always suppose that Yk is formally integrable.
Then Ys, s ≥ k, is a smooth manifold, and πs,t, s ≥ t ≥ k, maps Ys
onto Yt surjectively. The inverse limit of the system of maps

πs,t : Ys → Yt, s ≥ t ≥ k,

is called an infinitely prolonged differential equation, or simply a dif-
ferential equation, and is denoted by Y = Y∞. Obviously, the infi-
nite jets manifold J∞(π) is a differential equation of zero order with
Yk = Jk(π), k ≥ 0.

One can construct a calculus on a differential equation Y ⊂ J∞(π) in
the same way as for the jets manifold J∞(π). Let F , Λ∗, D denote the
algebra of smooth functions, the graded algebra of differential forms
and the module of vector fields on Y respectively.

As for the jets manifold J∞(π), there exists a splitting of the modules
of vector fields D and 1-forms Λ1

D = DV ⊕ CD,

Λ1 = Λ
1 ⊕ C1Λ1. (4)

Let ξ : E′ →M be a vector bundle, F : Γ(π)→ Γ(ξ) be a nonlinear
differential operator, F can be considered as a section of the induced
vector bundle π∗∞(ξ) over J∞(π). Define a smooth map

J(F ) : J∞(π)→ J∞(ξ), [f ]∞x 7→ [F (f)]∞x .

Let Y = Y(F ) be the differential equation defined by F ,

Y(F ) = kerJ(F ) = {θ ∈ J∞(π) | J(F )(θ) = 0} .
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In local coordinates, if F = (F 1, . . . , F s), F l = F l(xi, pjσ), then Y(F )
is the infinite prolongation of the systemF 1 = 0,

. . . . . . .
F s = 0.

Denote by P = Γ(π∗∞(ξ)) the F(π)-module of sections of the induced
vector bundle over J∞(π). The universal linearization of F is a C-
differential operator `F ∈ CDiff(κ; P ) such that

`F (ϕ)|[f ]∞ =
d

dt

∣∣∣∣
t=0

F (ft), ϕ ∈ κ, f ∈ Γ(π),

where ft is a 1-parameter family of sections of π such that d
dt

∣∣
t=0

ft =
ϕ|[f ]∞, f0 = f . In local coordinates

`F =


∑

σ
∂F 1

∂p1
σ
Dσ . . .

∑
σ
∂F 1

∂pmσ
Dσ

. . . . . . . . . . . . . . . . . . . . . . . . . . .∑
σ
∂F s

∂p1
σ
Dσ . . .

∑
σ
∂F s

∂pmσ
Dσ

 .

Denote by IY ⊂ F(π) the ideal of functions identically equal to 0
on Y. For each F(π)-module R denote by [R] the restriction of R to
Y, [R] = R/(IY · R). If R is a projective F(π)-module, then [R] is a
projective F -module.

A differential equation Y = Y(F ) is called regular with respect to
the nonlinear differential operator F = (F 1, . . . , F s) if

1. ideal IY is generated by functions Dσ(F l), 1 ≤ l ≤ s, 0 ≤ |σ| <∞;
2. the module of 1-forms Λ1 is projective.

This definition does not depend on the choice of coordinate chart. In
the geometrical theory of nonlinear differential equations a regular dif-
ferential equation is an analog of a smooth (without singularities) man-
ifold.

If the F -module Λ1 is projective, then from (4) it follows that mod-

ules Λ
1

and C1Λ1 are also projective. From now onwards we assume
that all the modules under consideration are projective.

Let i : Y → J∞(π) be natural inclusion, i∗ : [C1Λ1(π)] → C1Λ1

be induced homomorphism, [`F ] : [κ] → [P ] be the restriction of the
universal linearization to Y.

Proposition 1 ([10]). 1. [C1Λ1(π)] = CDiff([κ];F);
2. The following sequence is exact

CDiff([P ];F)
[`F ]−−→ CDiff([κ];F)

i∗−→ C1Λ1 0−→,

[`F ](∇) = ∇ ◦ [`F ].
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In local coordinates the isomorphism of statement (1) is given by
following

ωjσ = dpjσ −
∑
i

pjσ+1i
dxi 7→ ∇j

σ, ∇j
σ(ϕ

1, . . . , ϕm) = Dσ(ϕ
j).

A differential equation Y = Y(F ) is called determined if the homo-
morphism

[`F ] : CDiff([P ];F)→ CDiff([κ];F)

is an injection. This condition always holds for evolution equations,
or for differential equations Y(F ) such that the symbol of the matrix
differential operator `F : κ → P has the maximal rank almost every-
where.

If a differential equation Y(F ) is regular and determined then the
short exact sequence

0
CDiff−−→ ([P ];F)

[`F ]−−→ CDiff([κ];F)
i∗−→ C1Λ1 0−→ (5)

splits and C1Λ1 can be considered as a submodule of CDiff([κ];F).

2.3. Adjoint operator. Let Y be a differential equation. For any
F -module Q consider the following complex (S(Q), d1):

0
CDiff−−→ (Q;F)

d1−→ CDiff(Q; Λ
1
)

d1−→ . . .
d1−→ CDiff(Q; Λ

n
)

0−→,

d1(∆) = −d ◦∆. (6)

The cohomology of complex (6) is described by

Proposition 2 ([10]). 1. Hi (S(Q)) = 0 if i 6= n;
2. Hn (S(Q)) = HomF (Q; Λ

n
).

By definition, put Q̂ = HomF(Q; Λ
n
) for any module Q.

Each C-differential operator ∇ : Q1 → Q2 induces a homomor-
phism of complexes S(∇) : S(Q2) → S(Q1), S(∇)(∆) = ∆ ◦ ∇,

∆ ∈ CDiff(Q2; Λ
i
), and an R-linear map of the cohomology

∇∗ : Q̂2 → Q̂1.

The operator ∇∗ is called the adjoint operator for ∇.

Proposition 3 ([10]). 1. ∇∗ ∈ CDiff(Q̂2; Q̂1).
2. For all ∇1 ∈ CDiff(Q1; Q2), ∇2 ∈ CDiff(Q2; Q3)

(∇2 ◦ ∇1)
∗ = ∇∗1 ◦ ∇∗2.

3. If in local coordinates ∇ is a m1 ×m2-matrix

∇ = (
∑
σ

aσijDσ),



C-SPECTRAL SEQUENCE 9

then ∇∗ is the m2 ×m1-matrix

∇∗ =

(∑
σ

(−1)|σ|Dσ ◦ aσji

)
.

