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ABSTRACT. In this paper a description of the term F; of the Vino-
gradov C-spectral sequence is given. Vanishing theorem for the
group EY "”71, where n is a number of independent variables and
p > 3, is proved for a system of evolution equations with a non-
degenerate symbol. The group Ef’”71 for a scalar linear evolution
equation with constant coefficients is computed.

1. INTRODUCTION

Homological methods play an important role in the study of systems
of differential equations. In [A] it is shown that infinitesimal symmetries
of differential equations and recursion operators are of cohomological
nature. The C-spectral sequence (variational bicomplex) introduced by
Vinogradov [H] contains important invariants of differential equations
such as conservation laws and characteristic classes of families of solu-
tions. It provides means for studying different aspects of Lagrangian
formalism, the inverse problem of the calculus of variations, etc. The
term F; of the C-spectral sequence is the analog of the de Rham com-
plex in the category of nonlinear partial differential equations (for a
very enlightening discussion see [7]).

There exists, however, no general method of computing this im-
portant spectral sequence. In [ifl] a powerful technique based on the
Spencer type cohomology systems is developed, the “two line” theorem
estimating the term FE for determined systems of differential equations
is proved, a concrete method of calculating for the term El1 "1 which is
related to the theory of conservation laws, is given, where n is a number
of independent variables. Due to this method a complete description
of the set of conservation laws is possible for determined differential
equations (see, for example, [[I]). Further development of results of
Vinogradov is done in [, H|, where the Janet sequence for involutive
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2 Dmitri GESSLER

differential equations is used, and a general approach to the calcula-
tion of the horizontal cohomology is proposed. In [@] this approach is
applied to the C-spectral sequence for overdetermined equations.

Some results concerning the computation of the term EY >0,
are obtained in [&], where the C-spectral sequence is considered for
scalar evolution equations with a single space variable. For a large class
of such equations, in particular KAV, MKdV, PKdV, Burgers equation,
the term Ef’l is computed and vanishing theorems are proved for the
groups EP"' p > 3, under a very restrictive assumption that an
equation possesses an infinite dimensional space of higher infinitesimal
symmetries. Some examples of computation of the C-spectral sequence
also can be found in [H].

In this paper we develop a method of calculating the terms EP" ',
p > 1, for determined differential equations and apply this method to
evolution equations. This paper is organized as follows. Section 2 is a
summary of the geometrical theory of nonlinear differential equations
and the C-spectral sequence. In Section 3 we give a description of the
term £ of the C-spectral sequence for determined equations. In Section
4 this general description is applied to evolution equations, vanishing
theorem for the group EY =1 p > 3, is proved for evolution equation
with a nondegenerate symbol, the group Ef "1 ig computed for a scalar
linear evolution equation with constant coefficients.

2. JET MANIFOLDS AND INFINITELY PROLONGED DIFFERENTIAL
EQUATIONS

In this section we define the basic concepts of the geometrical theory
of differential equations and the theory of the C-spectral sequence ([&,

i 5 |])

2.1. Jets. Let M be a smooth manifold and 7 : 2 — M be a smooth
fiber bundle over M, dim M = n, dim E = m + n. Denote by I'(7) the

set of all (local) sections of 7.
Let 7 : J¥ — M be the bundle of k-jets for =,

JH)={[fls| f€eD(n),z € M},

where [f]¥ denotes the k-jet of a local section f at x. Denote by J*(r)
the manifold of infinite jets for w. J°°(7) is the inverse limit with
respect to the following system of mappings

Tk, - ‘]k(ﬂ-) - ‘]l(ﬂ-)’ Tk, ([f]l:z) = [f]fmk > 1,
T S (w) — Mo ([f]5) = =

xT

By definition, one has natural projections
Tl : J2(m) — J¥(7),
Too : J(m) — M.
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Choose a coordinate neighborhood U in M such that the restriction
of the bundle F is trivial. Let xy,...,x, be local coordinates in U and
u',...,u™ be coordinates along the fiber of 7 in 7~1(U). Each local
section f € T'(w) is of the form f = (u!(z1, ..., 20), ..., u™(z1,. .., Tn)).

Define functions p’ by following

, ololyd
kY __
Ps ([/1z) = T Owgr |y
where 0 = (01,...,0,), o1+ -+ + 0,. Then smooth functions

o] =
(4, p2), 1 <i<n, 1<j<m,0<|o| <k form local coordinates in
JF(m), 0 < k < oo.
Let Fy(m) denote the algebra C*° (J*(x)). Then one has a system
of embeddings

T s Fi(m) — Fi(m), I <k,
m : C°(M) — Fi(n).
The direct limit F () with respect to the system {7} ;} is called the

algebra of smooth functions on J*(m). We identify Fy(7) and C*°(M)
with their limits in F (),

F(r) = Fulm).
k>0
In the same manner one can define the module of i-forms A'(w),
i>0,on J®(m)
Ni(m) = A (JH()
k>0

and consider a graded algebra
A*(m) =) A'(m)
=0

of differential forms on J*°(7).
A vector field X on J*°(7) is an R-linear mapping X : F(w) — F(7)
such that for any ¢, € F(r)
X(py) = pX(¥) + 9 X(p),
and there exists r > 0 such that for each k > 0
X (fk(ﬁ)) C .7:k+r(71’).

Denote by D(m) the set of all vector fields on J*°(7). Obviously, D(7)
is a F(m)-module and Lie algebra over R. Locally each X € D(x) can

be represented as
X = Zalﬂ 30 9

where b € F 4, (m) for some 7.



4 Dmitri GESSLER

Let & : F; — J®(m), i = 1,2, be vector bundles over J>(7),
P, =T'(F;) be F(m)-modules of sections. An R-linear differential oper-
ator A : P — P, is called C-differential if it can be restricted to the
manifolds of the form [f]*°, f € I'(w). That is

A((P)l[f}oo =0 as <P|moo - 0, (2 € Pl.