2.4. The C-spectral sequence. Consider the C-filtration in the de Rham
complex on an equation Y

Λ = C0Λ ⊃ C1Λ ⊃ C2Λ ⊃ . . . ,

where

CpΛ =
∑
α≥p
β≥0

CαΛ1 ⊗ Λ
β
.

The spectral sequence {Ep,q
r , dp,qr } determined by this filtration is

called the C-spectral sequence for the differential equation Y. As usual
p denotes the filtration degree and p + q denotes the total degree.

Proposition 4 ([10]). 1. Ep,q
0 = CpΛ1 ⊗Λ

q
;

2. E0,q
0 = Λ

q
, d0,q

0 = d;
3. The C-spectral sequence converges and its term E∞ = {Ep,q

∞ } is
attached to H∗de Rham(Y).

Keeping in mind statement (2) of Proposition 4 denote

dp,q0 = d : CpΛ1 ⊗ Λ
q → CpΛ1 ⊗ Λ

q+1
.

If Y = J∞(π), then in local coordinates d is uniquely defined by
following

d(f) =
∑
i

Di(f)dxi, f ∈ F ;

d(dxi) = 0, dxi ∈ Λ
1
;

d(ωjσ) = dωjσ =
∑
i

dxi ∧ ωjσ+1i
, ωjσ ∈ C1Λ1.

3. The term E1 of the C-spectral sequence

In this section we suppose that Y = Y(F) is a regular differential
equation defined by a nonlinear differential operator F .

3.1. Multilinear C-differential operators. Let Q1, . . . , Qp, R be F -
modules. Consider the module of R-multilinear C-differential operators
∆ : Q1 × · · · ×Qp → R

CDiff(Q1, . . . , Qp; R) = CDiff (Q1; CDiff (Q2; . . .CDiff(Qp; R) . . . ))
= CDiff(Q1;F)⊗ · · · ⊗ CDiff(Qp;F)⊗R.

For any F -modules Q, R, by definition, put

CDiffp(Q; R) = CDiff(Q, . . . , Q︸ ︷︷ ︸
p times

; R) =

p⊗
CDiff(Q;F)⊗R,
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and consider the submodules CDiffalt
p (Q; R) ⊂ CDiffp(Q; R)

CDiffalt
p (Q; R) =

∧p
CDiff(Q;F)⊗R.

Module CDiffalt
p (Q; R) can be identified with the module of skew-symmetric

C-differential operators ∆ : Q× · · · ×Q︸ ︷︷ ︸
p times

→ R.

Let ∇ : R1 → R2 be a C-differential operator. For each F -module Q
define an operator

∇p : CDiffalt
p (Q; R1)→ CDiffalt

p (Q; R2),

∆ 7→ (−1)p∇ ◦∆.

Proposition 5 ([10]). Let {Ep,q
0 (π), dp,q0 (π)} be the zero term of the

C-spectral sequence for J∞(π). Then

Ep,q
0 (π) = CpΛ1(π)⊗ Λ

q
(π) = CDiffalt

p

(
κ; Λ

q
(π)
)
;

dp,q0 (π) = (d)p,

where d : Λ
q
(π)→ Λ

q+1
(π) is the horizontal differential on J∞(π).

Lemma 1. 1. Let {[Ep,q
0 (π)] , [dp,q0 (π)]} be the restriction of the zero

term of the C-spectral sequence for J∞(π) to the equation Y. Then

[Ep,q
0 (π)] =

[
CpΛ1(π)

]
⊗ Λ

q
= CDiffalt

p

(
[κ]; Λ

q)
;

[dp,q0 (π)] = (d)p,

where d : Λ
q → Λ

q+1
is the horizontal differential.

2. For each F-module Q the following sequence is exact

CDiff ([P ];F)⊗ CDiffalt
p−1 ([κ]; Q)

`−→CDiffalt
p ([κ]; Q)

i∗−→ CpΛ1 ⊗Q
0−→,

where

`(∆1 ⊗∆2) = (∆1 ◦ [`F ]) ∧∆2, ∆1 ∈ CDiff([P ];F), ∆2 ∈ CDiffalt
p−1([κ]; Q).

3. If ∇ : Q1 → Q2 is a C-differential operator, then there exists a
unique C-differential operator ∇p : CpΛ1 ⊗ Q1 → CpΛ1 ⊗Q2 such
that the following diagram is commutative

CDiffalt
p ([κ]; Q1)

∇p−−−→ CDiffalt
p ([κ]; Q2)

i∗
y i∗

y
CpΛ1 ⊗Q1

∇p−−−→ CpΛ1 ⊗Q2

4. dp,q0 = (d)p, where dp,q0 denotes the zero differential in the C-spectral
sequence for Y.
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Proof. Statement (1) follows from Proposition 5. Statement (2) follows
from Proposition 1. Statement (3) follows from (2). Finally, (4) follows
from (1), (3), and the fact that the following diagram is commutative

[Ep,q
0 (π)]

[d
p,q
0 (π)]−−−−→ [Ep,q+1

0 (π)]

i∗
y i∗

y
Ep,q

0

dp,q0−−−→ Ep,q+1
0

The action of C-differential operators on the module CpΛ1 ⊗ Q1 of
differential forms with coefficients in Q1 defined by Lemma 1 coincides
with the one introduced in [4].

Let K = {Ki, δi} be a complex such that δi for any i is a C-differential
operator. By Lemma 1 we have a complex CDiff(R1, . . . , Rp; K) =
{CDiff(R1, . . . , Rp; Ki), δi1...1} for any modules R1, . . . , Rp, and a com-
plex CpΛ1 ⊗K = {CpΛ1 ⊗Ki, δip} for any integer p ≥ 0.

Proposition 6 ([10]). 1. Let R1, . . . , Rp, Q be F-modules. Then

Hi (CDiff(R1, . . . , Rp;S(Q))) =

{
0 , i 6= n;

CDiff(R1, . . . , Rp; Q̂) , i = n.

2. Let ∇ : Q1 → Q2 be a C-differential operator. Then

(∇∗)1...1 : CDiff(R1, . . . , Rp; Q̂2)→ CDiff(R1, . . . , Rp; Q̂1)

is the induced map of the cohomology.

Let ∇ ∈ CDiff(R1, . . . , Rp; Q). Take ri ∈ Ri, i = 2, . . . , p, and
consider a C-differential operator

∇(1)
r2,...,rp

: R1 → Q, ∇(1)
r2,...,rp

(r) = ∇(r, r2, . . . , rp),

where r ∈ R1. A C-differential operator

∇∗1 : Q̂×R2 × · · · ×Rp → R̂1, ∇∗1(q̂, r2, . . . , rp) =
(
∇(1)
r2,...,rp

)∗
(q̂),

where q̂ ∈ Q̂, ri ∈ Ri, is called adjoint to ∇ with respect to the 1-st
argument. In the same manner one can define for any s = 1, . . . , p an
operator ∇∗s adjoint to ∇ with respect to the s-th argument.