If vector bundles &, & are finite dimensional, m; = dim¢;, then in
local coordinates each C-differential operator A can be represented as
a my X my matrix

o o
Za’ a1 Do a'almlDG'
A= . ,
o o
5 U1 Do - o Umomy Do

where 0 = (01,...,0,), Dy = (D1)?* o---0(D,)", and

0 0
axi‘f'jzo-p;Jrlia—pg-,l—l,...,n,

is the ¢-th total derivative.

The set of C-differential operators from P; to P, is, clearly, a F()-
module and is denoted by CDiff(Py; P).

Let & @ F;, — M, i = 1,2, be vector bundles, P, = T'(§;), and
A : P, — P, be an R-linear differential operator, A € Diff(P; P»). By
definition, put P; = F(7) @c=r) P = I (7%,(&)), where 7% (&) is the
induced vector bundle over J*°(7). A unique C-differential operator
A : P, — P, such that A(1 ® p) = 1® A(p) is called the lifting of A.

Consider a vector field X € D(M) on M. It is an operator of the
first order acting from C°°(M) to C*(M). Then the lifting X €
CDiff (F(m), F(m)) is a vector field on J*°(m). Consider a submod-
ule CD(7) C D(7) generated by vector fields of the form X. Thus we
have a distribution on J*°(7) which is called the Cartan distribution.
The Cartan distribution is completely integrable in the sense that it
satisfies Frobenius integrability condition

[CD(m),CD(m)] € CD(w). (1)

In local coordinates if X = 3, a;z>, a; € C®(M), then X =
Zi CLZ‘DZ‘, and

D; =

CD(m) = {Z wiD; | @i € ‘7:(77)}'

Vector field X € D(w) is called vertical if X(¢) = 0 for each
p € C®(M) C F(n). Denote by DV (n) C D(x) the F(r)-module
of vertical vector fields. DV is also a subalgebra of the Lie algebra
D(x),

[DY(w), DY (m)] € D" (m), (2)
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and D(m) splits into a direct sum

D(r) =CD(n) @ DY (x).
Dually, the module of 1-form on J*(7) splits into a direct sum

A(r) = C'AM () @ R (r), (3)

where

Kl(ﬁ) ={w e A(r) | w(X) =0 for any X € D" (m)}
is the module of horizontal 1-forms, and
C'A' (1) ={we Aln) |w(X)=0 forany X €CD(n)}

is the module of Cartan forms.
Locally,

() = {Z pidz; | ;i € }—(W)} ;
C'A\(r {Z%w | ¢§ Gf(pl)}

where wl = dp}, — 3", pl 1, dx;.
From (H) it follows that each A’(m), 7 > 0, splits into

= > AY(m)@CA(n),

a+06=i

where

A(m)=R(m) A AR (7),
at;?nes

CPAY(m) = C*AY(m) A --- ACHAY (7).
ﬂt‘iines

The graded algebra A~ (m) is the lifting of the graded algebra A*(M)
of differential forms on M. The lifting of the de Rham differential
d: N (M) — AN (M) is called the horizontal differential and is denoted

by d: A (1) — KZH(W). The complex

0L M L8m L. LA
is called the horizontal de Rham compler and its cohomology at the
term A' () is denoted by FZ(W). In local coordinates

d(da;) = ZD )dzi, ¢ € F(r).
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Let V(m) : V(E) — E be the vector bundle of vertical vector fields on
E, V(E)={v e T(FE)| mwv = 0}. By definition, put s = I'(V (7)) =
' (75,0 (V(7))). Then there exists a map

>: 2 — DV (1), ¢ 3,
where 3, is called evolutionary derivation and is defined by following
d
ey (@Z})lmoo I o <¢|[ft}oo) )

where f € I'(7), ¢ € 5, ¢ € F(m), and f; is a 1-parameter family of
sections of 7 such that % ‘t:O fi= <p|m(x>, fo= 1.

In local coordinates, if ¢ = (o', ..., ™), then

.0
Q= ZDJ((pj)ﬁ—pZ,'
2,0

2.2. Differential operators and equations. The system of nonlin-
ear differential equations of order k imposed on sections of 7 : B — M
is a submanifold Y* C J*(7). Denote by Y** C J**(r) the s-th pro-
longation of Y*. We will always suppose that V* is formally integrable.
Then Y°, s > k, is a smooth manifold, and 754, s > ¢t > k, maps )*
onto V! surjectively. The inverse limit of the system of maps

Tsr VS =V, s>t >k,

is called an infinitely prolonged differential equation, or simply a dif-
ferential equation, and is denoted by Y = Y°°. Obviously, the infi-
nite jets manifold J*°(7) is a differential equation of zero order with
Yk = J¥(m), k> 0.

One can construct a calculus on a differential equation Y C J*(7) in
the same way as for the jets manifold J>°(7). Let F, A*, D denote the
algebra of smooth functions, the graded algebra of differential forms
and the module of vector fields on ) respectively.

As for the jets manifold J*°(7), there exists a splitting of the modules
of vector fields D and 1-forms Al

D=D"Va®cCD,
Al =R @C'AL (4)
Let £ : E' — M be a vector bundle, F': I'(r) — T'(§) be a nonlinear

differential operator, F' can be considered as a section of the induced
vector bundle 7% (&) over J*°(7). Define a smooth map

J(F) 2 J=(m) = JZE), [ = [F(NI-

T T

Let Y = Y(F') be the differential equation defined by F,
V(F)=%ker J(F)={0 € J*®(n) | J(F)(0) =0}.
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In local coordinates, if F' = (F!,..., F®), F' = FY(x;,p?), then Y(F)
is the infinite prolongation of the system

Denote by P =T (7%,(§)) the F(m)-module of sections of the induced
vector bundle over J*°(w). The universal linearization of F is a C-
differential operator ¢ € CDiff(s¢; P) such that

d
EF((p)l[f}Oo - % F(ft)a 2 € %af € F(ﬂ—)a
t=0

where f; is a 1-parameter family of sections of 7 such that % 0 fi=
cplmoo, fo = f. In local coordinates
oF! oF!
>0 ot Do o D Gpm Do
b=
oF* OFs
Za’ apl ‘Do' Zg- opm -DO'

Denote by I, C F(m) the ideal of functions identically equal to 0
on Y. For each F(m)-module R denote by [R] the restriction of R to
Y, [R] = R/(Iy- R). If R is a projective F(m)-module, then [R] is a
projective F-module.