Denote by 〈·, ·〉 : Q × Q̂ → Λ
n

the natural pairing, 〈q, ϕ〉 = ϕ(q),

where q ∈ Q, ϕ ∈ Q̂ = HomF (Q; Λ
n
).

Proposition 7 ([10], the Green formula). Let∇ ∈ CDiff(R1, . . . , Rp; Q̂).

Then there exists a C-differential operator G ∈ CDiff(R1, . . . , Rp, Q; Λ
n−1

)
such that for any ri ∈ Ri, 1 ≤ i ≤ p, and q ∈ Q

〈∇(r1, . . . , rp), q〉 − 〈r1,∇∗1(q, r2, . . . , rp)〉 = (d1...1G)(r1, . . . , rp, q).
(7)
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The following Lemma is a main tool for calculating the C-spectral
sequence. For more general discussion see [2].

Lemma 2. 1. Let Q be a F-module. Then

Hi(CpΛ1 ⊗ S(Q)) =

{
0 , i 6= n;

CpΛ1 ⊗ Q̂ , i = n.

2. Let ∇ : Q1 → Q2 be a C-differential operator. Then (∇∗)p :

CpΛ1 ⊗ Q̂2 → CpΛ1 ⊗ Q̂1 is the induced map of the cohomology.

Proof. Consider a natural filtration in the complex {S(Q), d1} by the
modules

F k = {∆ ∈ CDiff(Q; Λ
i
) | ord∆ ≤ k + i− n}, (8)

where ord∆ denotes the order of a C-differential operator ∆. Clearly,
F 0 ⊂ F 1 ⊂ · · · ⊂ F k ⊂ . . . , and d1(F

k) ⊂ F k for any k ≥ 0. Let
{F k,q

r , δk,qr } be the spectral sequence for the complex S(Q) with respect
to filtration (8). It is easy to see that

F k,q
0 = Q∗ ⊗ S2k+q−nΛ

1∗ ⊗ Λ
k+q

= Q∗ ⊗ S2k+q−nV ∗ ⊗ Λn−k−qV ∗ ⊗ Λ
n
,

where V = Λ
1
, if 0 ≤ k+q ≤ n, 2k+q−n ≥ 0, and F k,q

0 = 0 otherwise.

Further, the zero differential δk,q0 has a simple form δk,q0 = 1 ⊗ δk ⊗ 1,
where

δk : SiV ∗ ⊗ Λk−iV ∗ → Si+1V ∗ ⊗ Λk−i−1V ∗

is the Koszul differential. Hence, F k,q
1 = 0 if k 6= 0 or q 6= n, and

F 0,n
1 = Q∗ ⊗ Λ

n
= Q̂.

Filtration (8) of the complex S(Q) yields a filtration of the complex

CpΛ1⊗S(Q) by modules F̃ k = CpΛ1⊗F k. The corresponding spectral

sequence {F̃ k,q
r , δ̃k,qr } has the zero term F̃ k,q

0 = CpΛ1 ⊗ F k,q
0 and δ̃k,q0 =

1⊗ δk,q0 . Hence, F̃ k,q
1 = 0 if k 6= 0 or q 6= n, and F̃ 0,n

1 = CpΛ1⊗ Q̂. This
concludes the proof of statement (1). Statement (2) follows now from
Proposition 6 and Lemma 1.

3.2. The term E1 for determined equations. In this subsection
we suppose that Y = Y(F ) is a regular determined equation.

Lemma 3. Let Hi be the cohomology of the complex
{
Cp−1Λ1 ⊗ C1Λ1 ⊗ Λ

∗
, d1,p−1

}
.

Then

Hi =


0, i 6= n− 1, n,

ker [`F ]∗p−1, i = n− 1,

coker [`F ]∗p−1, i = n,

[`F ]∗p−1 : Cp−1Λ1 ⊗ ˆ[P ]→ Cp−1Λ1 ⊗ ˆ[κ].

Proof. Since the equation Y is regular and determined, sequence (5) is
exact. Consider the following short exact sequence of complexes

0
C−→
p−1

Λ1 ⊗ S([P ])
1⊗S([`F ])−−−−−→ Cp−1Λ1 ⊗ S([κ])

1⊗i∗−−→ Cp−1Λ1 ⊗ C1Λ1 ⊗ Λ
∗ 0−→ .
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By Lemma 2 the long exact sequence of the cohomology has the form

0
H−→

n−1 C−→
p−1

Λ1 ⊗ [P̂ ]
[`F ]∗p−1−−−−→ Cp−1Λ1 ⊗ [κ̂]

H−→
n 0−→,

and the Lemma is obvious.

The permutation group Sp acts in the complex
{
CDiffp([κ]; Λ∗), dp

}
.

For each τ ∈ Sp and ∇ ∈ CDiffp([κ]; Λq) we have

τ (∇)(χ1, . . . , χp) = ∇(χτ (1), . . . , χτ (p)). (9)

It is easy to see that action (9) projects to an action of the group Sp

in the complex
{
Cp−1Λ1 ⊗ C1Λ1 ⊗ Λ

∗
, d1,p−1

}
and, therefore, induces

an action in the cohomology. The complex CpΛ1 ⊗ Λ
∗

= Ep,∗
0 is the

antisymmetric part of the complex Cp−1Λ1 ⊗ C1Λ1 ⊗ Λ
∗

with respect
to the action of Sp. Hence, the cohomology Ep,q

1 = Hq(CpΛ1 ⊗ Λ
∗
) is

the antisymmetric part of Hq
(
Cp−1Λ1 ⊗ C1Λ1 ⊗ Λ

∗)
. Combining this

with Lemma 3 one immediately obtain the following

Theorem 1 ([10],the two line theorem). Let Y be a regular determined
differential equation. Then

1. Ep,q
1 = 0, p ≥ 1, q 6= n− 1, n;

2. Ep,n−1
1 (resp. Ep,n

1 ) is the antisymmetric part of ker[`F ]∗p−1 (resp.
coker[`F ]∗p−1) with respect to the induced action of the permutation
group Sp.

Let us now describe the action of the permutation group Sp in
ker [`F ]∗p−1 and coker [`F ]∗p−1. Denote ` = [`F ], `p−1 = [`F ]p−1.