A differential equation ) = Y(F) is called regular with respect to
the nonlinear differential operator F' = (F*', ... F*®) if

1. ideal Iy is generated by functions D, (F!),1 <1< 5,0 < |o| < oo;
2. the module of 1-forms A! is projective.

This definition does not depend on the choice of coordinate chart. In
the geometrical theory of nonlinear differential equations a regular dif-
ferential equation is an analog of a smooth (without singularities) man-
ifold.

If the F-module A’ is projective, then from (@) it follows that mod-

ules A and C'A! are also projective. From now onwards we assume
that all the modules under consideration are projective.

Let ¢ : Y — J°(m) be natural inclusion, ¢* : [C'A'(7)] — C'A!
be induced homomorphism, [(g| : [3] — [P] be the restriction of the
universal linearization to ).

Proposition 1 ([i). 1. [C'A'(m)] = CDiff([5d; F);
2. The following sequence is exact
CDiff([P]; F) L eDift([5]; F) 2 AL 2,
[F](V) = Vo [lr].
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In local coordinates the isomorphism of statement (@) is given by
following

Wi =dph = Pl Vi V('L ¢™) = Do().

A differential equation Y = Y(F') is called determined if the homo-
morphism

[(r] : CDiff([P]; F) — CDiff([»]; F)

is an injection. This condition always holds for evolution equations,
or for differential equations )(F) such that the symbol of the matrix
differential operator /r : 2 — P has the maximal rank almost every-
where.

If a differential equation Y(F) is regular and determined then the
short exact sequence

0 2% () 7) L epifi([s; 7) D oAt & (5)

splits and C'A' can be considered as a submodule of CDiff ([»]; F).
2.3. Adjoint operator. Let ) be a differential equation. For any
F-module @ consider the following complex (S(Q), d;):
0 2% (@ F) L eDiff(Qi K &5 ... & eDiff(Q; A 2,
The cohomology of complex (@) is described by

Proposition 2 ([id]). 1. 5[; (8(Q)) =0ifi#n;
2 H" (5(Q) = Homs(Q; ")

By definition, put Q = Homf(Q;Kn) for any module Q.

Each C-differential operator V : @1 — (@3 induces a homomor-
phism of complexes S(V) : §(Q2) — S(Q1), S(V)(A) = AoV,
A € CDiff(Qq; KZ), and an R-linear map of the cohomology

V* : QQ — Ql'
The operator V* is called the adjoint operator for V.

Proposition 3 ([il). 1. V* € CDiff(Qs; Q1).
2. For all V1 € CDiff(Q1; Q2), V2 € CDiff (Q2; Qs3)

(VQ o Vl)* = VT 9 V;‘

3. If in local coordinates V is a my X mo-matriz

V=) _ayD,),
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then V* is the ma X mq-matriz

V' = (Z(—l)aDa o a;’i> .

g

2.4. The C-spectral sequence. Consider the C-filtration in the de Rham
complex on an equation )

A=C°ADC'ADC*AD ...,
where
A=Y coa o
azp
B>0

The spectral sequence {EP? dP7} determined by this filtration is
called the C-spectral sequence for the differential equation ). As usual
p denotes the filtration degree and p + ¢ denotes the total degree.

Proposition 4 ([if]). 1. EP? = CPA' @ AY;
2. By =1, dy? =d;
3. The C-spectral sequence converges and its term Eo, = {E&q} 18
attached to H}, ppam(Y).

Keeping in mind statement (2) of Proposition ll denote
&t =d:CPA' @A — CPA o AT

If Y = J(x), then in local coordinates d is uniquely defined by
following

d(f) = Z Di(f)dx;, f € F;

d(dz;) =0, dx; € Kl;
d(W) = dw! = dei A wiﬂi, wl e C'A.

3. THE TERM FE; OF THE C-SPECTRAL SEQUENCE

In this section we suppose that J = Y(F) is a regular differential
equation defined by a nonlinear differential operator F'.

3.1. Multilinear C-differential operators. Let (4, ...,Q,, R be F-
modules. Consider the module of R-multilinear C-differential operators

A:Q1x--xQp,— R

CDiff(Q1, . ... Q,; R) = CDiff (Qy; CDiff (Qa; .. .CDiff(Q,; R) ...))
= CDIff(Q1; F) ® - - - ® CDIff(Q,; F) ® R.

For any F-modules ), R, by definition, put

CDiff,(Q; R) = CDiff(Q, ..., Q; R) = (X) CDiff(Q; F) ® R,

p times
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and consider the submodules CDiffth(Q; R) C CDiff,(Q; R)
CDIff2"(Q: R) = /\" CDiff(Q; F) ® R.

Module C Diflet(Q; R) can be identified with the module of skew-symmetric
C-differential operators A: Q x --- x Q — R.
~————

p times

Let V : Ry — Ry be a C-differential operator. For each F-module Q
define an operator

V, : CDiff2"(Q; R1) — CDiff2"(Q; Ry),
A (=1)PV o A.

Proposition 5 ([ill]). Let {EyY(r),dy*(m)} be the zero term of the
C-spectral sequence for J®°(mw). Then

EP(m) = CPAY(m) @ N (7)) = CDIff2" (5 Kq(w)) ;
dy () = (d)y,

where d : () — KQH(W) is the horizontal differential on J*().

Lemma 1. 1. Let {[EYY(7)], [d5? ()]} be the restriction of the zero
term of the C-spectral sequence for J®(m) to the equation )). Then
[ESY(m)] = [CpAl(W)] QA = CDiffZlt ([%];Kq) :
(5 ()] = (d)y,

where d : A — K is the horizontal differential.
2. For each F-module () the following sequence is exact

CDiff ([P); F) @ CDIff2" ([2d]; Q) —CDiff** ([3; Q) = cPA' @ Q

p—1

where

(A @ Ag) = (Ayo[lp]) AAy, Ay € CDIff([P]; F), Ay € CDIff*" | ([5]; Q).

p—1
3. If V : Q1 — Q2 is a C-differential operator, then there exists a
unique C-differential operator V, : CPA' @ Q1 — CPA' @ Q2 such
that the following diagram is commutative

CDiffZlt ([5]; Q1) Ve, CDiffZlt ([24: Q2)

7* ¥

CPA ®Q,  — CPA'® Q,

4. d5? = (d),, where dy? denotes the zero differential in the C-spectral
sequence for Y.
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Proof. Statement (1) follows from Proposition B Statement (2) follows
from Proposition l. Statement (3) follows from (2). Finally, (4) follows
from (1), (3), and the fact that the following diagram is commutative

P,q T
(E2e(m)]) 2 [Epeti(m))
D,q dy* p,q+1
EO’ _— EO’

O

The action of C-differential operators on the module CPA' ® Q; of
differential forms with coefficients in ); defined by Lemma B coincides
with the one introduced in [4].

Let K = {K", "} be a complex such that ¢* for any ¢ is a C-differential
operator. By Lemma [l we have a complex CDiff(Ry,...,R,; K) =
{CDiff(Ry, ..., Ry; K%), 0% ;} for any modules Ry, ..., R, and a com-
plex CPA' @ K = {CPA' ® K*,6,} for any integer p > 0.

Proposition 6 ([il]). 1. Let Ry,..., Ry, Q be F-modules. Then

‘ 0 7
H* (CDiff(Ry, ..., R, S(Q))) = {CDiﬁ(Rl, ... R,:0) i i Z

2. Let V : Q1 — Q2 be a C-differential operator. Then
(V)11 : CDIff(Ry, ..., Ry; Q2) — CDIff(Ry, ..., Ry Q1)
15 the induced map of the cohomology.
Let V € CDiff(Ry,...,R); Q). Take r;, € R;, i = 2,...,p, and

consider a C-differential operator

7250yl

where r € R;. A C-differential operator
V9 :QxXRyx - xR, — Ry, VG, rg...,1) = (V(l) rp) (@),

where ¢ € Q, r; € R;, is called adjoint to V with respect to the 1-st
argument. In the same manner one can define for any s = 1,...,p an
operator V*s adjoint to V with respect to the s-th argument.

Denote by (-,-) : Q x Q — A" the natural pairing, (¢,¢) = ©(q),
where g € Q), p € Q= Hom#(Q; A").

Proposition 7 ([0, the Green formula). LetV € CDiff(Ry, ..., Ry; Q).
Then there exists a C-differential operator G € CDiff (Ry, ..., R,, Q; Knil)
such that for any r; € R;, 1 <i<p, and g € Q

(V(ry,...,mp),q) — (r1, V' (q, 9, ..., 1)) = (dy. 1G)(r1,. .., Tpsq)-

—~

7)
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The following Lemma is a main tool for calculating the C-spectral
sequence. For more general discussion see [].

Lemma 2. 1. Let Q) be a F-module. Then
4 0 1 # n;
1 DAl _ . ) )
2. Let V : Q1 — Q2 be a C-differential operator. Then (V*), :
CPA' ® Q3 — CPA' ® Q1 is the induced map of the cohomology.
Proof. Consider a natural filtration in the complex {S(Q),d;} by the
modules
F* = {A € CDift(Q; ') | ord A < k +i — n}, (8)
where ord A denotes the order of a C-differential operator A. Clearly,
FOcFlc.-.-cFFc ..., and di(F*) C F* for any k > 0. Let

{F*4 6%} be the spectral sequence for the complex S(Q) with respect
to filtration (H). It is easy to see that

Byt = Q' ¥R @ KT = @t STy g Ayt @ R

where V = Kl, ifO0<k+q<n,2k+qg—n >0, and Fé“’q = 0 otherwise.
Further, the zero differential ;¢ has a simple form 0g¢ = 1® 6* @ 1,
where

5k . SZV* ®Ak7zv* N SiJer* ®Akfiflv*
is the Koszul differential. Hence, Flk’q =0if k # 0or g # n, and
" =Q oA =Q.

Filtration (H) of the complex S(Q) yields a filtration of the complex
C’A' ® S(Q) by modules F* = CPA' @ F*. The corresponding spectral
sequence { F/4 554} has the zero term Fy'? = CPA' @ FJ"? and 049 =
1® 00, Hence, F'" = 0if k # 0 or ¢ # n, and F"" = C’PA' ® Q. This
concludes the proof of statement (1). Statement (2) follows now from
Proposition B and Lemma M. O

3.2. The term FE; for determined equations. In this subsection
we suppose that J = Y(F') is a regular determined equation.

Lemma 3. Let H' be the cohomology of the complex {C”*lA1 QCA' @A, Elvp,l}.
Then

O, { ?A n— ]-a n,
H' = { ker CE]s 4, i=mn-—1, [lrly CP N @ [P] — CP A @ [#].
coker [(p]s 1, i=mn,

Proof. Since the equation ) is regular and determined, sequence (@) is
exact. Consider the following short exact sequence of complexes

M CP AL ®S([%]) ﬂ CPIAL ®ClA1 ®K* i)

0% A e s(P)



C-SPECTRAL SEQUENCE 13

By Lemma H the long exact sequence of the cohomology has the form

n—1 —1 N ks n
0" ST A [P Bl eript [ 2%

)
and the Lemma is obvious.