Lemma 4. Let ω ∈ ker `∗p−1 ⊂ Cp−1Λ1⊗[P̂ ] and∇ = ∇ω ∈ CDiffp−1([κ]; [P̂ ])
be a C-differential operator such that i∗(∇) = ω. Then the following is
true.

1. There exist operators ∆s ∈ CDiff([κ], . . .︸ ︷︷ ︸
s−1

, [P ], . . . , [κ]︸ ︷︷ ︸
p−s−1

; [κ̂]), 1 ≤

s ≤ p− 1, such that

`∗ (∇(χ1, . . . , χp−1)) =

p−1∑
s=1

∆s(χ1, . . . , `(χs), . . . , χp−1). (10)

2. If τ ∈ Sp−1 ⊂ Sp, τ (p) = p, then

τ (ω) = i∗(τ (∇)),

where τ (∇) is defined by (9).
3. If τ = (s, p) is a transposition that interchanges s and p then

τ (ω) = −i∗ (∆∗ss ) ,

where ∆∗s denotes the adjoint operator for ∆ with respect to the
s-th argument.
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Proof. Statement (1) follows from the definition of `p−1.
In order to prove statements (2) and (3) let us describe the isomor-

phism between ker `∗p−1 and Hn−1(C1Λ1⊗Cp−1Λ1⊗Λ
∗
) given by Lemma

2. If ω ∈ ker `∗p−1 and ω = i∗(∇), where∇ ∈ CDiffp−1([κ]; [P̂ ]), then by
Green formula (7) applied to the operator ` there exists a C-differential

operator A ∈ CDiffp([κ]; Λ
n−1

) such that

〈`∗∇(χ1, . . . , χp−1), χp〉 − 〈∇(χ1, . . . , χp−1), `χp〉 = (dpA)(χ1, . . . , χp).

The cohomology class corresponding to ω is defined by a differential

form η = i∗(A) ∈ C1Λ1 ⊗ Cp−1Λ1 ⊗ Λ
n−1

.
Now statement 2 is obvious. Indeed, if τ ∈ Sp−1 ⊂ Sp, then

〈`∗τ (∇)(χ1, . . . , χp−1), χp〉 − 〈τ (∇)(χ1, . . . , χp−1), `χp〉 = (dpτ (A))(χ1, . . . , χp),

and the cohomology class corresponding to τ (∇) is defined by a differ-
ential form η′ = i∗(τ (A)) = τ (i∗(A)) = τ (η).

Let us prove statement (3). Without loss of generality assume that
τ is a transposition (1, p). From (10) we have

`∗∆∗11 (χ1, . . . , χp−1) = ∇∗1(`χ1, . . . , χp−1)−
p−1∑
k=2

∆∗1k (χ1, . . . , `χk, . . . , χp−1).

(11)

A C-differential operator −∆∗11 defines a cohomology class η′ = i∗(B),

where B ∈ CDiffp([κ]; Λ
n−1

) satisfies the following equation

(dpB)(χ1, . . . , χp) = −〈`∗∆∗11 (χ1, . . . , χp−1), χp〉 + 〈∆∗11 (χ1, . . . , χp−1), `χp〉.
But from (11) we have

−〈`∗∆∗11 (χ1, . . . , χp−1), χp〉 + 〈∆∗11 (χ1, . . . , χp−1), `χp〉 =

− 〈∇∗1(`χ1, . . . , χp−1), χp〉+
p−1∑
k=2

〈∆∗1k (χ1, . . . , `χk, . . . , χp−1), χp〉+ 〈∆∗11 (χ1, . . . , χp−1), `χp〉 =

− 〈`χ1,∇(χp, χ2, . . . , χp−1)〉+ (dpC1)(`χ1, . . . , χp)

+

p−1∑
k=2

〈χ1, ∆k(χp, χ2, . . . , `χk, . . . , χp−1)〉+
p−1∑
k=2

(dpCk)(χ1, . . . , `χk, . . . , χp)

+ 〈χ1, ∆1(`χp, χ2, . . . , χp−1)〉+ (dpCp)(χ1, . . . , `χp) =

− 〈`χ1,∇(χp, χ2, . . . , χp−1)〉

+ 〈χ1, (`
∗∇)(χp, χ2, . . . , χp−1)〉+

p∑
k=1

(dpCk)(χ1, . . . , `χk, . . . , χp) =
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(dpτ (A))(χ1, . . . , χp) +

p∑
k=1

(dpCk)(χ1, . . . , `χk, . . . , χp),

where the C-differential operators Ck, k = 1, . . . , p, are defined by
Green formula (7). Hence, one can choose the operator B such that

B(χ1, . . . , χp) = τ (A)(χ1, . . . , χp) +

p∑
k=1

Ck(χ1, . . . , `χk, . . . , χp).

But, obviously, i∗(B) = i∗(τ (A)), and the operator −∆∗11 corresponds
to the cohomology class τ (η)

Proposition 8 ([10]). The action of the permutation group Sp in the
n-th cohomology group CDiffp−1([κ]; [κ̂]) can be described as follows.

1. If τ ∈ Sp−1 ⊂ Sp, τ (p) = p, then

τ (∇)(χ1, . . . , χp−1) = ∇(χτ (1), . . . , χτ (p−1)),

2. if τ = (s, p) is a transposition that interchanges s and p, then

τ (∇) = ∇∗s,
where ∇ ∈ CDiffp−1([κ]; [κ̂]).

Corollary 1. Let ω ∈ coker `∗p−1 and ∇ = ∇ω ∈ CDiffalt
p−1([κ]; [κ̂]) be

a C-differential operator such that ω ≡ i∗(∇) mod im `∗. Then the
following is true.

1. If τ ∈ Sp−1 ⊂ Sp, τ (p) = p, then

τ (ω) ≡ i∗(τ (∇)) mod im `∗,

where τ (∇) is defined by (9).
2. If τ = (s, p) is a transposition that interchanges s and p then

τ (ω) ≡ i∗ (∇∗s) mod im `∗.

4. The C-spectral sequence for evolution equations

4.1. Let Y be an evolution equation represented locally as

Y =
{
ut − f(xi, t, u

j
σ) = 0

}
, k = 1, . . . , m,

where x1, . . . , xn−1, t are independent variables, u = (u1, . . . , um) are
dependent variables and

ujσ =
∂ |σ|uj

∂xσ1
1 . . . ∂xσn−1

n−1

, σ = (σ1, . . . , σn−1).