The permutation group S, acts in the complex {CDiff,([; A*), d, }.
For each 7 € S, and V € CDiff,([»]; A?) we have

T(V)(X1s - x) = V(IXr@) - X)) 9)

It is easy to see that action (H) projects to an action of the group S,
in the complex {C”*lA1 ® CTA! ®K*,31,p,1} and, therefore, induces
an action in the cohomology. The complex CPA! ® A= EF™ is the
antisymmetric part of the complex CP"'A! @ C*A' ® A~ with re_sgect
to the action of S,. Hence, the cohomology F? = HI(CPA' @ A') is
the antisymmetric part of HY (C”*l/\1 ®RCIA' ® K*). Combining this
with Lemma B one immediately obtain the following

Theorem 1 ([iil],the two line theorem). Let) be a reqular determined
differential equation. Then

1. =0, p>1,g#n—1,m;

2. EP"1 (resp. EP™) is the antisymmetric part of ker[(p|% | (resp.
coker[(r]5 ) with respect to the induced action of the permutation
group Sp.

Let us now describe the action of the permutation group S, in

ker [(r]5_; and coker [(p]% ;. Denote £ = [(r], £, = [{p]p1.

Lemma 4. Letw € ker £; | C CP'A'®[P] and V = V,, € CDift,_([5]; [P))
be a C-differential operator such that i*(V) = w. Then the following is
true.

1. There exist operators Ag € CDiff([5],...,[P],..., [s];[5]), 1 <
1 1
s— p—s—
s < p—1, such that
p—1
(VO X)) = D A LX) Xp)- (10)
s=1

2. If e S,_1 C S, 7(p) =p, then
T(w) =" (7(V)),
where T(V) is defined by (H).

3. If T = (s,p) is a transposition that interchanges s and p then
T(w) = —i" (A7),

where A*s denotes the adjoint operator for A with respect to the
s-th argument.
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Proof. Statement (1) follows from the definition of £,_;.
In order to prove statements (2) and (3) let us describe the isomor-

phism between ker 7 ; and Hn 1 (C1A1®Cp*1A1®K*) givenAby Lemma

B Ifw e ker £ andw = *(V), where V € CDiff,_([»]; [P]), then by
Green formula (fl) applied to the operator ¢ there exists a C-differential

operator A € CDiffp([%];anl) such that

(VX1 Xp-1)X) = (VX Xp-1), D) = (dpA) (X, - - Xp)-
The cohomology class corresponding to w is defined by a differential
form n =i*(A) e C'A' @ CP A ® A

Now statement 2 is obvious. Indeed, if 7 € S,_; C .S, then

(CT(V) (X155 Xp-1), Xp) — (T(V) (X1, -+ Xp—1), xp) = (dpT(A)) (X1, - - X)),

and the cohomology class corresponding to 7(V) is defined by a differ-
ential form ' = i*(7(A)) = 7(i*(A)) = 7(n).

Let us prove statement (3). Without loss of generality assume that
7 is a transposition (1,p). From (E) we have

p—1

CAT (X1, -y Xpa1) = VX1, - oy Xpe1) — ZAZl(Xl, o WXy ey Xp—1)-
k=2
(11)

A C-differential operator —AJ' defines a cohomology class ' = i*(B),
where B € CDiffp([%];anl) satisfies the following equation

(dpB) (X155 Xp) = —(CAT (X1, - -+, Xp-1)s Xp) + (AT (X1, -+ Xp1)s Ox)-
But from () we have

_<€*A>{1(Xla B aprl)a Xp) + <A>{1(Xla SR prl)a EXP) -

- <V*1(€X1a ceey prl)a Xp) +
p—1

<A21(X1a s aEXka BRI prl)a Xp) + <A>{1(Xla ce aprl)aEXp> =
k=2

- <€X1a V(Xpa X2 - ,prl» + (Epol)(lea cey Xp)
p—1 p—1

A 00 Ak X205 Ok Xp DD ([dCr) (X1 ks -+ X)

k=2 k=2
+ <X1a Al(EXpa X2y, Xp*1)> + (EPOP)(XD s ’EXP) -

- <€X1a V(Xpa X2y .- aXp*1)>
p
+ (X1, (V) (Xpy X2, -5 Xp-1)) + Z(dpok)(Xh o WXy Xp) =

k=1
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(dpm (AN (X1 Xp) + (O (X1s - O - ),

k=1
where the C-differential operators Cy, k = 1,...,p, are defined by
Green formula (H). Hence, one can choose the operator B such that

P
B(x1,---,xp) =7(A) (X1, -, Xp) + Zok(Xla co Oy X))

k=1

But, obviously, i*(B) = i*(1(A)), and the operator —AJ' corresponds
to the cohomology class 7(n) O

Proposition 8 ([id]). The action of the permutation group S, in the
n-th cohomology group CDiff,_;([s]; [%]) can be described as follows.

1. If T € Sp-1 C Sp, T(p) = p, then
(V)X Xp-1) = VX -5 Xrp-1))5

2. if T = (s,p) is a transposition that interchanges s and p, then
T(V) =V,
where V € CDiff,_([#]; [5]).

Corollary 1. Let w € coker 5 | and V =V, € CDiffZlfl([%]; [7]) be
a C-differential operator such that w = i*(V) mod im ¢*. Then the
following s true.

1. If te S,-1 C Sy, T(p) =p, then
T(w) =" (7(V)) mod im ¢*,
where 7(V) is defined by ().

2. If T = (s,p) is a transposition that interchanges s and p then

T(w) =¢" (V™) mod im ¢*.

4. THE C-SPECTRAL SEQUENCE FOR EVOLUTION EQUATIONS

4.1. Let Y be an evolution equation represented locally as
y= {ut — fz,t,ul) = 0}, k=1,...,m,

where x1,..., 2, 1,t are independent variables, u = (u',...,u™) are

dependent variables and
o]
o 071’

) = T O o= (01,...,0n-1).