Functions xi, t, pjσ form a system of local coordinates on Y. Total
derivatives Dt, Di have the following form

Dt =
∂

∂t
+
∑
j,σ

Dσ(f
j)

∂

∂pjσ
, Di =

∂

∂xi
+
∑
j,σ

pjσ+1i

∂

∂pjσ
, i = 1, . . . , n− 1,
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and the universal linearization is a m×m matrix

` = [`F ] = Dt − Lf =


Dt 0 . . . 0
0 Dt . . . 0
. . . . . . . . . . . . . . . .
0 . . . . . . . Dt

−

∑

σ
∂f1

∂p1
σ
Dσ . . .

∑
σ
∂f1

∂pmσ
Dσ

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .∑
σ
∂fm

∂p1
σ
Dσ . . .

∑
σ
∂fm

∂pmσ
Dσ

 .

By definition, put Fm = F ⊕ · · · ⊕ F︸ ︷︷ ︸
m times

. Then in local coordinates one

can identify [κ] = [P ] = [κ̂] = [P̂ ] = Fm. Denote by CDiffx(F ;F) the
submodule of CDiff(F ;F) generated by operators Dσ, σ = (σ1, . . . , σn−1).
For any F -modules Q1, Q2 by definition put CDiffx(Q1; Q2) = HomF (Q1; Q2)⊗
CDiffx(F ;F) ⊂ CDiff(Q1; Q2) = HomF (Q1; Q2)⊗CDiff(F ;F), and de-
fine a linear projection i∗ : CDiff(Fm;F)→ CDiffx(Fm;F) by following

i∗(∇) = ∇, if ∇ ∈ CDiffx(Fm;F),

i∗(∇ ◦Dt) = i∗(∇ ◦ Lf ).

Lemma 5. The sequence

0
CDiff−−→ (Fm;F)

`−→CDiff(Fm;F)
i∗−→ CDiffx(Fm;F)

0−→,

where `(∆) = ∆ ◦ ` is exact.

Proof. Obvious.

Corollary 2. If Y is an evolution equation,then

1. Y is regular and determined;
2. C1Λ1 = CDiffx(Fm;F);

Each multilinear C-differential operator ∆ ∈ CDiffx,p(Fm;Fm) can
be written in the form

∆ =
(
∆ij1...jp

)
=

 ∑
σ1,...,σp

aσ
1...σp

ij1...jp
Dσ1 ⊗ · · · ⊗Dσp

 ,

(∆(χ1, . . . , χp))
i =

∑
σ1,...,σp

i,j1,...,jp

aσ
1...σp

ij1...jp
Dσ1(χj11 ) · · · · ·Dσp(χ

jp
p ),

where 1 ≤ i, j1, . . . , jp ≤ m, σs = (σs1, . . . , σ
s
n−1), χs = (χ1

s, . . . , χ
m
s ) ∈

Fm.
For each ∇ ∈ CDiff(F ;F) and ∆ ∈ CDiffx,p(Fm;Fm) define a C-

differential operator ∇(∆) ∈ CDiffx,p(Fm;Fm) such that

(∇(∆))ij1...jp =
∑

σ1,...,σp

∇(aσ
1...σp

ij1...jp
)Dσ1 ⊗ · · · ⊗Dσp .

Theorem 2. The term Ep,n−1
1 , p ≥ 2, for an evolution equation Y

consists of C-differential operators ∇ ∈ CDiffalt
x,p−1(Fm;Fm) such that
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1. ∇∗s = −∇, 1 ≤ s ≤ p− 1;
2. for any χ1, . . . , χp−1 ∈ Fm

Dt(∇)(χ1, . . . , χp−1) + L∗f (∇(χ1, . . . , χp−1)) +

p−1∑
s=1

∇ (χ1, . . . , Lf (χs), . . . , χp−1) = 0.

(12)

Proof. By Theorem 1 if∇ ∈ Ep,n−1
1 , then there exist operators ∆1, . . . , ∆p−1

such that

`∗ (∇(χ1, . . . , χp−1)) =

p−1∑
s=1

∆s(χ1, . . . , `(χs), . . . , χp−1).

But we have

−`∗ (∇(χ1, . . . , χp−1)) = (Dt + L∗f ) (∇(χ1, . . . , χp−1)) =

p−1∑
s=1

∇(χ1, . . . , Dt(χs), . . . , χp−1) +

Dt(∇)(χ1, . . . , χp−1) + L∗f (∇(χ1, . . . , χp−1)) =

p−1∑
s=1

∇(χ1, . . . , `(χs), . . . , χp−1) + Dt(∇)(χ1, . . . , χp−1) +

L∗f (∇(χ1, . . . , χp−1)) +

p−1∑
s=1

∇(χ1, . . . , Lf (χs), . . . , χp−1).

Therefore,

Dt(∇)(χ1, . . . , χp−1) + L∗f (∇(χ1, . . . , χp−1)) +

p−1∑
s=1

∇ (χ1, . . . , Lf (χs), . . . , χp−1) = 0,

and ∆s = −∇. Hence, if τ = (s, p) ∈ Sp, then τ (∇) = −∆∗ss , and
τ (∇) = −∇ if and only if ∇ = −∇∗s.

In any module CDiff(Q; R) there exists a filtration by the modules

CDiff(k)(Q; R) consisting of C-differential operators of order ≤ k. Con-
sider the module of C-symbols

Csmbl(Q; R) =

∞∑
k=0

Csmbl(k)(Q; R),

Csmbl(k)(Q; R) = CDiff(k)(Q; R)/CDiff(k−1)(Q; R).

By definition, one has projections

Csmbl(k) : CDiff(k)(Q; R)→ Csmbl(k)(Q; R).

For each ∆ ∈ CDiff(Q; R), ∆ 6= 0, define the order of ∆

ord ∆ = min{k | ∆ ∈ CDiff(k)(Q; R)},
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and the C-symbol s(∆) = Csmbl(ord ∆)(∆). Symbols of C-differential
operators from CDiffx(Q; R) generate a submodule Csmblx(Q; R) ∈
Csmbl(Q; R).

By definition, put s(Di) = θi, s(Dt) = θt, then θi, θt ∈ Csmbl(1)(F ;F).
The module Csmbl(F ;F) can be identified with the module of poly-
nomials with coefficients in F , Csmbl(F ;F) = F [θ1, . . . , θn−1, θt] and
Csmblx(F ;F) = F [θ1, . . . , θn−1].

The composition of differential operators in CDiff(F ;F) induces a
multiplication in Csmbl(F ;F), which can be identified with the multi-
plication of polynomials in the algebra F [θ1, . . . , θn−1, θt].

In the same way define a module Csmbl(Q1, . . . , Qp; R) = Csmbl(Q1;F)⊗
· · ·⊗Csmbl(Qp;F)⊗R and for each multilinear C-differential operator
the order and the C-symbol by following

ord(∆1 ⊗ · · · ⊗∆p ⊗ r) = ord ∆1 + · · ·+ ord ∆p,

s(∆1 ⊗ · · · ⊗∆p ⊗ r) = s(∆1)⊗ · · · ⊗ s(∆p)⊗ r,

where ∆i ∈ CDiff(Qi;F), 1 ≤ i ≤ p, r ∈ R.
We identify

Csmbl(Q1, . . . , Qp; R) = HomF(Q1, . . . , Qp; R) ⊗ Csmbl(F ;F)⊗ · · · ⊗ Csmbl(F ;F),

Csmblx(Q1, . . . , Qp; R) =

HomF (Q1, . . . , Qp; R)⊗ Csmblx(F ;F)⊗ · · · ⊗ Csmblx(F ;F) =

HomF(Q1, . . . , Qp; R) ⊗F [θji ], 1 ≤ i ≤ n − 1, 1 ≤ j ≤ p.

Let us simplify notations by introducing θ = (θ1, . . . , θn−1) and θj =
(θj1, . . . , θ

j
n−1). The composition of differential operators induces a left

F [θ]-module structure in Csmbl(F , . . . ,F ;F) = F [θji ] as follows

∆1(θ) ◦∆2(θ
1, . . . , θp) = ∆1(θ

1 + · · ·+ θp) ·∆2(θ
1, . . . , θp),

where ∆1 ·∆2 denotes the multiplication of polynomials.

Theorem 3. Let Y be an evolution equation such that the C-symbol
of the C-differential operator Lf is nondegenerate on the dense open
subset of Y and ord Lf ≥ 2. Then

Ep,n−1
1 = 0, p ≥ 3.

Proof. Let ∆ ∈ CDiffx,p−1(Fm;Fm) be a solution of (12) from Theorem
2. Choose a point π ∈ Y such that the C-symbol s(Lf ) is nondegenerate
at this point. Denote the C-symbols of ∆ and Lf at the point π by δ =
s(∆)(π) and λ = s(Lf )(π) respectively. Then λ ∈ HomR(V ; V )⊗F [θ],

δ ∈ HomR(
∧p−1 V ; V )⊗F [θ1, . . . , θp−1], where V = Rm.

Fix a basis of V and identify λ with an m × m matrix λ = (λij),

i, j = 1, . . . , m, where λij = λij(θ) ∈ R[θ] is a homogeneous polyno-

mial of degree l = ord Lf . Then (λ∗)ij = (−1)lλji . Let δki1...ip−1
=

δki1...ip−1
(θ1, . . . , θp−1) be the components of δ in the chosen basis. Now
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one can rewrite the C-symbol of equation (12) from Theorem 2 at point
π in the form

(−1)l
m∑
i=1

λki (θ
1 + · · · + θp−1)δii1...ip−1

+

p−1∑
s=1

m∑
i=1

δki1...is−1i...ip−1
λisi (θs) = 0,

(13)

where 1 ≤ i1, . . . , is, k ≤ m.
System (13) can be considered as a linear system of algebraic equa-

tions with polynomial coefficients over C. Let us show that the de-
terminant of this system does not equal to 0. Since λ = λ(θ) is not
degenerate, there exists v ∈ Cm such that detλ(v) 6= 0. One can sup-
pose that λ(v) has an uppertriangular (Jordan) form, λij(v) = 0 if i ≥ j
and λii(v) 6= 0. Then for any α ∈ C the matrix λ(αv) has also an up-
pertriangular form λij(αv) = αlλij(v). Since l = ord Lf ≥ 2 and p ≥ 3,
there exist complex numbers αs ∈ C, s = 1, . . . , p − 1, such that for
any i1, . . . , ip−1, k, 1 ≤ i1, . . . , ip−1, k ≤ m

Ak,i1,...,ip−1 = (−1)lλkk(v)(α1 + · · · + αp−1)
l +

p−1∑
s=1

λisis(αs)
l 6= 0.

Put θi = αiv. Then system (13) can be rewritten in an uppertriangular
form with diagonal entries Ak,i1,...,ip−1 6= 0. Hence, the determinant of
system (13) does not equal to 0, and the solution of this system δ = 0.
Therefore, C-symbol of ∆ vanishes on a dense subset of Y. But this
means that ∆ = 0.

4.2. Scalar evolution equations. In this subsection we consider the
case when Y is a scalar evolution equation. If the order of an equation
Y is greater then 1, then from Theorem 3 it follows that Ep,n−1

1 = 0 if
p ≥ 3. If the order of Y is equal to 1 then the following Theorem is
true.

Theorem 4. Let Y be a scalar evolution equation of the 1-st order.
Then Ep,n−1

1 , p ≥ 1, is an infinite dimensional vector space.

Proof. Locally each scalar evolution equation of the 1-st order by a
contact transformation can be reduced to the equation ut = 0. In this
case equation (12) has a simple form Dt(∆) = ∂∆

∂t
= 0. Denote by

Fx the algebra of functions on Y that do not depend on the variable
t. Then E1,n−1

1 = Fx and Ep,n−1
1 , p ≥ 2, consists of operators ∆ ∈

CDiffalt
x,p−1(F ;F) with coefficients in Fx such that ∆∗s = −∆, 1 ≤ s ≤

p− 1.

The term Ep,n−1
1 , p = 1, 2 need not be trivial. E1,n−1

1 contains gener-
ating functions of conservation laws. In [3] the term E2,1

1 is computed
for some evolution equations with single space variable, n = 2. Here
we compute the term E2,n−1

1 for a scalar linear evolution equation with
constant coefficients.
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Let Y be a scalar linear evolution equation with constant coefficients
ut = Lu, L ∈ R[θ]. In this case Lf = L is the lifting of the linear
differential operator L. We identify L and Lf in the polynomial ring
R[θ].

The equation defining E2,n−1
1 has the following form:

Dt(∆) + L∗ ◦∆ + ∆ ◦ L = 0 (14)

and the composition of differential operators ◦ : F [θ] × F [θ] → F [θ]
can be described as follows. Let ∆i = ∆i(θ1, . . . , θn−1) ∈ F [θ], i = 1, 2,
be polynomials with coefficients in F . Then

∆1 ◦∆2 = ∆1(θ1 + D1, . . . , θn−1 + Dn−1) ·∆2

= ∆1 ·∆2 +
∑
i

∂∆1

∂θi
·Di(∆2) +

1

2

∑
i≤j

∂2∆1

∂θi∂θj
·Di,j(∆2) + . . . ,

where ∆1 ·∆2 denotes the multiplication in the polynomial ring F [θ]
and Di ·∆ = Di(∆).