Functions z;,t,p) form a system of local coordinates on ). Total
derivatives Dy, D; have the following form

9 0, ) )
D, at+JZJD"(f)apZ,’DZ 8:ci+jzgpg’“iapz,’l 1,...n—1,
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and the universal linearization is a m X m matrix

D, 0 ... 0 >, 5kD, ... Y, 20D,
0 Dy ... O |
C=ltrl=Di=Ly=| L B
ofm ofm
O ....... Dt ZUB—I%.DJ ZJ%DJ

By definition, put 7" = F & --- & F. Then in local coordinates one
%‘/—/
m times
can identify [5] = [P] = [%] = [P] = F™. Denote by CDiff,(F; F) the
submodule of CDiff (F; F) generated by operators D, 0 = (01, ...,0,-1).
For any F-modules @)1, Q2 by definition put CDiff,(Q1; Q2) = Homz(Q1; Q2)®
CDiff . (F; F) C CDiff(Q1; Q2) = Homz(Q1; Q2) @ CDiff (F; F), and de-
fine a linear projection ¢* : CDiff (F™; F) — CDiff,(F™; F) by following
i"(V) =V, it V e CDift ,(F™;, F),
i*(VoD) =1i"(VolLy).

Lemma 5. The sequence

where E(A) = Ao/ is exact.
Proof. Obvious. O

Corollary 2. If Y is an evolution equation,then
1. YV is reqular and determined;

2. C'A! = CDiff,(F™; F);

Each multilinear C-differential operator A € CDiff, ,(F™; F™) can
be written in the form

A=(Djg)=| Y. a5 "Dy @ @D |,
a-l 7777 oP
i ol..o j j
(A(X1s - xp) = Z aijl...j:Dal (X1') -+ Dov OGr),
ol,...oP
Zvjl 7777 jP

where 1 < 4,71,...,5, <m, 0% = (of,...,0° ), xs = (X}, ..., x™) €
F.

For each V € CDiff(F;F) and A € CDiff, ,(F™; F™) define a C-
differential operator V(A) € CDiff, ,(F™; F™) such that

(Vg = D2 VAaG5)Dot @ & Do

.....

Theorem 2. The term EP™', p > 2, for an evolution equation Y
consists of C-differential operators V € CDiff* | (F™: F™) such that

z,p—1
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1. Ve=-V, 1<s<p—1;
2. for any x1,...,Xp-1 € F"

DAYt o) + L5 (Vo )+ 3 (v L)

s=1

(12)

s prl) =0.

Proof. By Theorem@if V € Ef’nil, then there exist operators Ay, ..., A,

such that

p—1
C(VO X)) = 3 A X Xp1)-
s=1

But we have

= (Vx,-xp1)) = (De 4+ Ly) (Vs -+ xp-1)) =

p—1
Zv(xla .- 'aDt(XS)a B aXp*l) +
s=1

Di(V)(x1, - xp-1) + Ly (V(Xas - Xp-1) =

p—1
Zv(xla s aE(XS)a s aXp*l) + Dt(v)(xla S aXp*l) +
s=1

p—1

L} (V(Xla .. 'aprl)) + Zv(xla ) Lf(Xs)a s 'aprl)'

s=1
Therefore,
p—1

Dy(V) (X155 Xp1) + L5 (VX1 Xp-1) + DV (x5 Ly(xs), -

s=1

and Ay = —V. Hence, if 7 = (s,p) € S,, then 7(V) = —A%, and

s

7(V) ==V if and only if V = —V*. O

In any module CDiff(Q; R) there exists a filtration by the modules
CDiff®(Q; R) consisting of C-differential operators of order < k. Con-
sider the module of C-symbols

Csmbl(Q; R) = Y Csmbl™(Q; R),
k=0

Csmbl®(Q; R) = cDiff®)(Q; R)/ cDiff*~1(Q; R).
By definition, one has projections
Csmbl® : CDIff®(Q; R) — Csmbl®(Q; R).
For each A € CDiff(Q; R), A # 0, define the order of A
ord A = min{k | A € CDiff™(Q; R)},

) prl) - Oa
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and the C-symbol s(A) = Csmbl® ) (A). Symbols of C-differential
operators from CDiff,(Q; R) generate a submodule Csmbl,(Q;R) €
Csmbl(Q; R).

By definition, put s(D;) = 6;, s(D;) = 6;, then 6;, 6, € CsmblM (F; F).
The module Csmbl(F; F) can be identified with the module of poly-
nomials with coefficients in F, Csmbl(F; F) = Flby,...,0,_1,0;] and
Csmbl, (F; F) = Flb1,...,0,1].

The composition of differential operators in CDiff(F; F) induces a
multiplication in Csmbl(F; F), which can be identified with the multi-
plication of polynomials in the algebra F[01,...,0, 1, 60,].

In the same way define a module Csmbl(Q, . .., @p; R) = Csmbl(Q1; F)®
-+ ®Csmbl(Q,; F) ® R and for each multilinear C-differential operator
the order and the C-symbol by following

ord(A;1®---®A,®r) =ord Ay + - -- +ord A,
S(A1®--- @A, ®1r)=5(A1)®---®@5(A,) @,
where A; € CDiff(Q;; F), 1 <i <p,r € R.
We identify
Csmbl(Q1,...,Qp; R) = Homzg(Q1, ..., Qp; R) ® Csmbl(F; F) ® - - - ® Csmbl(F; F),

Csmbl,(Q, ., Qi F) =
HOIH}‘(Ql, ceey Qp; R) X CSIHbL,:(]:7 f) KRR Csrnblx(]:7 J:) _

Homz(Q1,...,QpR) @ F[#)], 1<i<n—1,1<j<p.

Let us simplify notations by introducing ¢ = (01,...,0,_1) and 67 =
(6],...,607 ). The composition of differential operators induces a left

F[6]-module structure in Csmbl(F, ..., F;F) = F[#’] as follows
Al(é’) oAg(é’l,...,é’p) = Al(é’l + - +6’p) . Ag(@l,...,é’p),
where A7 - Ay denotes the multiplication of polynomials.

Theorem 3. Let Y be an evolution equation such that the C-symbol
of the C-differential operator Ly is nondegenerate on the dense open
subset of Y and ord Ly > 2. Then

EP"l =0, p> 3.