If L is a linear C-differential operator with constant coefficients,
L ∈ R[θ], then L =

∑k
i=0 Li, where Li is a homogeneous polynomial,

ord Li = i, and

∆ ◦ L = ∆ · L = L ·∆, L∗ = L(−θ) =

k∑
i=0

(−1)iLi,

where ∆ ∈ F [θ].
Each operator ∆ ∈ F [θ] is a sum of homogeneous operators, ∆ =∑l
i=0 ∆i, ord ∆i = i, ∆l 6= 0. The left-hand side of equation (14) is also

a sum of homogeneous operators. Hence one can solve (14) by equating
homogeneous terms to 0. Let us wright out 2 terms of maximal order
k + l and k + l − 1 if k ≥ 2

(1 + (−1)k)Lk ·∆l = 0; (15)

(1 + (−1)k)Lk ·∆l−1 + (1− (−1)k)Lk−1 ·∆l +
n−1∑
i=1

∂Lk
∂θi
·Di(∆l) = 0.

(16)

Let L ∈ R[θ] ⊂ F [θ] be a linear C-differential operator with constant
coefficients. Consider a transformation

L 7→ L′ = e−(λ,x) ◦ L ◦ e(λ,x) + A, L′ = L(θ + λ) + A, (17)

where λ ∈ Rn−1, (λ, x) = λ1x1 + · · · + λn−1xn−1, A ∈ R[θ] is a linear
C-differential operator with constant coefficients, ord A ≤ 1. Obvi-
ously, the operator L′ is also a C-differential operator with constant
coefficients. We say that C-differential operators L1 and L2 are equiva-
lent if by applying transformation (17) and a linear change of variables
θ = (θ1, . . . , θn−1) one can obtain L2 from L1. If operators L1 and L2
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are equivalent then the corresponding evolution equations ut = L1u and
vt = L2v can be obtained one from another by a change of variables.

An operator L ∈ R[θ], L =
∑k

i=0 Li is said to be in a normal form if
there exist integer numbers s0, . . . , sk, 1 ≤ sk ≤ · · · ≤ s0 ≤ n− 1, such
that for any i, 0 ≤ i ≤ k the following conditions hold:

1. ∂Li
∂θj

= 0, if j > si;

2. polynomials ∂Li
∂θj

, si+1 ≤ j ≤ si are linearly independent.

The integer number s0 is called the rank of the operator L and is de-
noted by rkL.

Lemma 6. Let L =
∑k

i=0 Li be an operator, L ∈ R[θ1, . . . , θn−1].
There exists a linear change of variables (θ1, . . . , θn−1) that transforms
L to an operator L′ in a normal form.

Proof. Straightforward.

Theorem 5. Let Y be a scalar linear evolution equation with constant
coefficients ut = Lu, L ∈ R[θ]. If E2,n−1

1 6= 0, then L is equivalent to a
skew-selfadjoint operator L′, L′∗ = −L′.

Proof. Let ∆ be a C-differential operator satisfying equation (14), ∆ =∑l
i=0 ∆i, ord∆i = i, ∆r 6= 0. Consider a homogeneous part (15) of

equation (14) of the order r+k. Since there exists a non trivial solution
∆l, the order k of L is odd.

By induction, suppose that there exists r ≥ 0 such that Lk−2i+1 = 0,
0 ≤ i ≤ r. Prove that the operator L is equivalent to an operator
L′ =

∑k
i=0 L′i such that L′k−2i+1 = 0, 0 ≤ i ≤ r + 1.

If k− 2r− 1 = 0 then put L′ = L−L0. Suppose that k− 2r− 1 ≥ 2.
By Lemma 6 we can assume that there exist integer numbers s1, . . . , sr,
1 ≤ s1 ≤ · · · ≤ sr ≤ n− 1, such that for any i, 0 ≤ i ≤ r,

1. ∂Lk−2i

∂θj
= 0, if j > si+1;

2. polynomials ∂Lk−2i

∂θj
, si ≤ j ≤ si+1 are linearly independent.

Hence, the homogeneous part of equation (14) of the order k + l− 1
(16) simplifies as follows

s1∑
i=1

∂Lk
∂θi

Di(∆l) = 0.

From condition (2) we have that Di(∆l) = 0, 1 ≤ i ≤ s1. Hence,
we proved that if ∆ is a solution of equation (14), then ord Di(∆) ≤
ord ∆−1 = l−1, 1 ≤ i ≤ s1. But Di(∆) is also a solution of (14) for any
i. Therefore, ord Dij(∆) ≤ l−2, 1 ≤ i, j ≤ s1, and ordDi1...il+1

(∆) = 0,
1 ≤ i1, . . . , il+1 ≤ s1. Now it is easy to see that one can find a non zero
solution of (14) ∆′ = Di1...ij(∆) such that ∆′ 6= 0 and Di(∆′) = 0 for
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any i = 1, . . . , s1. Then

L∗k ◦∆′ + ∆′ ◦ Lk = −Lk(θ1 + D1, . . . , θs1 + Ds1) ·∆′ + Lk ·∆′

= −Lk ·∆′ + Lk ·∆′ = 0,

and one can continue solving equation (14) with L = Lk−2 + . . . . Re-
peating arguments above we find a non zero solution of (14) ∆′′ such
that Di(∆′′) = 0, 1 ≤ i ≤ sr. Consider than the homogeneous part of
(14) of the order k + l − 1− 2r, which can be written as follows

2Lk−2r−1 ·∆′′l +

n−1∑
i=sr+1

∂Lk−2r

∂θi
·Di(∆

′′
l ) = 0.

Since ∆′′l 6= 0 ,one can find λi ∈ R, sr + 1 ≤ i ≤ n − 1, such that

Lk−2r−1 +

n−1∑
i=sr+1

∂Lk−2r

∂θi
λi = 0.

Put L′ = e−(λ,x) ◦ L′ ◦ e(λ,x) = L(θ + λ), where (λ, x) =
∑n−1

i=sr+1 λixi.
Then L′i = Li if k − 2r ≤ i ≤ k and L′k−2r−1 = 0.

Therefore, one can find an operator L′ equivalent to L such that
L′i = 0 for even i. But then we have

L′
∗
(θ) = L′(−θ) = −L′

and L′ is a skew-selfadjoint operator. The Theorem is proved.

Theorem 6. Let L ∈ R[θ], L =
∑k

i=0 Li, be a skew-selfadjoint opera-
tor in a normal form and L0 = L1 = 0. Then

1. solutions of equation (14) form an algebra A with respect to the
operation of composition;

2. if ∆ ∈ A then ∆∗ ∈ A;
3. the algebra A is isomorphic to the algebra of differential operators
A0 = R[X1, . . . , Xs]⊗C∞(xs+1, . . . , xn−1)⊗R[θ1, . . . , θn−1], where
s = rkL, and C∞(xs+1, . . . , xn−1) denotes the algebra of smooth
functions depending on variables xs+1, . . . , xn−1.

Proof. Since L∗ = −L, equation (14) has the following form

Dt(∆) + [∆, L] = 0. (18)

If ∆1, ∆2 are solutions of (18), then

Dt(∆1 ◦∆2) + [∆1 ◦∆2, L]

= (Dt(∆1) + [∆1, L]) ◦∆2 + ∆1 ◦ (Dt(∆2) + [∆2, L]) = 0,

and this proves statement (1).
Further, if ∆ is a solution of (18), then

0 = (Dt(∆) + [∆, L])∗ = Dt(∆
∗) + [L∗, ∆∗] = Dt(∆

∗) + [∆∗, L],

and (2) is proved.
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Now we show that the algebra of solutions of equation (18) A con-
tains as a subalgebra A0 = R[X1, . . . , Xs]⊗C∞(xs+1, . . . , xn−1)⊗R[θ].
Obviously, each ∆ ∈ C∞(xs+1, . . . , xn−1)⊗R[θ] satisfies equation (18).
Let Xi = xi + t ∂L

∂θi
, 1 ≤ i ≤ s. Then

Dt(Xi) + [Xi, L] =
∂L

∂θi
+ [xi, L] =

∂L

∂θi
− ∂L

∂θi
= 0,

and Xi ∈ A.
Further,

[Xi, Xj ] = t[
∂L

∂θi
, xj] + t[xi,

∂L

∂θj
] = t

∂2L

∂θi∂θj
− t

∂2L

∂θi∂θj
= 0,

[Xi, θj] = δij, X∗i = Xi.

Hence, the algebra generated by Xi, 1 ≤ i ≤ s, and ∆ ∈ C∞(xs+1, . . . , xn−1)⊗
R[θ] is the algebra of differential operators A0.

Let us prove that A ⊂ A0. By induction, suppose that if ∆ ∈ A
and Di(∆) = 0 for all i, 1 ≤ i ≤ r ≤ s, then ∆ ∈ A0. Let ∆ ∈ A and
Di(∆) = 0 for all i, 1 ≤ i ≤ r − 1. In the same way as in the proof of
Theorem 5 one can show that Dl+1

r−1(∆) = 0. Hence, ∆ is a polynomial

with respect to the variable xr−1, ∆ =
∑d

i=0 xir−1∆
(i), Dj(∆(i)) = 0,

1 ≤ j ≤ r. But ∆(d) = 1
d!
Dd
r−1(∆) is a solution of (18) and by the

inductive hypothesis ∆(d) ∈ A0. We can apply the same argument to
the operator ∆′ = ∆ −Xr−1∆(d) and show that ∆ =

∑d
i=0 Xi

r−1∇(i),

where ∇(i) ∈ A0. Therefore, ∆ ∈ A0 and A = A0.

Corollary 3. Let Y = {ut = Lu} be a scalar evolution equation, where
L is a linear differential operator with constant coefficients. Then term
E2,n−1

1 of the C-spectral sequence for Y is isomorphic to a linear space
of differential operators ∆ ∈ R[X1, . . . , Xs] ⊗ C∞(xs+1, . . . , xn−1) ⊗
R[θ1, . . . , θn−1], s = rkL, such that ∆∗ = −∆.

Acknowledgments

The author is grateful to Professor A. M. Vinogradov for very stim-
ulating attention to this work and to A. M. Verbovetsky for useful
discussions.

He also wishes to thank the SISSA for warm hospitality and the
Ministero degli Affari Esteri for a fellowship.

References

[1] I. M. Anderson, Introduction to the variational bicomplex, in: Mathematical
Aspects of Classical Field Theory, Contemporary Mathematics 132 (Amer.
Math. Soc., Providence, R.I., 1992) 51-73.

[2] A. Verbovetsky, Notes on the horizontal cohomology, Proc. Conf. Secondary
Calculus and Cohomological Physics, Moscow, 1997, Contemporary Mathe-
matics (Amer. Math. Soc., Providence, R.I., 1998) to appear.



24 Dmitri GESSLER

[3] N. G. Khorkova, On the C-spectral sequence of differential equations, Diff.
Geom. Appl. 3 (1993) 219-243.

[4] I. S. Krasil’shchik, Some new cohomological invariants for nonlinear differential
equations, Diff. Geom. Appl. 2 (1992) 307-350.

[5] I. S. Krasil’shchik, V. V. Lychagin, and A. M. Vinogradov, Geometry of Jet
Spaces and Nonlinear Differential Equations (Gordon and Breach, New York,
1986).

[6] M. Marvan, On zero-curvature representations of partial differential equations,
Proc. Conf. Differential Geometry and Its Applications, Opava (Czechoslo-
vakia), 1992, Silesian Univ., Opava, 1993, 103–122.

[7] T. Tsujishita, Homological method of computing invariants of systems of dif-
ferential equations, Diff. Geom. Appl. 1 (1991) 3-34.

[8] A. M. Vinogradov, A spectral sequence associated with a nonlinear differential
equation, and algebro-geometric foundation of Lagrangian field theory with
constraints, Soviet Math. Dokl. 19 (1) (1978) 144-148.

[9] A. M. Vinogradov, Geometry of nonlinear differential equations, in: Itogi nauki
i tekniki, Problemy geometrii 11 (1980) 89-134 (Russian); English transl. in:
J. Soviet Math. 17 (1981) 1624-1649.

[10] A. M. Vinogradov, The C-spectral sequence, Lagrangian formalism and con-
servation laws, J.Math.Anal.Appl. 100 (1984) 1-129.

[11] A. M. Vinogradov, ed., Symmetries of Partial Differential Equations: Conser-
vation Laws, Applications, Algorithms (Kluwer, Netherlands, 1989).

[12] A. M. Vinogradov, From symmetries of partial differential equations towards
secondary (“quantized”) calculus, J. Geom. Phys. 14 (1994) 146-194.


	Introduction
	Jet manifolds and infinitely prolonged differential equations
	Jets
	Differential operators and equations
	Adjoint operator
	The $@mathcal {C}$-spectral sequence

	The term $E_1$ of the $@mathcal {C}$-spectral sequence
	Multilinear $@mathcal {C}$-differential operators
	The term $E_1$ for determined equations

	The $@mathcal {C}$-spectral sequence for evolution equations
	
	Scalar evolution equations