Proof. Let A € CDiff, ,_1(F™; F™) be a solution of () from Theorem
B Choose a point m € Y such that the C-symbol s(Ly) is nondegenerate
at this point. Denote the C-symbols of A and Ly at the point 7 by 6§ =
s(A)(m) and A = s(Ly)(m) respectively. Then A € Homg(V; V) @ Fl6],
6 € Homg (A" V:V) @ F[F",...,6P71], where V = R™.

Fix a basis of V' and identify A with an m x m matrix A = ()\;),
i,j = 1,...,m, where X: = X:(f) € R[f] is a homogeneous polyno-
mial of degree I = ord Ly. Then (X)) = (=1)'N. Let ok =

11...0p—1
(5?1”.%71(6’1, ...,0P71) be the components of ¢ in the chosen basis. Now
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one can rewrite the C-symbol of equation () from Theorem Bat point
7 in the form

m p—1 m
(F1)' D MO 0O DD O i N (0 =0,
i=1 s=1 =1

(13)
where 1 < iq1,...,i5,k < m.

System (IE) can be considered as a linear system of algebraic equa-
tions with polynomial coefficients over C. Let us show that the de-
terminant of this system does not equal to 0. Since A = A(f) is not
degenerate, there exists v € C™ such that detA(v) # 0. One can sup-
pose that A(v) has an uppertriangular (Jordan) form, X;(v) = 0ifi > j
and X.(v) # 0. Then for any a € C the matrix A(av) has also an up-
pertriangular form \j(av) = o!X;(v). Since | = ord Ly > 2 and p > 3,
there exist complex numbers a;, € C, s = 1,...,p — 1, such that for
any le,...,ipfl,k’, 1< le,...,llpfl,k’ <m

p—1
Akiy iy = (CD'N @) (a4 + 1) + ) AR (@) # 0.
s=1

Put 6 = a;v. Then system ([E3) can be rewritten in an uppertriangular
form with diagonal entries Ay, ..;,, # 0. Hence, the determinant of
system (IE3) does not equal to 0, and the solution of this system § = 0.
Therefore, C-symbol of A vanishes on a dense subset of ). But this
means that A = 0. O

4.2. Scalar evolution equations. In this subsection we consider the
case when ) is a scalar evolution equation. If the order of an equation
Y is greater then 1, then from Theorem B it follows that EP" " = 0 if
p > 3. If the order of Y is equal to 1 then the following Theorem is
true.

Theorem 4. Let Y be a scalar evolution equation of the 1-st order.
Then Ef’"fl, p > 1, is an infinite dimensional vector space.

Proof. Locally each scalar evolution equation of the 1-st order by a
contact transformation can be reduced to the equation u; = 0. In this
case equation () has a simple form D;(A) = %—? = 0. Denote by
JF. the algebra of functions on ) that do not depend on the variable
t. Then E;" " = F, and EP"', p > 2, consists of operators A €
CDiff;{;fl(}'; F) with coefficients in F, such that A* = —A/ 1 < s <

p—1. ]

The term EP™ ', p = 1,2 need not be trivial. E;™ " contains gener-
ating functions of conservation laws. In [H] the term E2' is computed
for some evolution equations with single space variable, n = 2. Here

2n—1 . . . .
we compute the term E}" " for a scalar linear evolution equation with
constant coefficients.
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Let Y be a scalar linear evolution equation with constant coefficients
u; = Lu, L € R[f]. In this case L; = L is the lifting of the linear
differential operator L. We identify L and Ly in the polynomial ring
RI[6)].

The equation defining Ef "1 has the following form:

Di(A)+ L*cA+AoL=0 (14)

and the composition of differential operators o : F[0] x F[0] — F|0]
can be described as follows. Let A; = Ay(64,...,0,1) € Flb],i=1,2,
be polynomials with coefficients in F. Then

AjoAy=A(01+Dy,....0, 1+Dn71)'A2
IORVAN

0A 1
=A- A2+Z - Dy( +§i<jm'Di,j(A2)+-~a

where A - Ay denotes the multiplication in the polynomial ring F[6]

If L is a linear C-differential operator with constant coefficients,
L € R[f)], then L = Zf:o L;, where L; is a homogeneous polynomial,
ord L; = i, and

AoL=A-L=L-A, L =L(-0) =) (-1)L;

where A € Fl6)].

Each operator A € F[0] is a sum of homogeneous operators, A =
Zézo Ay, ord A; =i, A; # 0. The left-hand side of equation () is also
a sum of homogeneous operators. Hence one can solve (E) by equating

homogeneous terms to 0. Let us wright out 2 terms of maximal order
k+land k+1—-1itk >2

(1+ (=D)") Ly - & =0 (15)
(14 (=1)) e - Ay + (1= (—1)¥) Loy - aLk 0.
(16)

Let L € R[f] C FI[0] be a linear C-differential operator with constant
coefficients. Consider a transformation

LD =e®oLoe™ 4 A L'=L0O+)\+ A, (17)

where A € R" Y (N z) = Moy + -+ + A1, A € R[] is a linear
C-differential operator with constant coefficients, ord A < 1. Obvi-
ously, the operator L’ is also a C-differential operator with constant
coefficients. We say that C-differential operators L; and Ly are equiva-
lent if by applying transformation () and a linear change of variables
0 = (61,...,0,-1) one can obtain Ly from L,. If operators L; and Ly
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are equivalent then the corresponding evolution equations u; = Lyu and
v = Lov can be obtained one from another by a change of variables.
An operator L € R[f], L = Zf:o L; is said to be in a normal form if
there exist integer numbers sg, ..., s, 1 < s < -+ < 590 <n—1, such
that for any i, 0 < i < k the following conditions hold:
1. gg; =0,if j > s

2. polynomials %, sir1 < 7 < s; are linearly independent.
J

The integer number sq is called the rank of the operator L and is de-
noted by rk L.

Lemma 6. Let L = Zf:o L; be an operator, L € Rlby,...,0,_1].
There exists a linear change of variables (61, ...,0,_1) that transforms
L to an operator L' in a normal form.

Proof. Straightforward. O

Theorem 5. Let Y be a scalar linear evolution equation with constant
coefficients u, = Lu, L € R[A]. If E¥™ " #0, then L is equivalent to a
skew-selfadjoint operator L', L' = —L/.
Proof. Let A be a C-differential operator satisfying equation (), A =
Zé:o A;, ordA; = i, A, # 0. Consider a homogeneous part () of
equation (I of the order r+ k. Since there exists a non trivial solution
Ay, the order k of L is odd.

By induction, suppose that there exists » > 0 such that Ly 9,11 =0,
0 < 7 < r. Prove that the operator L is equivalent to an operator
L' =" Lisuchthat L}, o,, =0,0<i<r+1

If k—2r—1=0then put L' = L — Ly. Suppose that k —2r—1> 2.

By Lemma B we can assume that there exist integer numbers sq, ..., s,
1<s <--- <5, <n—1,such that for any i, 0 <7 < r,
OLj_o; o
1. # =0, if 7 > si41;

OLk_2;
00,

2. polynomials , 85 < < s;41 are linearly independent.

Hence, the homogeneous part of equation () of the order k+1—1
(D) simplifies as follows

L 9Ly,
i=1 90;

Di(A) = 0.

From condition (2) we have that D;(4;) = 0, 1 < i < s;. Hence,
we proved that if A is a solution of equation (), then ord D;(A) <
ord A—1=1-1,1<i < s1. But D;(A) is also a solution of () for any
i. Therefore, ord D;;(A) <1-2,1<14,j < s, and ord D;, ., (A) =0,
1 <71,...,7541 < s1. Now it is easy to see that one can find a non zero

solution of (EM) A" = D, 4, (A) such that A" # 0 and D;(A’) = 0 for
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any ¢ =1,...,s;. Then

LioA"+ANoLy=—Lp(0y + Dy,...,05 + Ds,) - A+ Ly - A
=L N+ L, - A =0,

and one can continue solving equation (E8) with L = Ly 2 +.... Re-
peating arguments above we find a non zero solution of () A” such
that D;(A”) =0, 1 <4 < s,. Consider than the homogeneous part of
(EA) of the order k + [ — 1 — 2r, which can be written as follows

n—1
aLk‘*QT
2 g1 A+ D
k—2r—1 ; + 20,

1=Sr+1
Since A} # 0 ,one can find \; € R, s, +1 <i <n — 1, such that

- Dy(A]) = 0.

Put L' = e=®?) o [/ 0 e™®) = L(H + \), where (A, z) = Z?;;TH i ;.
Then L) = L; if k —2r <i<kand L, ,._, =0.

Therefore, one can find an operator L’ equivalent to L such that
L; =0 for even i. But then we have

L*(0) = L'(—0) = —L'

and L’ is a skew-selfadjoint operator. The Theorem is proved. O

Theorem 6. Let L € R[f], L = Zf:o L;, be a skew-selfadjoint opera-
tor in a normal form and Ly = Ly = 0. Then

1. solutions of equation (M) form an algebra A with respect to the
operation of composition;

2. if A € A then A* € A;

3. the algebra A is isomorphic to the algebra of differential operators
Ao =R[Xq,..., X |@C®(xsi1,. .., xn1) QR[b1, ... ,0,_1], where

s =1k L, and C*®(xss1,...,2,—1) denotes the algebra of smooth
functions depending on variables xgyq1,...,Tn_ 1.
Proof. Since L* = —L, equation () has the following form
Diy(A)+[A, L] =0. (18)

If Ay, Ay are solutions of (E3), then
Dt(Al O AQ) + [Al O AQ, L]
= (Di(A1) + [A1, L]) 0 Az + Ay o (Dy(Ag) + [Ag, L]) = 0,

and this proves statement (1).
Further, if A is a solution of (), then

0= (Du(A) + [A, L))" = Dy(A") + [, A%) = Dy(A) + A", ],
and (2) is proved.
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Now we show that the algebra of solutions of equation (E3) A con-
tains as a subalgebra Ay = R[X1, ..., Xs|® C®(Tst1, ..., Tn-1) QR[H].
Obviously, each A € C®(xs11,...,2n—1) ® R[] satisfies equation (EJ).
Let X; =x; +t2L 1 <i<s. Then

90,
oL oL 0L
D)+ X5, T = S+ [, L] = G = 5 =0
and XZ c A
Further,
L L 2L 2L
X0 X)) =t ) 4w, o) = 2010 E g

—| =1 —1 =
04, ] 00;,00; 00,00,
[Xi, 6)]] = 6ija Xz* = Xz

Hence, the algebra generated by X;, 1 <i < s,and A € C®(x541,...,Tp-1)®
R[#] is the algebra of differential operators Aj.

Let us prove that A C Ap. By induction, suppose that if A € A
and D;(A) =0foralli, 1 <i<r <s, then A € 4;. Let A € A and
D;(A) =0 for all i, 1 <7 <r — 1. In the same way as in the proof of

Theorem @ one can show that DL (A) = 0. Hence, A is a polynomial

with respect to the variable @, 1, A = ¢ 22 A D;(AD) = 0,
1 <j<r. But AW = 1D (A)is a solution of () and by the
inductive hypothesis A € Ay. We can apply the same argument to
the operator A’ = A — X, ;A@ and show that A = 3¢ X! V),
where V() € A,. Therefore, A € Ay and A = A,. d

Corollary 3. LetY = {u; = Lu} be a scalar evolution equation, where
L is a linear differential operator with constant coefficients. Then term
Ef’nil of the C-spectral sequence for Y is isomorphic to a linear space
of differential operators A € R[Xy,..., X5 @ C®(Tsi1,.+.,Tpn_1) ®
R[6y,...,0,1], s =1k L, such that A* = —A.
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